
Daniele Montanino 

Università del Salento & INFN 

 

montanino
Text Box
daniele.montanino@le.infn.it



Neutrino Physics Graduate Lectures 
University of Glasgow

11

5.1 Theory of neutrino oscillations5.1 Theory of neutrino oscillations
Weak eigenstates do not have to coincide with mass eigenstates
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Neutrino mixing matrix (also known as Pontecorvo-Maki-Nakagawa-Sakata, 
PMNS matrix) is similar to CKM matrix of quark sector.
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Masses: labels and splittings

1

3

3
2

1
2

Consensus labels: doublet=(ν1, ν2), with ν2 heaviest in both hierarchies 

Sign of smallest splitting: conventional. 
The relative νe content of ν1 and ν2 is
instead physical (given by MSW effect)

34



 We prefer to define the 2nd independent splitting as:

so that the largest and next-to-largest 
splittings, in both NH & IH, are given by:

and only one physical sign distinguishes NH (+) from IH (-),
as it should be: 
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Theory of neutrino oscillations (cont)Theory of neutrino oscillations (cont)

)(
)()(48.244
22222 eVm

MeVEm
mm
E

m
EL

ijjiij
ij ∆

=
−

≡
∆

=
ππ

















−

=








2

1

cossin
sincos

ν
ν

θθ
θθ

ν
ν

β

α









=







∆
==⇒ →

12

22
2
12222

sin2sin
4

sin2sin)()(
L
xx

E
mxxP πθθνν αβνν βα

The mass states evolve in time according to their momentum:
[ ]21

21)( νννα
tiEtiErpi eeet −−⋅ +=

rr

p
mpmpE i

ii 2

2
22 +≈+=with:

Assume only mixing between two neutrinos:

with the oscillation length:
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Theory of neutrino oscillations (cont)Theory of neutrino oscillations (cont)
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Theory of neutrino oscillations (cont)Theory of neutrino oscillations (cont)
Oscillations of three neutrino families, if: 2
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sin2θ13 = 0.08
sin2θ23 = 0.95
sin2θ12 = 0.86
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5.2 Oscillations in matter (MSW effect)5.2 Oscillations in matter (MSW effect)
When electron neutrinos travel through matter (ie. sun, earth) they can encounter 
charged and neutral current interactions, while other neutrinos can only have 
neutral current interactions. This creates an asymmetry in the cross-sections.
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Coherent neutrino scattering at θ=0o modifies propagation of neutrinos in matter 
with respect to vacuum. 
Hamiltonian in vacuum (Schrodinger equation):
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Oscillations in matter (MSW effect) (cont)Oscillations in matter (MSW effect) (cont)
Hamiltonian in matter:
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Oscillations in matter (MSW effect) (cont)Oscillations in matter (MSW effect) (cont)

Adiabatic condition:
In vacuum (A=0) the light 
eigenstate ν1 is almost all νe and 
for very dense media (A>>∆cos2θ) 
the lighter eigenstate is almost all 
νµ. The effective mass squared 
value of νe starts lower than νµ but 
as A increases then the effective 
mass squared value of νµ is 
greater than νe (level crossing).

Ideally, matter density constant (ρ=const), but if not, also valid if slowly varying 
matter density (adiabaticity condition): 1
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Oscillations in matter (MSW effect) (cont)Oscillations in matter (MSW effect) (cont)

Matter oscillation results for three neutrinos:
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If adiabatic condition not met: (hardly any oscillations in 
resonance region)

(Landau-Zener probability)
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Calculation of the crossing probability

The crossing point xc should be chosen as the point where the adiabaticity condition
is maximally violated. It can be proved that this point correspond with a good
approximation to the point where:

V(xp) = k

A widely used formula for the calculation of the crossing probability is the double-
exponential:

P(νa
m→νb

m) = Pc(k, θ) = 
exp(2πr0kcos2θ) − 1

exp(2πr0k) − 1

where k=Δmab
2/2E is the vacuum oscillation wavenumber and r0 is a scale factor,

i.e., the inverse of the logarithmic derivate of the potential V(x) in the crossing
point xp:

r 0= 
dV(x)1

V(x) dx
x=xc

-1

∼
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Generalization to 3 flavor case

 i         = Hα  νβ
βdνα

dx
Take the evolution equation in matter:

Diagonalize the Hamiltonian: U · H(x) · U = diag  M1(x)2 , M2(x)2 , M3(x)2
+

Write the neutrino “eigenstates” in matter: νm
i=  U    iα να

+

Rewrite the evolution equation in this basis:  i         =      ΣMi
2 δi

j −                  νm
j

dνm
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dx
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dx

U +
ij

1
2E

The term U+dU/dx is generally much smaller than the first, except near to the points
when M1(xL)2~M2(xL)2 (lower resonance) and M2(xH)2~M3(xH)2 (higher resonance).
Far from these two points, the eigenstates in matter are conserved (adiabatic
propagation).

In the lower (higher) resonance points there is a non-zero probability for a νm
1→νm

2
(νm
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3) transition.
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rotation to eigenstates 
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Since solar density is low, neutrinos never crossing the high
resonace. In this case the electron survival probability reduces to:

where:

As we will see in the next lecture, in the current phenomenology
the neutrino oscillations in the Sun can be assumed completely
adiabatic, i.e., PL=0.
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