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Es. 1 Circuito duplicatore di tensione

• Il circuito riportato è un duplicatore di tensione asimmetrico,
chiamato anche circuito di Villard

• La tensione in ingresso è alternata del tipo
us(t) = 5 sin (2π · 50 · t)

• Calcolare l’andamento della tensione sulla resistenza di carico R
in funzione del tempo
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7.4 Examples of Using the RK 4 Method for Integration
of Differential Equations Formulated for Some Electrical
Rectifier Devices

7.4.1 The Unsymmetrical Voltage Doubler

Figure 7.5 presents the electrical scheme of an unsymmetrical voltage doubler in-
vestigated in the present section.

The electronic circuit of this type, often called the Villard’s doubler, generates a
quasi constant output voltage u R(t) = u2(t) with relatively small ripples. The maxi-
mum value of this output valtage is close to the doubled amplitude of the alternating
control voltage us(t). In the analysis presented below, node voltages u1(t) and u2(t)
have been used as the state variables in the following equations:

ic1(t) = C1
dus(t)

dt
− C1

du1

dt

id1(t) = Is

[
exp

[−u1(t)
VT

]
− 1

]
, Is = 10−8, A, VT = 0.026, V

id2(t) = Is

[
exp

[
u1(t) − u2(t)

VT

]
− 1

]

ic2(t) = C2
du2(t)

dt

iR = 1
R

u2(t)

(7.47)

According to Kirchhoff’s law, sums of the currents at nodes 1 and 2, see Fig. 7.5,
have to be equal to zero. This law is satisfied when:

ic1 + id1 − id2 = C1
dus(t)

dt
− C1

du1(t)
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Equazioni per gli elementi del circuito
• per una resistenza:

i =
V
R

• per un condensatore:

i = C
dV
dt

• per una induttanza:

V = L
di
dt

• per un diodio:
i = IS [exp (V/VT )− 1]

• Leggi di Kirchoff: ∑
nodo

iin =
∑
nodo

iout ,
∑

circuito

Vj = 0

R

C

L

D

Equazioni del circuito

iC1 = C1
d(us − u1)

dt

iD1 = IS [exp (−u1/VT )− 1]

iD2 = IS [exp ((u1 − u2) /VT )− 1]

iC2 = C2
du2

dt

iR =
u2

R
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Equazioni del circuito
• Scrivendo le equazioni di Kirchoff ai nodi u1 e u2:

iC1 + iD1 − iD2 = 0

iD2 − iC2 − iR = 0

• e definendo

x ≡ u1 e y ≡ u2 ,

• si ottengono le equazioni accoppiate

dx
dt

= f1(x , y , t) =
dus

dt
+

IS
C1

(
e−x/VT − 1

)
− IS

C1

(
e(x−y)/VT − 1

)
dy
dt

= f2(x , y , t) =
IS
C2

(
e(x−y)/VT − 1

)
− y

RC2

Metodo numerico: Runge-Kutta del IV ordine
• Scriviamo lo schema per x e y

xn+1 = xn +
1
6

(k1 + 2k2 + 2k3 + k4)

yn+1 = yn +
1
6

(l1 + 2l2 + 2l3 + l4)

k1 = hf1(xn, yn, tn)

k2 = hf1(xn + k1/2, yn + l1/2, tn + h/2)

k3 = hf1(xn + k2/2, yn + l2/2, tn + h/2)

k4 = hf1(xn + k3, yn + l3, tn + h)

l1 = hf2(xn, yn, tn)

l2 = hf2(xn + k1/2, yn + l1/2, tn + h/2)

l3 = hf2(xn + k2/2, yn + l2/2, tn + h/2)

l4 = hf2(xn + k3, yn + l3, tn + h)



Duplicatore di tensione: soluzione numerica

• Calcoliamo l’evoluzione delle tensioni nel circuito con le condizioni
al contorno:
x(0) = y(0) = 0

us(t) = 5 sin (2π · 50 · t)
R = 10 kΩ

C1 = C2 = 1 mF
IS = 10−8 A, VT = 26 mV

Determinare u1(t) e u2(t)
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Es. Raddrizzatore Full-Wave con Filtro Passa Basso
• Il circuito riportato è un rettificatore di corrente alternata con un

filtro passa-basso a tree elementi

• La tensione in ingresso è alternata del tipo
us(t) = 5 sin (2π · 50 · t)

• Calcolare l’andamento della tensione sulla resistenza di carico R
in funzione del tempo

204 7 Methods for Numerical Integration of Ordinary Differential Equations

All the results presented above are fully consistent with the corresponding re-
sults obtained by means of the PSpice simulation program intented for analysis of
electrical and electronic circuits [5].

7.4.2 The Full-Wave Rectifier Integrated with the Three-Element
Low-Pass Filter

The electrical scheme of the full-wave rectifier with a three-element low-pass filter
is shown in Fig. 7.8.

Let us assume that the circuit is supplied by alternating voltage, which after
transformation is equal to us(t) = 10 sin(2π ·50 · t), V . The time-domain analysis of
this circuit consists in determining the functions of voltage u1(t), current iL (t) and
voltage u2(t), which are treated as the state variables. The instant values of currents
and voltages in the individual branches, see Fig. 7.8, are related with state variables
mentioned above by the following differential equations:

ic1(t) = C1
du1(t)

dt
, iR(t) = u1(t)

R
iL (t) = ic1(t) + iR(t)

uL (t) = u2(t) − u1(t) = L
diL (t)

dt

ic2(t) = C2
du2(t)

dt
, i p(t) = Is

[

exp

[
|us(t)| − u(t)

2

2 · VT

]

− 1

]

i p(t) = ic2(t) + iL (t)

(7.50)

where

i(t) = Is

[
exp

[
ud (t)
VT

]
− 1

]
, Is = 10−8 A, VT = 0.026 V

K

R
C2 C1 u1

iRiLL

uL

ip

ic 2 ic1

u2

us

Fig. 7.8


