
  

ORBITAL ELMENTS

• Relative motion 

• Kepler’s equation

• Transformation from orbital 
elements to cartesian 
coordinates and viceversa. 



  

Relative motion equation for 2 bodies 

r⃗ F⃗2

F⃗1

r⃗2

r⃗1

O

m2

m1

r⃗1+ r⃗=r⃗ 2
r⃗= r⃗2− r⃗1

F⃗1=
Gm1m2

r3
r⃗=m1

⃗̈r1 Force on m1

F⃗2=−
Gm1m2

r3
r⃗=m2

⃗̈r2 Force on m2

m1
⃗̈r1+m2

⃗̈r2= a⃗cm=0 No external forces .

⃗̈r=⃗̈r2−⃗̈r1=(−
Gm1m2

r3m2

−
Gm1m2

r3m1
) r⃗=−

G (m1+m2)

r3
r⃗



  

Orbital elements: definition

Relative motion equation: d2 r⃗

dt 2
+μ

r⃗

r3
=0
μ=G(m1+m2)

The system is isolated, so  3-1 degree of freedom. 
This implies that the motion occurs on a 2D plane. 

Integral of motion: 
angular momentum h⃗= r⃗×⃗̇r

The relative equation of motion in polar coordinates 
reads

⃗̈r=(r̈−r θ̇2) r̂+[1r
d
dt
(r2 θ̇)] θ̂

Splitting the equation along the two versors r̂ , θ̂

(r̈−r θ̇2) r̂+μ
r

r 3
=0 ⇒ r̂

1
r
d
dt
(r2θ̇ )=0 ⇒ θ̂

h⃗=r r̂×(ṙ r̂+r θ̇ θ̂)=0+r 2θ̇ ẑ Constant



  

Solution of the two body equation of motion: 
trajectory

(r̈−r θ̇2)+
μ

r2
=0 trajectory : r (θ)

Auxiliary variable y=
1
r

ṙ=−
1

y 2
ẏ=−

1

y2
dy
d θ

θ̇=r2 θ̇
dy
d θ

=−h
dy
d θ

r̈=−h
d
dt (

d y
d θ )=−h

d2 y

d θ2
θ̇=−h2 y2

d2 y

d θ2

−h2 y2
d2 y
d θ2

−h2 y 3+μ y2=0

d2 y
dθ2

+ y=
μ

h2
Differential 
equation with 
constant 
coefficients

y (θ)=
μ

h2
(1+e cos (θ−θ0))

r (θ)=
p

1+e cos (θ−θ0)
p=

h2
μ



  

Ellipse : p=a(1−e2) e<1

Parabola : p=2q q min dist
e=1

Hyperbola : p=a (e2−1) e>1

h2
μ =a (1−e2) ⇒

h=√μ a(1−e2)



  

Elliptical motion  in more details:

Pericenter 
distance a(1-e) 

P
er
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b=a √(1−e2)
semiminor axis

a e a (1−e2)

Focus

~ω ⇒ pericenter longitude

Area=π ab
Perimeter=4 π E(e)

E(e)=∫
0

π
2

√(1−e2 sin2θ)d θ

complete elliptical integral of the 2nd kind



  

V ar=
h
2

⇒ V ar⋅T=
hT
2
=π ab=π a2√(1−e2)

h=√(μ a (1−e2)) ⇒
h2
μ =a(1−e2)

T=2 π√(a
3

μ ) Periodo

n=
2π
T

=√
μ

a3
=√

G(m1+m2)

a3
Mean motion

M = n (t -t
0
)   Mean Anomaly               f=θ  True anomaly

Average angle determining the exact position only in the 
case of circular motion. 

Energy integral: second constant of motion:

1
2
v 2−

μ

r
=C=−

μ

2a
⃗̇r⋅⃗r̈ +μ

⃗̇r⋅⃗r

r3
=0

d
dt (

⃗̇r⋅⃗ṙ
2
−
μ

r )
The system has 2 integrals of motion:

Angular momentum  (relative motion)   h
Energy (relative motion)   E  

3-2 = 1 degree of freedom

Time 
dependence



  

Kepler equation: full time dependence

QQ

R

P
U is the eccentric 
anomaly

GOAL: compute 
r,f as a function 
of U and then 
derive a time 
equation for U

FR=r cos f=acosU−ae

PR=r sin f=√1−e2a sinU

r=a (1−ecosU )

tg( f2 )=(
1+e
1−e )

1
2 tg(U2 )

tg( f2 ) ⇒ cos f=1−2sin2
f
2

r cos f=r (1−2sin2 f2 )
2 r sin2

f
2
=r−r cos f=a(1−e cosU )−acosU+ae=a (1+e )(1−cosU )

cos f=2cos2
f
2
−1 2 r cos2

f
2
=a (1−e)(1+cosU )

f



  

How to compute U as a function ot t? 

ṙ=
na

√1−e2

r ḟ=
na

√1−e2
(1+e cos f )

μ (
2
r
−
1
a )=v2=ṙ2+(r ḟ )2 since E=−

μ

2a

From Murray & Dermott, 
pg 31

ṙ=
na
r

√ a2 e2−(r−a)2=
na2e sinU
a (1−ecosU )

ṙ=ae sinU
dU
dt

dU
dt

=
n

(1−e cosU )

U−e sinU=M=n( t−t 0)

Kepler equation: it gives the solution for the 
time evolution along the trajectory r(θ). 



  

Iterative solution of Kepler equation (for low 
eccentricity orbits).

U 0=M
U 1=U 0+e sinU 0

U 2=U 0+e sinU 1

......

......
U i+ 1=U 0+e sinU i

For high eccentricity 
orbits, Newton-Raphson 
method grants faster 
convergence.

f (U )=U−e sinU−M=0
f ' (U )=1−e cosU>0 single solution

U0=U
f (U 0+δ)=f (U 0)+ f '(U 0)⋅δ+ ...=0

U1=U 0+δ δ=−
f (U 0)

f '(U 0)

.................

U i+1=U i+δ=U i−
f (U i)

f '(U i)

Quadratic convergence, much faster than the 
iterative method



  

Hohmann transfer: it uses the lowest possible 
amount of energy in transferring probe from circular 
orbit of radius r

1
 to circular orbit of radius r

2
.

a (1−e)=r1
a (1+e )=r 2
a (1−e)+a(1+e)=2a=r1+r 2

a=
r 1+r2
2

e=1−
r 1
a

Computation of the Δv needed to perform the 
orbital transfers.

1
2
v2−

μ

r
=−

μ

2a
⇒ v2=(

2
r
−
1
a
)μ

v=√μ( 2r− 1a )



  

vC 1=√μ (2r −1a )=√μr1 V C 2=√
μ

r2

V PT=√μ ( 2
a (1−e))−

1
a
=√μa (

(1+e)
(1−e) ) V AT=√μa (

(1−e )
(1+e) )

Δ v1=V PT−vC 1=√μa ((1+e)(1−e) )−√
μ

r1

Δ v2=vC 2−V AT=√
μ

r2
−√μa ((1−e)

(1+e ) )

Flight transfer time is equal to half the period of 
the transfer orbit

T of=π√ a
3

μ



  



  

Transformation from orbital elements to cartesian 
coordinates and viceversa: the planar case

U−e sinU=M M ⇒ U

r=a (1−ecosU ) tg( f2 )=(
1+e
1−e )

1
2 tg(U2 ) ⇒ r , f

x=r cos f=a(cosU−e) y=r sin f=a√(1−e2)sinU

vx=−
na sinU
1−ecosU

v y=
na√(1−e2)cosU
1−ecosU dU

dt
=

n
1−ecosU

r=√(x2+ y2+ z2) v=√(v x
2
+v y

2
+v z

2
)

C=
1
2
v2−

μ

r
=−

μ

2a

h=|r×v|=√μ a(1−e2)

r=
a (1−e2)

1+e cos f
ṙ=

n ae sin f
√(1−e2)

=
v⃗⋅⃗r
r

tg(
f
2 )=(

1+e
1−e )

1
2 tg(

U
2 ) U−e sinU=M

a , e ,M ⇒ x⃗ , v⃗

x⃗ , v⃗ ⇒ a , e ,M



  

Elliptical orbit in 3D



  



  



  



  



  



  

m
1

m
2

B

x

x
1

Baricentric orbits.

14 cm



  

−m1 x1+m2(x−x1)=0⇒
Baricenter position in the 
baricenter reference 
frame. 

x1=
m2

m1+m2

x ⇒
R1=

m2

m1+m2

R

R2=
m1

m1+m2

R

R
1
 and R

2
 are the radial distance from the baricenter of 

the bodies 1 and 2. 

R1
2
θ̇=(

m2

m1+m2
)
2

R2 θ̇=(
m2

m1+m2
)
2

h=h1

R2
2
θ̇=(

m1

m1+m2
)
2

R2 θ̇=(
m1

m1+m2
)
2

h=h2

L=m1h1+m2+h2=
m1m2

m1+m2

h

a1=
m2

m1+m2

a n1=n2=n

E=
m1m2

m1+m2

C=−
m1m2

m1+m2

G(m1+m2)

2a
=−

Gm1m2

2a



  

Λ=μ √G(M s+m)a λ=M+ϖ

Τ=Λ(1−√1−e2) γ=−ϖ

Z=(1−Τ)(1−cos i) σ=−Ω

Poincare’ action-angle variables

Jacobian coordinates
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