2017/18 General Relativity Assignment 5.

1. Start from the stress-energy tensor for dust in its rest frame
Too=p, Tij=pdi-

Derive its form in a general frame.

(Apply a Lorentz boost)

2. Consider the gravity wave metric
ds® = —dt* + (1+ Acosk(z +1))dx* + (1 - Acosk(z - t))dy? + dz?,

where A << 1.
(a) Show that x¥ () = (T, %0, Y0, 20), for xo, Yo, zo constants, is a geodesic;

(b) Find (at first order in A) the time difference between two light signals emitted at the same
time from the origin of the reference frame given above and traveling to mirrors located
at (L,0,0) and (0, L,0) and back.

3. For a null geodesic -y on a given metric g;,, we can find adapted coordinates so that the line
element becomes
ds* =2dUdv + a(U, Vv, xk)dV2 +2b;(U,V, xk)dxidV +gii(U,V, xk)dxidxj.

To approach the massless particles moving along the null geodesic, we can perform a boost
(u,v, x5y - (%/\ v, xk)

and try to take the infinite boost limit A — 0. We can avoid singularities if we uniformly rescale
the coordinates by

W,V ) A (U, v, 2).

(a) Show that the net effect is an asymmetric rescaling of the coordinates;

(b) Show that by also rescaling the line element and taking the limit
d5* = lim A ~%ds3
A—=0

one obtains the metric of a plane wave ds* = 2dudv + hi]-(u)dxidxj .



