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Equations for the N-body problem: 

d2r i
dt2

=−G (M 0+mi)
r i
r i
3−G ∑

j=1, j≠1

N

m j(
r j−r i
r i, j
3 −

r j
r j
3 )

For only two planets they become: 

d2 r1

dt 2
=−G (M 0+m1)

r1

r1
3−Gm2(

r2−r1

r1,2
3 −

r2

r2
3 )

r̈ i=∇ i(U i+R i)

..and the same for planet 2. It can be written in a more 
compact form 

U i=G
(M 0+m i)

ri
R i=G

m j

|r j−r i|
−Gm j

r i⋅r j
r j
3

The first is the Keplerian term while R is the 
disturbing function made of a direct (the first) and 
indirect (the second) terms. The second is due to 
the use of a reference frame centered on the Sun 
giving origin to non-inertial forces.  

With i=1,2



  

AIM: write equations for the evolution with time of the orbital 
elements (Lagrange equations)  due to R. The first step is to 
write R as a function of orbital elements using a Fourier 
expansion since it is periodic in the angles.  

R1,2=Gm2 ∑
j1 , j2 , l1, l2,m1 ,m2

S j1 , j2 , l1, l2,m1 ,m2(a1 , a2 , e1 , e2 , i1 ,i2)

cos(J1λ1+ j2 λ2+l1ϖ1+ l2ϖ2+m1Ω1+m2Ω2)

Now the Lagrange equations can be used to compute 
 the variations of the orbital elements: 

da
dt
=
2
na
∂ R
∂λ

de
dt
=−

√1−e2

na2e
(1−√1−e2)

∂ R
∂λ

−.√1−e2

na2e

∂ R
∂ ϖ

di
dt
=−

tg (i /2)

na2√1−e2
(∂R∂λ +

∂ R
∂ ϖ )−

1

na2√1−e2sin i

∂ R
∂Ω

dΩ
dt

=
1

na2√1−e2sin i

∂ R
∂ i

d ϖ
dt

=
√1−e2

na2e

∂ R
∂ e

+
tg (i /2)

na2√1−e2
∂R
∂ i

d ϵ
dt
=−

2
na
∂R
∂a

+
√1−e2(1−√1−e2)

na2e

∂R
∂e

+
tg (i /2)

na2√1−e2
∂R
∂ i

ε denotes the mean longitude at epoch i.e. the 
longitude of the body at the moment in which time 
is started. 



  

Osculating orbits




  

..on how to derive Lagrange’s equations. ..on how to derive Lagrange’s equations. 

x=x (a ,e , i ,~ω ,Ω ,ϵ ;t )
y= y (a , ....;t )
z=z(a , ....; t)

r̈=∇ (U K+R)

U
K
 is the Keplerian 2-body 

potential. 

dx
dt
=∑

i=1

6
∂ x
∂αi

∂α i

∂ t
+
∂ x
∂ t

For an osculating orbit, which locally approximates the For an osculating orbit, which locally approximates the 
evolution of r for a limited amount of time evolution of r for a limited amount of time 

dx
dt
=
∂ x
∂ t

∑
i=1

6
∂ x
∂α i

∂αi

∂ t
=0 3 equations

The same for y and z, 3 
equations. 

d2 x

dt 2
=∑

i=1

6
∂ ẋ
∂αi

∂αi

∂ t
+
∂ ẋ
∂ t

∂ ẋ
∂ t
= ∂
∂ t (

dx
dt )=

∂
2 x
∂ t 2

For the osculating orbital 
elements. 

∑
i=1

6
∂ ẋ
∂αi

∂α i

∂ t
=
∂ R
∂ x

...and similar equations along 
y and z. 

In all, 6 equations for the 6 orbital parameters!



  

To obtain simple equations from the Fourier 

development,  1)  the disturbing function is 
averaged over the fast angles (the anomalies of 
the two planets)  

R̄i=
1

(2π)2
∬
0 0

2π 2 π

R i , j d λ1d λ2

After the averaging the semimajor axis of the planets are 
constant since 

da
dt
=
2
na
∂ R̄
∂λ

=0

And 2) only 2nd order terms in eccentricity 
and inclination are retained (2nd order theory). 
R becomes then:   

R̄ j=n ja j
2 [ 12 A jj e j

2
+ A jk e j ek cos(ϖ1−ϖ2)

1
2
B jj i j

2
+B jk i j i k cos(Ω1−Ω2)]



  

The coefficients A
jk
 depend only on the masses and 

semimajor axes of the planets and are then constant in 
this approximation. 

A jj=
n j

4

m j

M 0+m j

α12ᾱ12b3 /2
(1)
(α12)

A jk=−
n j

4

mk

M 0+m j

α12ᾱ12b3 /2
(2)
(α12)

B jj=−
n j

4

m j

M 0+m j

α12ᾱ12b3 /2
(1)
(α12)

B jk=
n j

4
mk

M 0+m j

α12 ᾱ12b3/ 2
(1 )
(α12)

The differences between the A and B coefficients are in 
the sign and in the Laplace coefficients b.  In B

JK
  b is 

the same as in B
JJ

 while  in A
JK

 it is different from that in 

A
JJ

. The Laplace coefficients are defined as:

1
2
b s
( j)
(α)=

1
2π
∫
0

2 π
cos( jψ)

(1−2α cos(ψ)+α2)s
dψ

While the constants α
ij
  are defined as:

if a1<a2 α12=
a1
a2

if j=1 ᾱ12=α12
if j=2 ᾱ12=1

Chapter 6, Murray & Dermott, Solar System Dynamics.



  

de j

dt
=−

1

n ja j
2e j

∂ R̄ ji

∂ ϖ j

di j
dt
=−

1

n ja j
2 i j

∂ R̄ ji

∂Ω j

dΩ j

dt
=

1
n ja j

2 i j

∂ R̄ ji

∂ i j
d ϖ j

dt
=

1

n j a j
2e j

∂ R̄ ji

∂ e j

n.b. In deriving these 
equations, terms 
proportional to 
powers higher than 
the second in 
eccentricity and 
inclination (e

j

3, i
j

3,….) 

are dropped. For 
example, the 
following term is 
neglected because 
higher order terms in 
i,e come out.  

tg (
i
2
)

n j a j
2√(1−e j

2
)

∂ R̄ j , i

∂ ϖ j
=

±

tg (
i
2
)

n ja j
2√(1−e j

2
)
n j a j

2 A ji e j ei sin(ϖ1−ϖ2) ∝ e2⋅i

de j

dt
=−

1

n ja j
2e j

∂ R̄ ji

∂ ϖ j

di j
dt
=−

1

n j a j
2 i j

∂ R̄ ji

∂Ω j

dΩ j

dt
=

1
n ja j

2 i j

∂ R̄ ji

∂ i j
d ϖ j

dt
=

1

n ja j
2e j

∂ R̄ ji

∂ e j

As an example, in the derivative of i there is the following 
term which is neglected because of higher order. 



  

Previous equations have a problem: when either e or i are 
small and tend to 0 they become singular (1/0). To prevent this 
from happening, new non-singular variables are introduced. 

h j=e j sin(ϖ j) p j=i j sin(Ω j)

k j=e j cos(ϖ j) q j=i j cos(Ω j)

The averaged second-order distubing function in 
these variables becomes

R̄ j=n j a j
2 [ 12 A jj(h j

2
+k j

2
)+A jk (h j hi+k j k i)

1
2
B jj (p j

2
+q j

2
)+B jk (p j pi+q jqi)]

remember : cos (x− y)=cos x cos y+sin x sin y



  



  

The final equations for h,k,p and q are a system of first order 
differential equations with constant coefficients:

ḣ1=A11k1+A12k2 =
1

n1 a1
2

∂ R̄1
∂ k1

ḣ2=A21k1+A22k2 =
1

n2 a2
2

∂ R̄2
∂ k2

k̇1=−A11h1−A12h2 =−
1
n1 a1

2

∂ R̄1
∂ h1

k̇2=−A21h1−A22k2 =−
1

n2a2
2

∂ R̄2
∂h2

A more compact form is: 

(
ḣ1
ḣ2)=A (

k1
k2) (

k̇1
k̇2)=−A (

h1
h2) A=(

A11 A12
A21 A22)

It is called linear theory because the elements of the 
matrix A are constants.  The solution is a combination of 
sin & cos 

h j=∑
i=1

2

e ji sin(gi t+βi)

k j=∑
i=1

2

e ji cos(gi t+βi)

gi=eigenvalues of A
e ji=eigenvectors of A



  

For the variables p and q, 

(
ṗ1
ṗ2)=B (

q1
q2) (

q̇1
q̇2)=−B(

p1
p2) B=(

B11 B12
B21 B22)

p j=∑
i=1

2

i ji sin (f i t+γ i)

q j=∑
i=1

2

i ji cos(f i t+γi)

f i=eigenvalues of B
i ji=eigenvectors of B

However, one eigenvalue of B is =0! 

(
B11− f B12
B21 B22−f )=0 ⇒ f 2− f (B11+B22)+B11B22−B12B21=0

But since in the matrix B there is only one Laplace 
coefficient, the product:  

B11B22−B12 B21=0

f 1=0 f 2=B11+B22

This is a consequence of the angular momentum 
conservation of the 2-planet system. If the inclination 
of one planet changes, the other must act to maintain 
constant the initial angular momentum. Only 1 degree 
of freedom. 



  

Solution for Jupiter and Saturn



  

Fundamental frequencies:

Eigenvectors:

Constant coefficients:



  

e1(t)
2
=(e11

2
+e12

2
)+2e11 e12 cos((g1−g2) t+β1−β2)

e2(t)
2
=(e21

2
+e22

2
)+2e21 e22cos((g1−g2)t+β1−β2)

The eccentricities of the two planets oscillate in 
antiphase with the same frequency g

1
 - g

2



  

h j=e j sin(ϖ j)=∑
k=1

N

M jK sin(gk t+βk )

k j=e j cos(ϖ j)=∑
i=1

N

M jk cos(gk t+βk )

p j=sin(i j /2)sin(Ω j)=∑
k=1

N

N jK sin( f k t+γk)

q j=sin (i j /2)cos (Ω j)=∑
i=1

N

N jk cos( f k t+γk )

The secular solution for all 8 planets of the solar 
system is:

List of fundamental 
frequencies of the SS 
given in arcsec/year and 
computed respect to the 
ecliptic reference frame. 
S5 is  0 for the 
conservation of angular 
momentum reducing the 
number of independent 
frequencies to 7 for  i,Ω. 



  

From “Modern 
Celestial 
Mechanics”,  
Morbidelli 2002, 
Taylor&Francis 

Ecliptic plane: orbital plane of Earth (at a given 
year, i.e. 2000)
Invariant plane: plane perpendicular to the total 
angula momentum of the SS



  



  

Equzioni secolari per tutti i pianeti del 
Sistema Solare



  



  

Arcsec/year

Arcsec = 1/3600 deg



  



  



  






  






  

Transit time variation to discover a 
second planet from its secular 
perturbations on the first one.  




  

Evoluzione secolare dei corpi minori 

Il caso di:  2 pianeti +

Corpo minore 
(m=0) 



  



  



  

Soluzione generale: N pianeti + corpo minore (m=0).



  

Si capisce l’origine del caos nelle Kirkwood gaps: 
risonanze secolari interagiscono con quelle in moto 
medio causando diffusione nello spazio delle fasi. Ad 
esempio, all’interno della risonanza in moto medio 2:1 
nella fascia asteroidale sono presenti anche le 
risonanze A=g5 e A=g6

Le figure mostrano l’integrazoine numerica 
dell’orbita di un asteroide nella risonanza 2:1. Anche 
l’argomento critico della risonanza secolare A=g5 

libra causando una crescita caotica dell’eccentricità.



  

La sovrapposizione tra risonanze secolari e in moto 
medio avviene anche per i Toriani (risonanza 1:1).



  

Per i Troiani, le risonanze secolari possono ‘pompare’ 
l’inclinazione a valori elevati.



  

Mappa delle 
risonanze 
secolari nel 
Sistema 
Solare



  

Il principio di sovrapposizione delle risonanze 
funziona anche nella parte esterna della fascia 
asteroidale. Al di là della risonanza 2:1, al crescere 
dell’eccentricità le numerose risonanze in moto 
medio adiacenti si allargano portando a moto 
caotico causato dalla loro sovrapposizione.



  

La teoria di Lagrange-Laplace 
funziona per piccoli e ed i, mentre in 
molti sistemi extrasolari i pianeti 
hanno elevate eccentricità!

 HD74156       e1=0.636   e2=0.583     

 HD202206     e1=0.435   e2=0.267

 HD12661       e1=0.350   e2=0.20

 HD128311     e1=0.25     e2=0.17

 Ups And        e1=0.012  e2=0.27

 ………



  

HD12661

47 Uma

Perché la risonanza apsidale è importante? Orbite 
allineate con alta eccentricità e in risonanza 
apsidale sembrano più stabili di quelle non 
risonanti (calcolo del coeff. lyapunov). 

Se S > 1 risonanza apsidale. 
Librazione di Δω attorno a 0 
o 180 gradi. 
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