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Theory of neutrino oscillations

0 Weak eigenstates do not have to coincide with mass eigenstates

¢, S, 0)(1 O 0 1 0 O c; 0 s

e Vl
v IEUIv: | =2U=|=s, ¢ 00 ¢y 850 1 O |1 0 1 O
v v, 0 0 1)l0 -5, ¢,)0 0 @)(=5. 0 e,

where c; =cos0,,and s, =sin 0,
Neutrino mixing matrix (also known as Pontecorvo-Maki-Nakagawa-Sakata,
PMNS matrix) is similar to CKM matrix of quark sector.

)

i
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Vi> where a=e,u, 7 and

States: ‘Va> — ZUW.
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Masses: labels and splittings

Consensus labels: doublet=(v;, v,), with v, heaviest in both hierarchies
3 - 2 2 2
: om” =ms5 —m7j >0

Sign of smallest splitting: conventional.
> The relative v, content of v, and v, is
— instead physical (given by MSW effect)

largest splitting (N.H.)

. 2_ 2 p—
Note : |m3 —mj] {next—to—largest splitting (I.H.)

= Am3, (or Am3,) change physical meaning from NH to IH
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We prefer to define the 2nd independent splitting as:

2 2 2 2
Am2 — Amzy + Amzy | 2 Tty
2 ° 2
so that the largest and next-to-largest 0 m2

2
splittings, in both NH & IH, are given by: AM~ = ——

and only one physical sign distinguishes NH (+) from IH (-),

as it should be: ¥/j
m3 + mj om?  om?

(m%amgamg) — 9 + (—T,+T,iAm2>




Theory of neutrino oscillations (cont)

0 Assume only mixing between two neutrinos:
Vo | [ cos@ sinf v,
Vs | —sinf cosé v,

0 The mass states evolve in time according to their momentum:

2
v, (1) = Wle " V2>J with: E,':Wz ™,

2
>‘ =sin” 20sin {Amlz X} =sin’ 2@'sin {7; x}
4F

L12

Ar £ 4rE E(MeV
with the oscillation length: L, = d ad =2.48 (m) (MeV')

Am’ ‘m —m’ ‘ ml.jz.(eVz)

R
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2y oscillattons tn vacuuur

ye - Ce 56 ‘/r‘ ) l. ml_ml et 2 .“ 2 A\MZL- see
(1,/»)' (-sa (e) Vz) j AWMz Plesy) = sin 2P Sin =) tutoctas

Analogy with 2- skt expt - [eugtih Scales
L = baseline
/’//“- A= i’E = OSC.‘QMﬁu’v

AmT

“ ‘(’ ﬂ'uges n

(oscillafion) Friuges may wot be visible for
A& L (“tast oscillations) O
lowge expt, swmeowing (AE/E 13

> (e~ 4




Typical i50-{ Fey > COMtOUrS

2-slit analegy
AL gray screew
AL {rtnges
AUy voud sl
A»L ‘ﬁﬂ'ug‘?s
3
) e T/

Octant sywwmmetry: 8->L-8 in Pese

If 2ud octomt -folc(u(
oufe the Ast owe ¢

“uswal”

U2
plot S8 4

O sin2e 1
BQS(CO\“ﬁ obsolete

(2w, sin?20) plot skl used for
pure 2y ye>ve osdillations

(#hey ave vacuumn-Uke

even w V\mﬂ’er‘)

In Smua\, belter to use

Log tou?o

(preserve. octont -sywmuelry)  or S0
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Theory of neutrino oscillations (cont)

o With three generations the formalism is more " A
complicated, but it is still a rotation in space: \
6,

v (D)= e U,

v, 0) = X0, U U, 1) =7 Y0, U

ai ai~ a'i
i:j l

, e
. . . Ln‘ B]
0 Oscillation formula: i

P, ., @) =v,|v.C )>‘2 = cos|(E, - E)t- gpm,l.j]

Vi)

U U.U U.,.

ai~adi~"ajaj

iJ
with @, = arg(UaiU:/iU;jUa'j) IfU,, real, then: Py = 0
_ . e 27x
therefore: P, |, (x)= Z UolUaiUa Ve |08 —== Puy
i,J i
4 E 4 E E(MeV
with the oscillation length: L, = =T 7 =2.48 (m) (2 2)
Am; |\m; —m; Am;(eV~)
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Theory of neutrino oscillations (cont)

o Oscillations of three neutrino families, if: ‘Amfz‘ << ‘Am;

2 2
Aml?»‘ ~ ‘Am%‘

b

: .| Am; .
P, oy, (x)=s3sin” 20, sin’ 23 y s; =sin6,
e /,l e IL[ .

4E with _ 0

¢, =cosb,
Am’
— 2 <in? ) 23

PVeVT(VeVT)(x) = ¢y 8In” 20, sin |: AE X

Am
P . (x)=clsin’20,,sin’| —2 x
vﬂvf(vﬂvr)( ) 13 23 |: AE :|
o Oscillations, if ‘Amfz‘ not negligible:

P

VeV (VeVy,)

~ Am? Am? | Am? where =*is for v,v
+J COS|:i o —4E13X:|[4E12 xj Sln|: 4E1,3 x:| J = Ci3 sin 2912 sin 2923 sin 2013

(Jarlskog coefficient for CP violation)

. . 5| Am; . . o Am;
(x) =52, sin” 26,, s1n2[ 4; x} +c2,sin” 20, s1n{4bi2 x} +
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Probability

1

0.6

0.4 F

0.2

Ozcillation probabilities for an initial electron neutrino

Ams, = Ami, = 2.4 x 10 7eV?

Ami, = 8 x 107 %eV?
sin20,, = 0.08
sin26,, = 0.95
sin2d,, = 0.86

20000

30000

40000

L/E (km/Gev)



Oscillations in matter (MSW effect)

When electron neutrinos travel through matter (ie. sun, earth) they can encounter
charged and neutral current interactions, while other neutrinos can only have

neutral current interactions. This creates an as mmetry in the cross-sections.

/\ }/v\

Coherent neutrino scattering at 6=0° modifies propagation of neutrinos in matter
with respect to vacuum.

Hamiltonian in vacuum (Schrodinger equation):

d (@) (£ 0 wn(@) v, v, cos® sind\ v,
dt Vz(t) 0 E,\v,(?) [Vﬂj:U(vzj:[—sinH cos@j{vzj

t t > 4 m? 2 (—cos26 sin260
L d VO gy [V gy - gt A [
dt v, (1) v, (1) 4F 4F \ sin26 cos26

2H,,
sz _Hn

N—

tan 26 =
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Oscillations in matter (MSW effect) (cont)

O Hamiltonian in matter:

1 0 1 0 VA
HM:HV+VZ(O J+VW(O Oj Vsz/EGFnez7.6><lO 14Zp(g/cm3)eV

n, = electron number density

Am? Am? .
2 > 10 oM, cos2«9+\/7G n, o sin 26
HM:[E+m1 +m2+sz( j+ 4k 4]52
2
22 0 1 %sinzﬁ %0082(9
4E 4E
H Am? sin 2
tan20, = —21n __ Am,sn20 A=232G,n E

H,-H, Am’cos20—A4
» 2 T : . :
0 Resonance condition: 4= Am,, cos20 = 0,, = 9 (maximal mixing even if 6,, small)

O Mass eigenvalues:
~ )

E =E+V, I gl = %((mf +m; +A)$ \/(Amfz cos 2(9—A)2 +Am, sin” 2(9)
l 2E 5

(Mikheyev, Smirnov, Wolfenstein resonance condition: MSW effect)
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Euofuotion of VES

M = 2 FEVU-5) % en (-gs)e == Q—egf‘(/\—&)e Yo ¥u (1-¥5) Ye
Jz ~- — “-—"v—'/ —— S
O'CC ® U’c" a'e U-))

From the Y ﬁe.wpoiwt', the € s ~wonrelativistic omd ~WAFOLerZGd/
- Dirac represeutation, e x B
eyfU-ge = (g% , T E) ¥ Ne S

deusity ?olan zafion

Ne, ~0O
Hee = ZENe % Y, U-¥s)Ve =2GeNe T2 Yoot
l.’v—/ \.—V___/
Coupling “static’

term

VZ G, Ne.



Exercise « prove Hhat
A
= 4.526x40 =
e_v (mol/cm > (M—e,\/
where A=2€V =2V2GeNeT

Wint ©  rememiber that
Ge = 4146637<10° qev

omd use ( See tutorials)

A wol _
et 4 627 x40 MeV3



Bok to 3 massless ¥V (n matter

+oro\:wag wadtter

Stamdard EW {nter > H= (‘”’V“ . >
F

—> wo o“-d,{agm( e_\we,wfs i -(:\cwov* basB
—>«Flo~\/ar is couserved

However, flaver chamging veutral curmedts
ovise. in theories beyoud the staudard wodel®

Ye u e \75\

VFCNc:_— 0 ‘f‘@/“’t o< e«FqF Ny
~
\ "o / In sudh coges,
0 Alowor trows iEious
(6.3. SUSY with R-?m‘i(' Lzmﬁug, could fake place

violations or Wmﬁwa principle...) estu {or wmassles v/
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More ou Stoudardl EW iuferaction euergies

v bkad .
type mter  Infeqoction euergy Vv

Ve < EGF (455, +) (Ne-Ng)

Y,z e %qo‘-' (45w -1) (Ne -Ng) -Fo'- Vy -
Vewz m ZGe (Nz -Nw) V= -V
Yeutr P =Gr (14— 4s%)

Ve, e/P/ﬂ’ O

IVl Ofd;M';lj W\t\“l!‘ : NQ.= NP‘ NE :NF :"NI =0

Ve Vi,z = VZGeNe }as before
Vi~V =0 3 vacuuwm- Uice
Vi =Viz =zGe N relevant Aov

s T em T }s’ce_rilz v{o
\/5 "Ve, =V2Ge (Ne— ‘E'N“') .?huwmwo%\c]g,
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Oscillations in matter (MSW effect) (cont)

0O Resonant oscillation length:

2 L 4r E
L,=L, A, =L, =———=—F (at resonance)
J(am?, cos26 - A) + Am sin® 26 Sin26  Amy, sin 26
0 ldeally, matter density constant (p=const), but if not, also valid if slowly varying
matter density (adiabaticity condition): 1dp L, <1 (many oscillations in
p dx sin” 26 resonance region)

O Adiabatic condition:

In vacuum (A=0) the light
eigenstate v, is almost all v, and
for very dense media (A>>Aco0s20)
the lighter eigenstate is almost all
v, The effective mass squared
value of v, starts lower than v but
as A increases then the effective
mass squared value of v is

greater than v, (level crossing). . ! !

) 0 0.5 I 1.5
(A =Am;,) A /Acos 6

2
m

P2
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Adiabofic evolution

At 2odh point x :
(ve)_ (Cosg(x) .siu%)) 7\ with PGIT—-VL)
Yu) S8 () CosB -Z(x)) "o crossiug”

Tupically, X< L > phase informatton lost
> o propagate. ™ probobilities” (lather fhas omphibiudus )

Popsve)= (1, 0) (cosz% stv\‘%) (4 o) (wslgc 5“\‘%)(4

N—

T sty cos'8/ \O 4 /(s ®; ws*Bi/\o
inal T 1
f{gm- ‘(1-)/ rotate back  wo | Tof£’e at  uitial
P abk x=X¢ Crossivg  X=X; Yo Vi

Re= %_- (4—1— 0s28; coSZG}:)

For solar veutrinos : ’9}-—-9 (vacuum)
up fo Eartiv malter efieds

R = L (/\ + 005 28(x) wsze)
/r
Prodaction 'Foiwb



. electiou demsity in e Su

2
(o)
o\mollm®/ o |
-2 F
O V‘/ R’Suw
Exp O‘V?"OX“V‘*O‘““’W% But wm true SSM -

Ne = Ne(0)& edr
Ne(o) =~ 245 ml/au"
Yo~ Rgp/10.54

Ne(o) = 100 wwol/un®
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Nouadiabatic correctious
In (3%,9:) (4 )~ (4—\% T ) R = crossiug prob.

b0£5(5 . o1 T A- % ‘)}4"_9 Qi " r“““e'““g !
’-Pee = % +(%—?>(05296 COSZOf

enormous Uferature
on P evaluation

Hisforicauj velevout in solar » solutious :

1
1 —
N | e
e %, - ad. wou -adf.
‘g
4;9 4
Sint2e e
A\ ‘/r /s St d' erw‘t
MSW \'nau,g\e_ |, Zonld rowq it
of swmall Tee from vacum



Oscillations in matter (MSW effect) (cont)

O |f adiabatic condition not met: 1dp L, ~1 (hardly any oscillations in
p dx sin” 26 resonance region)
- 2[ +(1-2P,) cos2(9M000326’] /:/ 5
~ r |
Gro = at production point t=t, ._ /
( dau.z bability) = ol adiaba’g_ié : hon-adiabatic
P —exp -2 Landau-Zener probability) 7 /
v p( 4 Qj % = : / sin (26)=0.0001
_ Am’, sin® 26 i =k A ) mpEmmen |
0= | d (adiabaticity parameier) 7 AR E::f: =
Ecos26/- %P 00 L el o s -
o dx 10 10 10* 10 10 10

0 Matter oscillation results for three neutrinos: Bad )

. Am; B. Am; A
B, wr)(X)= s, sin’ 2«913( ~ )sm {7 x} + 5, sin 2«912( Alz Jsm [4E x} +

2EB.
~ N Aml, | Aml, Am ) .| A B-
+J cos _5_Ex 4 2EB. sin Ex sin ) — X where = isfor v,v

1 .
with B, = oY (Amf3 cos20,, + A)Z +Am, sin” 20,
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Calculation of the crossing probability

® A widely used formula for the calculation of the crossing probability is the double-
exponential:

exp(2nrhcos?6) — 1
exp(2mr k) — 1

P(v,"—v,™) = P (k, 0) =

where k=Am ?/2E is the vacuum oscillation wavenumber and r, is a scale factor,
i.e., the inverse of the logarithmic derivate of the potential V(x) in the crossing

point x,;:
-1
% 1 dV(x)
"0
ey &
o The crossing point x, should be chosen as the point where the adiabaticity condition

is maximally violated. It can be proved that this point correspond with a good
approximation to the point where:

Vix,) =k




26

Solay Tee SUppression: pavam. Space

Oscillatiow
[ egiw\e.s

| Averaged | € ockaut sywme.

~\0 " Quds(-AVE

]

MSW « sy (¢

dom?
(eNZ)

~ 0 + Quasi-vac

T & octomt symm.
4 Vocuum
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Generalization to 3 flavor case

dv b
Take the evolution equation in matter: i — =H, Vg

dx

~ + ~
Diagonalize the Hamiltonian: U - H(x) - U= diag {/ll(xy , M,(x)? , M5(x)? J

Write the neutrino “eigenstates” in matter: V.= ['fj J v
: dei +dU
Rewrite the evolution equation in this basis: I M2 ] - U —
dx 2E dx

The term I?+dﬁ/dx 1s generally much smaller than the first, except near to the points

m.
J

when M, (x;)?>~M,(x,)? (lower resonance) and M,(x)*~M,(xy)* (higher resonance).

Far from these two points, the eigenstates in matter are conserved (adiabatic
propagation).

In the lower (higher) resonance points there is a non-zero probability for a v —v™,

(vm,—vm.) transition.



Pe (4

=

—
2 —
3 A M2 o
= m
O =
~ =
B < ::: o
= V3 %
S Am? =
— c
(@)
=,
)
=
)
.
v, =
> V(x)

-Om?

[ 0. of|U,,

higher crossing point

v, V(x, )=k, =0m?/2E V(xy)=k=Am?/2E
- N - )
u: U, UL\ (1-P, P, 0\ (1 0 0\ (0 U, U\
u.,, U,l|-| B, 1-P, O-|0 1-P, P, ||U} Ui, UL||0
121 32 33 0 0 1) \0 PH 1_PH []33 []53 ~33 0
- ~ J - ~ J - ~ J ~ ~ /

rotation to the
original flavor basis = m m — m m
P,=P (v,—vm ) P,~=P (v",—vn,)

lower transition higher transition

rotation to eigenstates
in matter
(at the production point)



Normal
hierarchy

Inverted
hierarchy

neutrinos
A
M2 v,
P,=P (v, —v™,)
V3 A
2
Am 'sz
+0m? le
- > V()
-Om? /
Vi
vmz
A M 2
m
V2 le
+dm?

-Om?

—Am?

1

2
7N Ve
A%

P,=P (v?,—v™)

m
Vs

antineutrinos

A M 2
V3
v,
vV,
N e
\ >
V(x)
v, \ )
v
A M 2
v, P,=P (v, —v™)
¥ |
V(x)




Since solar density is low, neutrinos never crossing the high
resonace. In this case the electron survival probability reduces to:

Pgé/ ~ COS4 (913P2,/ + SiIl4 913

where:

1 1 .
Pfé’ =5 -+ (5 — PL> cos 2015 cos 2019

As we will see 1n the next lecture, in the current phenomenology
the neutrino oscillations in the Sun can be assumed completely
adiabatic, 1.e., P,=0.



0.6

0.2

0.1

0.5 |

Solar

op

V. survival probability

Sm* = 7.92 E-5eV’

sin“d,, = 0.314

10 15
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