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Conversione di R in funzione degli elementi
orbitali e sua espansione in serie di
eccentricita ed inclinazione.
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z,) Dove i coefficienti A dipendono solo dalle masse e
semiassi maggiori (costanti ne(l!:):\ approx. Secolare)
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Calcolo dell’evoluzione secolare degli elementi orbitali.
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Attenzione! Nei termini delle equazioni di Lagrange si
sono trascurati tutti i termini di ordine maggiore di e?

e i? (la teoria e al secondo ordine in queste variabili).
Ad esempio......
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Soluzione per Giove e Satumo

mi/me = 9.54786 x 10— my/me = 2.85837 x 10—4

a; = 5.202545 AU a4y = 9.554841 AU
n = 30.3374 oy~ ny = 12.1890 °y~!
e; = 0.0474622 ey = 0.0575481
w1 = 13.983865 ° ) = 88.719425 °
I = 1.30667 ° [, =2.48795°

Q) =100.0381 ° Q) =113.1334°

a = ay/ay; = 0.544493
b, =3.17296  »{Z) =2.07110

A — +0.00203738 —0.00132987\ . _
= -0.00328007 +0.00502513 ) 7
B_ —0.00203738 +0.00203738 '\ . _;
= 1 40.00502513  —0.00502513 ) ~



Frequenze:

21 =9.63435 x 1074 oy~ 0 = 6.09908 x 1073 oy~

fi=0  f==7.06251x107°y”!

Autovalon:
e —0.0438821 1) 0.0155788
) —0.0354375 €7 —0.047581

1
1
I]] 0.0285689 In\ —0.00629766
b 0.0285689 I»n)] 0.015533
Coefficienti costanti

p1 =—146.892° B, = -53.3565° y1 =105.74° 1y = 126.825°



zb @ L6 e} ezuasayip ejje ued ezuanbauy
BUN UOD askjijue ul ouej|ioso 13aueld z 1I9p e}IoL3U3I29 97

(g-'g+3(B-B))s00 “o¥ez + (o "0)= (1) %0

(“g-g+3(“6-'B))s00 “*ot'ag - (;“o+;""9)= (3)c'@

(SIeaA) awur | (sIeak) owir ],
000001 0 :o@omﬁ i 000001 0 DD@D%M i
| : ]
_ _ ]
| | | .
7 mvc@
N ] i
_ tnyeg _ tanyeg WMDD




Equzioni secolari per tutti i pianeti del Sistema
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7.8 Secular Theory for the Solar System , 305
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Fig. 7.9. Plots of the eccentricity and inclination (in degrees) of Mercury, Venus, Earth,
and Mars over a period of 10 million years centred on AD 1900, according to the secular
- theory of Brouwer & van Woerkom (1950).
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7 Fig.7.10. Plots of the eccentricity and inclination (in degrees) of Jupiter, Saturn, Uranus,

and Neptune over a period of 10 million years centred on AD 1900, according to the
secular theory of Brouwer & van Woerkom (1950).



Evoluzione secolare dei corpi minori
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Soluzione generale: N pianeti + corpo minore (m=0)
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Si capisce l'origine del caos nelle Kirkwood gaps:
risonanze secolari interagiscono con quelle in moto
medio causando diffusione nello spazio delle fasi. Ad
esempio, all’interno della risonanza in moto medio 2:1
nella fascia asteroidale sono presenti anche le
risonanze A=g, e A=g,

Le figure mostrano l'integrazoine numerica
dell’orbita di un asteroide nella risonanza 2:1. Anche
I’argomento critico della risonanza secolare A=g;

libra causando una crescita caotica dell’eccentricita.
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La sovrapposizione tra risonanze secolari e in moto
medio avviene anche per i Toriani (risonanza 1:1).

236 : *  MARZARI AND SCHOLL

argument. However, the resonance crossing is evident in Fig. 3
and is well supported by the related changes in the orbital el-
ements. Regarding the short-period modulations superimposed
onto the circulation trends of the secular arguments in Fig. 3,
_they are related to the changes in the precession rate of @r.
These are caused by the oscillations in the orbital eccentricity.
For most of our low-amplitude libration orbits we found that this
kind of behavior leads to escape from both L4 and L5 orbits on
a time scale of the order of 10° years. Since it was suggested by
De la Barre ef al. (1996) that the vg secular resonance can also
play an important role in destabilizing Saturn Trojans, we also
plot in Fig. 3 the corresponding critical argument. However, in
this case, it does not show any particular behavior that may be
related to the instability of the orbit.
The passage through the 2dg — @ — @1 mixed secular reso-
nance may occur after a longer time scales. Figure 4 illustrates

360
_270
g
. 1 180
= g
O
£
0
S 360
(o)
) ?3:-
e | 270
13 Fi
‘f’ T 180
- 2]
€ 3
N @

Time (105 years)

A — Ag (deg)

FIG.3. Orbital evolution of a L5 Saturn Trojan. The crossing of the mixed
secular resonance with critical argument 2ds — @jg -~ @t is shown by the change
of the direction of circulation after about 2.5 x 10° year. Ejection occurs near
4.5 x 10% year. Indices T, J, S refer, respectively, to Trojan, Jupiter, Saturn.

o
IS)
T

amplitude of both the semimajor axis and the critical argument
of the Trojan resonance At — As, and in eccentricity. This jump
occurs at the same time as the inversion in the circulation direc-
tion. After the crossing, instability builds up and the eccentricity
grows until the body is ejected out of the resonance into a chaotic
orbit, eventually, after a close encounter with Saturn. The inver-
sion of circulation direction during the resonance crossing is
very similar to that shown in Fig. 1b for the vi¢ secular reso-
nance and Jupiter Trojans. However, for the mixed resonance
we cannot plot the &, k variables (same as p, ¢ variables, but for
resonances involving the perihelia) to show in more detail the
resonance crossing. We lack, in fact, the definition of the 4, k
variables for the mixed resonance, since we need a perturbative FIG.4. Instability of a Saturn Trojan on alonger time scale (2.4 x 107 year)
scheme to derive the correct action variable related to the critical  than in Fig. 2.

eccentricity
=
-
-

2.42 2.44 2.46 2.48
Time (107 years)



Per i Troiani, le risonanze secolari possono ‘pompare’

’inclinazione a valori elevati.
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FIG. 1. (a) Evolution of the inclination of a Jupiter L4 Trojan orbit with an initial inclination of 4.5° and libration amplitude of about 59°. The critical

argument of the vig resonance shows inversions of the circulation direction in the first 0.5 x 108 year of evolution, typical of resonance crossing; then it enters the
resonance and librates for the remaining 2 x 10® year. (b) Focus on the first 10% year of orbital evolution of the case shown in Fig. 1a. The changes from positive
to negative circulation and vice versa are clearly visible and are related to the vj6 resonance crossings. A jump in inclination occurs at every reversion. (¢) The
variables p and ¢ are plotted for the case in Fig. 1a. On the left the data points cover the time interval 2 x 1075 x 107 year; the resonance crossing is marked by
the change from negative to positive circulation. On the right the variables p and g are shown during the time interval 1 x 108-2 x 108 year. The classical banana

shape characterizes the libration of the vj¢ critical argument.

first 10® years of evolution (Fig. 1b). Any time a reversion oc-
curs, the body crosses the secular resonance and the inclination
jumps. A similar behavior, but for the eccentricity, is known
when a mean motion resonance is crossed (e.g., Peale 1986,
Marzari et al. 1997). Finally, the body enters the resonance and
the critical argument starts to librate around 180~ with a period of
about 1,7 x 10° years. The resonance crossing and the libration
are made more clear in Fig. 1c, where the values of the variables
p and g are plotted from 1 =2 x 107 yearto t =5 x 107 year,
and from 7 =1 x 10® year to 1 =2 x 10° year. The inclination
grows from 4.5° to a maximum of 19.5% in 2.8 x 10® year. The
libration amplitude of the Trojan critical argument A, — ; grows
from ~~58.9° to 64” during this evolution.

The second case (Fig. 2) has an initial libration amplitude of
58° and an initial inclination of 4°. Its behavior is more chaotic,
with frequent changes between circulation and libration. The
eccentricity remains low (<0.05) while the inclination grows up
to about 30°. Shortly after such a high inclination is reached, the
libration amplitude increases, the orbit becomes unstable, and it
escapes from the Trojan swarm.

Due to the presence of the vy resonance at low inclinations,
the scenario for the origin of highly inclined Trojans at L4 and
L5 may have been the following. Planetesimz' s with Jow inclina-
tions are trapped as Trojans by the mass growth of Jupiter in the
early Solar System with a broad distribution of libration ampli-
tudes (see Fig. 10 in Marzari and Scholl, 1998b). Trojans which



Ferihelion resonances, zone 1
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Il principio di sovrapposizione delle risonanze
funziona anche nella parte esterna della fascia
asteroidale. Al di la della risonanza 2:1, al crescere
dell’eccentricita le numerose risonanze in moto
medio adiacenti si allargano portando a moto
caotico causato dalla loro sovrapposizione.

Fecenlrady




La teoria di Lagrange-Laplace
funziona per piccoli e ed i, mentre in
molti sistemi extrasolari i pianeti
hanno elevate eccentricita!

m HD74156  e,=0.636 e,=0.583
m HD202206 e,=0.435 e,=0.267
m HD12661 e,=0.350 e,=0.20
m HD128311 e,=0.25 e,=0.17
m Ups And e,=0.012 e,=0.27

"Planet Semi-Major Axis" vs "Planet Eccentricity” (168)
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e eacos Ao = (ejjen + epen)

+ (e11€22 + €128 Jcos(yy — yn) .

€11€22 + €12€321
€11€21 + €12€22

-

T — YH

= (gat+ F2) — (gut + 51 ),

Se S > 1 risonanza apsidale.
Librazione di Aw attornoa 0
o 180 gradi.

Perché la risonanza apsidale é importante? Orbite
allineate con alta eccentricita e in risonanza
apsidale sembrano piu stabili di quelle non
risonanti (calcolo del coeff. lyapunov).
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