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Chapter 1

Overview of the formulations of
Quantum Field Theory!

The aim of these chapter is to provide a short overview on the various approaches to
quantum field theory (QFT), whose main task is to compute physical quantities such
as the S-matrix and therefore the cross section of the theory.

We will start with the axiomatic approach, based on the Wightman axioms, which is
mathematically well-defined and is therefore used for rigorous proofs. Another approach
is the perturbative one, which is the most used for studying quantum field theories. This
can be formulated in terms of the operator approach or in the framework of the path
integral formalism. A non-perturbative approach to QFT concerns the formulation on
a lattice, where space-time is discretised. We will also shortly review the formalism
based on the Schrodinger representation of quantum fields. The last section concerns a
short introduction to the phenomenon of spontaneous symmetry breaking. Here is the

list of acronyms used in these notes.

CCR canonical commutation relations
GF Green’s functions
QCD quantum chromodynamics
QED quantum electrodynamics
QFT quantum field theory
QFTL quantum field theory on a lattice
QM quantum mechanics

SSB spontaneous symmetry breaking

I Matteo Sighinolfi



2 CHAPTER 1

1.1 What QFT is: differences with QM and conse-

quences

In the past courses the student has been introduced to QM and its formalism. In QM, as
in classical physics, it is possible to discriminate between a theory with a finite number
of degrees of freedom and a theory with an infinite number of degrees of freedom. We
will denote the first as QMy;, and the latter as QM. As shown in the lectures of
“Theoretical Physics A”, in QM one says that the map

T:|g) = 1),

where |¢) and |¢') belong to the Hilbert space of states, is an exact (or unbroken)

symmetry if preserves the transition probabilities

(o) = (&) .

A theorem by Wigner states that such a transformation must be represented by the

transformation
1¢') =Ulo) ,

where U is a unitary or antiunitary operator. This is true both for QMg;, and QM
but there is a great difference between the two cases.

QFT is a QM_, theory, and it is possible to show that only for this type of theory
there are inequivalent representations of CCR not connected by unitary (or antiunitary)
transformations. Later on, we will see that this is related to SSB.

The main point is that QFT has infinite degrees of freedom, so it must be treated
differently than QMg;,. We will consider some of the possible approaches illustrating
their successes and problems.

1.2 Axiomatic approach

The axiomatic approach? was developed by Wightman in the 50’s, with the will of
quantising fields following von Neumann’s idea of quantum theory (so the Dirac’s for-
malism, involving bra and ket, is not followed).

Let us first consider a classical relativistic field theory. Here, one considers a field ¢(t, x)
whose dynamics are consistent with special relativity. For a free field with mass m > 0

2 The following description of the Wightman axioms and Wightman reconstruction theorem is based
on the article http://www.scholarpedia.org/article/Wightman_quantum_field_theory.
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this means that ¢(t, x) satisfies the free wave equation

1 02

5 5a0(%) = V20(t,%) + m*6(t,x) =0, (L)

It is now possible to choose as units of time and space 2° = ct, 2/, j = 1,2,3. In this
way, the Minkowski metric is the familiar mostly negative

g = g, = diag(1,-1,-1,-1) .

Adopting the standard convention for covariant and contravariant variables, the free

wave equation is now written in the Lorentz covariant form
"0, +m*p =0 . (1.2)

This equation can be obtained from the free action

1
SO = 5 /d4$ (a“¢aﬂ¢ — m2¢2) . (].3)
To have an interacting theory one adds a term to Sy which is usually a polynomial in

¢ with grade higher than two, for example
A
_ 4, N 4
SI - /d x 4|¢ )
implying the classical equation of motion

O, +m*¢ + %&’ =0. (1.4)

Until now there is nothing new or tricky in our physics, but by now things starts
getting more difficult. If ¢(¢,x) is a real field, then Eq.(1.4) has smooth solutions for
any smooth bounded initial conditions at some initial time ¢3. The field is determined
at every position and time knowing its value and its time derivative at ¢ = t;. At any

time, there is a Poisson bracket between the field and its time derivative ¢

{063 9(t.y)} = 0¥ (x~y).

If one tries to quantise the field ¢, it is clear that it cannot be a function of x because
of the above Poisson bracket containing 6©*)(x — y), which is a distribution. The only
possibility for ¢ is to be a distribution in the sense of Schwartz. Looking back at
Eq.(1.4) we see that the term ¢® is problematic because non-linear distributions are
undefined. Actually, while quantising the theory one unavoidably gets the divergences

in the calculations, like the infinities arising in the Dyson-Feynman theory.
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A different approach was successfully implemented by Wightman in 1956 for free fields.
Wightman found that to give sense to the space-time derivatives of the free field, and
also to field polynomials and their derivatives, it is enough to smear the field with
an infinitely smooth function of Schwartz class S(R?) in space-time.®> In particular,
Wightman showed that the smeared field

oO(f) = / dtz oP(2) () | (1.5)

with f(x) a test function and {gbl(k)( f )} linear operators in a Hilbert space H, is a well-
defined operator on the Fock space. The main problem with the Wightman axioms, is
that all known four-dimensional theories satisfying Wightman’s axioms have a trivial
scattering matrix. Nevertheless, non-trivial theories satisfying the Wightman axioms
exist in lower dimension.

1.2.1 Wightman’s axioms

It is now necessary to introduce a set of axioms to work with our QFT, where the fields

are the smeared ones in (1.5).

W1 (Relative invariance of the space of states). It exists a Hilbert space H that carries
a continuous unitary representation U(A,a) of the Poincaré spinorial group (universal

covering group of the Poincaré proper group).

W2 (Spectral properties). The spectrum of p* is concentrated exclusively in the superior
closed cone
V= {pEM\pQ >0,p" > O} m =0 included .

W3 (Existence and uniqueness of the vacuum). 3! a vacuum state |0) (up to a phase
e') for H that is invariant under U(A, a).

With these three axioms Wightman noticed that for the quantised field ¢, ¢(f) is
unbounded. For an unbounded operator it is necessary to define a domain D

W4 (Fields’ domain of definition). The components qbl(k) of the field ¢ are operators

with distributional values on the Schwartz’s space S(M), with domains of definition D

3 The space S := S(R*) consists of infinitely differentiable real functions of real variables that goes to
zero at infinity faster than any power of the Euclidean distance. For an introduction to distributions
see, for example, [12].
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common for all the operators and dense in H. The vacuum lies in D and D — D under
l(k) and U(A, a).

W5 (Poincaré covariance). The fields transform under U(A,a) according to the law

U)ol (U (Asa) = 3V (Ao (e +a)
Im
with Vl(,’:l) (A™Y) finite representation of SL(2,C).*

W6 (Locality and microcausality). Two fields gbl(k)(m) and gb,(ﬁ/)(y) commute or anti-
commute when there is a space-like separation between two points x,y of M, i.e.

o (), 0% (y)| =0 for (z—y)*<0.
¥

W7 (Cyclicity of the vacuum). The set of finite linear combinations of vector of the
form

S oI (f0) . n=1,2,

is dense in H. A wvector with this property is called cyclic, so the vacuum is cyclic.

It should be stressed that the axiom W6 is hard to satisfy. In particular, all known
examples are derived from free fields and, if one proceeds in the usual way by looking

at the vacuum representation, then get a trivial scattering-matrix.

1.2.2 Wightman’s distributions

Finding the fields ¢ that satisfy Wightman’s axioms is very difficult, for this reason it is
useful to introduce the Wightman distributions V,,. Through these objects, the QFT
problem is reduced to finding a set of distributions W, satistying certain properties.

First, we must define what is a Wightman distribution. Consider the vacuum ¥, of a
Wightman field ¢ and test functions fi, ..., f, and the multifunctional

(Wolo(f1)o(f2) ... o(fu)|¥o) , (1.6)

which is a map from the n test functions into complex numbers. In addition, this

4 Vlg]:l) (Iy) = +1, +1 if ) is a tensorial field while -1 if $(*) is a spinorial field.
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mapping is continuous because of the assumption that the field is a distribution, and
this is still true for each f; keeping all the others fixed. Using Schwartz’s nuclear theorem
it is possible to prove that there is a unique distribution in 4n variables, denoted by
W, (f) and called Wightman’s distribution, defined for all test functions f(xy,...,z,),
that coincides with (1.6) when f(x1,2o,...,2,) = fi(z1) - fu(z,). Therefore,

Wh(fi®- - ® fu) = (Wolo(f1) ... o(fu)|Wo) -

If the field is assumed to be a tempered distribution, i.e. is a continuous linear map
S — C, then also W, is tempered.

Starting from the axioms W1-6 it is possible to find the corresponding properties for
W,,. These are quite easy to find and are formalised in a set of theorems not showed
here explicitly. A key consequence is that two fields are physically the same if they
have the same Wightman distributions, because W, determine the field up to unitary
transformations. This means that, giving a set of WV, obeying some properties, then
there exists a separable Hilbert space® on which acts a Wightman field ¢ that obeys
the axioms W1-6.

In conclusion, the problem is no longer to directly find the field ¢ but the W, obeying
some specific properties.

1.2.3 Reconstruction theorem

Suppose that we were able to find the W, introduced before: how are they linked to
QFT and to the quantities of interest? Answering this question is the aim of the recon-
struction theorem. An approach is to reconstruct the fields directly from W, another
one is to perform an analytic continuation to find the so-called Schwinger’s function
S(x1,...,x,), defined in the Euclidean space.

Reconstructing fields directly from a given set of W, is like reconstructing the repre-
sentation of a C*-algebra from a state, with the remarkable difference that Wightman’s
operators are generally unbounded. In addition, Borchers proved that Wightman fields
o(f) generate a *-algebra over the complex numbers called A. An element A € A and
U in D, domain of ¢(f), defines the expectation functional on A

A — (U|A[T) |

This map is linear and positive and has the properties of the state of the algebra, in
particular the vacuum expectation values W, define a state on A. It is now possible
to define by these elements the Hilbert space H, the domain D and the field operator
o(f), i.e. all the elements necessary to our QFT.

> A Hilbert space is separable if contains a countable dense subset, i.e. 3 a sequence {z,}°; of H
such that every nonempty open subset of H contains at least one element of the sequence.
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The Wightman distributions can be continued analytically to the Euclidean space
{—iz® x} | P eR,xeR?.
The Schwinger’s functions are
Suloo X2, ) =Wl xp, —ia}, .. ),

with
:v2+1 —29>0.

The properties of Schwinger’s function have been studied axiomatically by Osterwalder
and Schrader. The axioms of the Osterwalder and Schrader formulation concern the

following properties of the Schwinger functions

E1 invariance under Euclidean transformations

S(x1,29,...,2,) =S(Azy +a,..., Az, +a) , AeSO4),

E2 satisfy the so-called reflection positivity property, related to the time reversal in
Minkowski space (see Glimm and Jaffe book [4]),

E3 are completely symmetric in their arguments,

E4 satisfy the cluster property. This is related to an asymptotic factorisation of
Snle. ., Xp,xY,...) (see Glimm and Jaffe book [4]).

By the Schwinger’s functions it is possible to reconstruct the Wightman’s functions W,
and then the corresponding QFT. The advantage of working with Schwinger’s functions
is that they are defined in Euclidean space, so that they obey to simpler properties and
are easier to manipulate than the Wightman functions or field operators.

1.2.4 Applications, successes and fails

The axiomatic approach is successful in describing free fields and is the framework in
which most of the properties of the QFT are rigorously proven. In particular, this
is done for the PCT theorem, proving invariance under parity transformation, charge
conjugation and time reversal of a Wightman theory, and the spin-statistics theorem,
proving the connection between the spin of the particle and the statistics it satisfies.

On the other hand, the axiomatic approach has the problem that only a small number
of concrete derivations are known. In addition, Wightman theory deals with unbounded
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operators. This can be resolved using the algebraic approach that treats only limited
operators, but this causes a loss of generality in the theory.

1.3 Perturbative approach

While free theories are surely easier to study, the interacting ones are the most inter-
esting and necessary to describe Nature. Unfortunately, no exactly solvable interacting
theory is known in more than two space-time dimensions®. An alternative approach is to
use a perturbative approach. This approach was derived independently by Tomonaga,
Schwinger and Feynman by removing the special role of time in QM, and then applying
this viewpoint to recast each term of perturbation expansion as a space-time process.
We will now draw a sketch of how this is possible through the method of functional

integration and the result one may obtain.

1.3.1 Path integral formulation

Let us consider the probability amplitude of finding a particle at (x,t) knowing that it
was at (xo, to)
<X, t|X07 t0> .

This is given by the sum of the amplitudes of all possible paths, each path weighted by
its quantum mechanical amplitude. This sum over paths is the path integral and can
be expressed in the form

t
(x, t|xg,to) = /Dx(t) exp (z/ dtﬁ[a'c,x,t]) = /Dx(t) exp (iS[x(t)]) , (1.7)
to

where £ is the classical Lagrangian, S is the classical action and Dx(t) denotes the
functional integration over all possible paths. By means of the amplitudes (x, t|xq, to)
it is possible to calculate all the quantities of physical interest (observables). However,
also in the case of QM path integral one may get analytic solutions for few systems
only, e.g. the free particle, harmonic and forced oscillator. In the general case the only
way to compute (X, t|Xo, to) is to use the perturbative approach. We have seen that the
path integral is useful in QM, but how can we derive its QFT version?

In the path integral representation of QM, one integrates over the phase space (x;, p;).
In a second quantised system, the field ¢(x) is an operator, so we should expect that
in QFT the path integral is constructed integrating in a phase space of functions

(p(x), m(x)), m(x) being the appropriate momentum. Defining (¢, t|¢g, to) as the prob-

6 For example, the Ising model is exactly solved in two dimensions but not in three.
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ability amplitude for a field in the configuration ¢g(x) at ¢y to evolve to ¢(x) at ¢, after

some mathematical preliminaries we find”

(6,tl6u.to) = [Doexp ( /t:dt / dD—1m£[¢,¢,t1> — [Poexplisiot)) . (9

where L is the classical Lagrangian density and S is the classical action functional.

To probe the dynamics, one may add an arbitrary external source J for ¢. In this
way one gets a path integral representation of the generating functional of the vacuum
expectation values of time-ordered products of the ¢’s. Such expectation values, also
called Green’s functions, can be evaluated through a perturbative expansion. As we will
see, a key result, known as Lehmann, Symanzik and Zimmerman reduction formula,
shows that the GF are the building blocks to obtain the S-matrix and therefore the
cross sections.

Let us consider Z[J] := (Q|€),, denoting the vacuum to vacuum amplitude in the
presence of the external source J. It turns out that

Z[J] :N/D(bexp{i(S—i—/dDm Jqﬁ)] : (1.9)

where N is a constant usually ill-defined.
Set
Z[J] = exp(iW[J]) .

It turns out that W[J] is the generating functional of connected GF

1 SNWIJ] ’
NU§T(21) .. 0 (my) "0

QT P(x1) ... d(zn)[Q)e -

GgN)(l'l, e ,i[}n) =

A problem with (1.9) is that the integrand is an oscillatory one, so that the path integral
is not well-defined. A possibility is to define Z in the Euclidean space (calling it Zg)
and then computing GF in the Euclidean space. After this, we recover the GF in the
Minkowski space by analytic continuation.

Before proceeding, it is worth stressing the basic fact that in calculating the S-matrix
the relevant quantity is the product of the residues of the GF involved in the process.
Since such a product is invariant under diffeomorphisms of the fields, it follows that the

scattering matrix S is invariant under such transformations.

7 This is the case if the Hamiltonian is quadratic in the momentum 7(x).
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1.3.2 Renormalisation

An important aspect of QFT is that they have a useful representation in momentum
space, in which Feynman diagrams become a systematic powerful tool to compute the
cross sections of a QFT. In this beautiful procedure there is anyway a problem, because
Feynman amplitudes are quite often divergent quantities and therefore the GF of our
QFT. For such a reason, it is necessary to build a procedure, called renormalisation,
whose role is to remove such divergences maintaining the structure of the theory. This
can appear quite magic, but it works!

Renormalisation, that involves the redefinition of fields and coupling constants, works
fine only for certain theories, called renormalisable. We will not sketch renormalisation
here, but we just note that it is possible to build several renormalisation procedures.
In particular, a first step in renormalising a theory is to introduce a regularisation of
the relevant integrals so that they are finite, e.g. by dimensional regularisation or by

introducing a cut-off in the domain of integration.

1.3.3 An example: ¢} theory

A simple example of theory with physical relevance is the so-called ¢} theory.® This
theory is not solved exactly but one can evaluate the GF perturbatively. Let us start
by considering the generating functional in Euclidean space

ZglJ] = e el = N/ngexp [— /d4x (%@gb@“qﬁ + %m2¢2 + %¢4 - ng)] ,

and then computes the Euclidean GF

5N Zp [J]
5J(x1)...0J0(zN) =0 -

G(EN)(l’l, Ce ,Z'N) =

Expanding the interaction term in power of \ one gets the perturbative series. In
doing this it is necessary to build a renormalisation scheme to obtain finite GF in the
Euclidean space and therefore at the end one expresses GF in Minkowski space by
analytic continuation and then compute the cross sections.

1.3.4 Applications, successes and fails

The perturbative approach is largely used in QFT, because through it we can make a
great number of physical predictions, e.g. in QED and other successful theories. In
particular, in QED such an approach leads to predictions of incredible accuracy like the
so-called “a running” that explains how the fine structure constant o depends on the

8 The ¢7 theory denotes the d-dimensional scalar field theory with potential density ¢".
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energy scale.

The main problem of this approach is that it is an approximation. In principle, it is
possible to be as precise as one wants simply by computing the perturbation series to
higher order of the coupling constant, i.e. A or o, but a priori this procedure is not sure
as it may look. In building the renormalisation scheme one must redefine the coupling
constant using the so-called counterterms. An example of this is given by QED: the

series in the coupling constant a o €2

S(e?) = ag + are® +age* + ...,

is not convergent, because if we assume a finite radius of convergence, S(e?) must be
analytic at €2 = 0. This means that S(—e?), i.e. e — ie, is analytic. A theory
with imaginary charge possesses an instable vacuum, leading to a production of space
separated electron positron pairs, i.e. electrons attract each other. Since this is a
contradiction of known physics, the only possibility is that the series above is not

convergent.

The fact that the perturbative expansion is mathematically ill-defined is mainly do
to the interchange of the summation of the series expansion with the functional in-
tegral. Such an interchange is admitted only when, according to Levi’s theorem, the
conditions of monotone convergence are fulfilled. Actually, according to Levi’s theo-
rem, if (fx(z))52, is a sequence of Lebesgue integrable functions, almost everywhere
non-negative in a set A, and such that > ., [, dzfi(z) converges, then >, fi(x)
converges to a Lebesgue integrable function f almost everywhere on A and

g/Adl’fk(ﬂﬁ) = Admgfk(x) .

This does not in general hold in QFT expansions.

QED is also not Borel summable, and for this reason some physicist think it is not a
consistent theory, due also to the existence of the Landau pole. In fact, QED fails at
very high energy while it gives extremely good predictions at low energy. This could
not be an essential problem, because at the scale of energy where QED loses because of
Landau pole is greater than the Planck energy (~ 10! GeV), so we do not even know
if our description of reality with electrons and positrons is still valid at such energy scale.

In conclusion, the perturbative approach to QFT provides, in some range of energies,
excellent numerical predictions, but one sometimes sacrifices mathematical rigorousness

in the construction of the theory.
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1.3.5 The origin of the divergences in quantum field pertur-

bation theory

We already mentioned that divergences are a consequence of the fact that the Poisson
brackets for fields contain a Dirac’s §, implying that ¢ is a distribution. The trouble
is that non-linear terms, such as ¢", correspond to power of distributions at the same
point, which are not defined. This means that some field theory presents singularities,

even at the classical level. Due to loop integrations, the problem is much harder in
QFT.?

The problem already arises when one replaces test functions by distributions. To see

this, we consider the Wightman 2-point distribution in the case of the free particle

d*p

(27m)*

where f(p) and j(p) are the Fourier transform of the test functions f(z) and g(z),

016(1)8(9)[0) = / 7 0)@m0°)5(* — m?)i(m) | (1.10)

respectively. In the standard formulation, the test functions are replaced by the 9-
distribution. In other words, one makes the identification

f2) =W —a),  g()=0"(=—y),

corresponding to

fp) =€, glp)=e™,
so that (1.10) becomes
4

Oloo) = [ <;;;39<po>5<p2 )y

= ’p L i)
) (@2n)32w ‘ ’
p

wp := 1/Pp? + m?2, which has a pole at y = . We then see that a non-singular quantum
field cannot be a well-defined operator for any sharp spacetime point.

The problem is even harder when the theory, such as ¢}, has a self-interaction at any
time. As a matter of fact perturbation theory erroneously treats the quantum fields
evolving as the free ones between point-like interaction events. From the physical point
of view, the role of renormalisation is to iteratively change the parameters of the theory,
that then will depend on the physical scale. In other words, perturbation theory is a
way to mimic the interacting theory by a free one, with the parameters becoming scale

9 As we will see, the classical theory of ¢3, which is the tree-level contribution of its quantised version,
involves products of the Feynman propagator Ap(y — ). This is in fact divergent at y = =.
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dependent.

1.3.6 Resurgence

A recent development of interest is the phenomenon of resurgence in QM,'° which
could be of great interest if extended to QFT. This approach shows that in one dimen-
sional QM systems with a bound-state potential V' that admits an alternative potential
V(x; A, Ag) any observable can be exactly computed by a single perturbative series.
This is the so-called exact perturbation theory (EPT) and V(x; A, Ag) admits always a
Borel resummable perturbation theory in A and coincides with V' when A = )\q. This
approach is an alternative way for computing the instanton contributions due to defor-
mation of the contour of integration of the path integral if one wants to restore Borel
summability.

The resurgence phenomenon has been studied for QM, but a possible extension to QED
could be of great interest, because EPT works well at strong coupling constants where
QFT in the perturbative approach is not always well-defined. In addition, it is in prin-
ciple possible to extend the results obtained for QM to non-Borel resummable QFT,

like gauge theories in 4 dimensions as QED.

1.4 QFT on a lattice

QFT can be formulated on a lattice instead that on a continuous space-time. Such an
approximation allows the application of analytical and numerical techniques that are
very useful for studying quarks and gluons in strong interactions. In defining a lattice
QFT it is extremely important to have a well-defined continuum limit, i.e. as the lattice
parameter a goes to zero the continuous QFT must be restored.

By now, we will refer to QFT on a lattice as QFTL for simplicity.

Even in QFTL we are interested in defining a path integral because we know well how to
compute cross sections by those integrals. However, we are not anymore in a continuum

space-time, but on an ipercubical lattice

A:aZ4:{x

Ly
Y7 1.11
- c } (1.11)

on which is defined the scalar field ¢(x). Even on the lattice it is possible to define a
derivative, but one must distinguish between forward and backward derivatives. Defin-
ing the scalar product in analogy with the continuum case

(g.h) = a'g(x)h(z)

T

10 See, for example, [13][14][15].
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the forward and backward derivatives are defined as
f _
A,u,g(aj) -

Adg(z) =

(9(x + apr) — g(x)) , forward ,

(9(z) — g(x —app)) , backward ,

QI

with [ the unit vector and (Al{g, h) =— (g, Ath). This leads to the following definition
of the lattice d’Alembertian operator

O=—-AAf

p=

It is then possible to define the lattice action in the general case as

S16,a] = Solg.al + Silb,al = 5 (6. O+ o) + Silgal . (1L12)

which enters in the generating functional of GF
210.d) = a1 [ TLdota) expl=5[6.a] + (1.0) (113)
,a] = Zl0.a] : x) exp ,a ) . .

In the free case, i.e. S[p,a] = Sp[p,al, it is easy to show that (1.13) restores correctly
the limit in the continuum when ¢ — 0. The problem is to find this limit in the
interacting case to obtain well-defined GF.

It is worth stressing that in defining the two-point correlation function one may use
the so-called transfer matriz T that plays the role of an evolution operator. T is a
bounded, symmetric and positive operator, which are essential properties for having a
self-adjoint Hamiltonian. If it is not possible to have an explicit representation of the
transfer matrix, then one must have time reflection positivity on the lattice.!* If this is

the case, the Hamiltonian can be defined, and a Hilbert space formalism exists.

1.4.1 Renormalisation in the continuum limit and renormali-

sation group

The lattice regularisation provides a cut-off even for the momenta. For this reason,
loop integration in QFTL are finite'? and no renormalisation is needed. However, in
the continuum limit one must send lattice spacing to zero and therefore there is not
cut-off in the range of the momentum and renormalisation is again needed. Renor-
malisation introduces renormalised fields, coupling etc. that are treated to blow away

" There are two possible types of reflection positivity: site-reflection positivity and link-reflection
positivity.

12 With lattice spacing the momentum lies in the first Brillouin zone, so it is different from both zero
and infinity.
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divergences. At this point, one may see an analogy between QFTL and statistical me-
chanics and some concepts of the latter, such as the one of transfer matrix, can be
applied successfully to QFTL. One can also use the correlation length &, which governs
the exponential decay of the correlation functions, and therefore to the propagator, and
has the behaviour
1
E=—.
ma

In taking the continuum limit, with a suitable choice of the renormalisation parameter
a that goes to zero while m stays finite and & diverges. This is related to the existence
of the so-called critical point, that is a point in the phase space corresponding to a
phase transition.

A useful method to study the theory is the renormalisation group. The main point is
to move from infinite-dimensional space of actions to the finite-dimensional subspace
parameterised by those quantities like coupling constant, mass etc. renormalised in our
theory. The idea is to see how renormalised quantities change when there is a changing
in the lattice parameter, especially when the continuum limit is driven. For doing this

it is very important to study the fixed points in the subspace defined above.

1.4.2 An example: ¢} theory

Even in QFTL one can investigate ¢} theory and expects to find the same results de-
rived before. What is important to notice is that the cut-off provided by the space-time
lattice used in QFTL is not particularly convenient for perturbative calculations. The
main purpose of the lattice is to provide a regularisation which allows the application
of various non-perturbative methods. However, sometimes it is necessary to perform
perturbative calculations with a lattice cut-off, in particular if quantities calculated
by non-perturbative methods are related to quantities calculated perturbatively. Fur-
thermore, some quantities of numerical interest, such as finite volume effects, can be
calculated in lattice perturbation theory.

Even in QFTL one can find the Feynman rules to evaluate GF, but there are some
differences with the continuum case. Especially, in performing loop integrations only
the momenta in the first Brillouin zone are involved. In this way, one may compute GF
on the lattice for the perturbative expansion of ¢} theory, but such quantities diverge in
taking the continuum limit. When this happens, one applies a renormalisation scheme

and removes the divergences.

1.4.3 Applications, successes and fails

An interesting application of QFTL is the one with QCD. As the reader probably knows,
QCD has the property of being an asymptotically free theory, i.e. the coupling constant
increases with the distance. For this reason, the description of the long distance strong



16 CHAPTER 1

colour force requires a non-perturbative approach, and this can be done in QFTL. In
particular, lattice QCD gives a prediction on the mass of the quarks.

Another interesting application is the construction of simulation algorithms: as easily
understandable it is not possible to calculate continuum quantities as a field numerically.
The only possibility is to discretise space-time, and this means that we must build a
QFTL for numerical applications.

Finally, QFTL is used in solid state physics and condensed matter physics, where it is
not rare to work with systems with a particular symmetry or with a lattice.

As pointed before, QFTL is essentially a non-perturbative approach that works thanks
to the discretisation of space-time. Anyway, even in this case most of the theory needs,
for explicit calculations, to use perturbative techniques.

1.5 Schrodinger representation formalism

In QFT is worth of mention the Schrodinger representation, a natural extension of
non-relativistic QM used for atomic physics.

The idea is to proceed analogously to what we did in QM but using a mathematics
consistent with the fact that we are working with fields, so we will expect to work with
functional differential equations instead of differential equations as in QM.

Let us consider the case of the free scalar field theory with action (1.3). One can
construct the conjugate field momentum 7 and the Hamiltonian H as

oL .
") = ety ~ )
H= %/d‘gw (7* +|Vo|* + m*¢?) .

As in QM we defined the CCR for position and momentum, here we do the same for
the field operator ¢ and its conjugated w

x),7(t,y)] = i0®(x —y) , (1.14)
x), o(t,y)] = [r(t, %), 7(t,y)] = 0. (1.15)

— —
< S
—~
\.@6- \.Pi-

~— ~—

It is now possible to switch to a coordinate Schrodinger representation and work with
a basis for the Fock space where the field operator ¢ is diagonal. If |¢) is an eigenstate
of ¢ with eigenvalue ¢ then the coordinate representation of the state |¥) is the wave

functional
Ug] = (9[¥) .

It is also possible to give a functional differential representation of the equal time
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commutator (1.14) using

so that

{%(x)ﬁ(y)} =00(x—y) .

The differential representation of the momentum field operator turns the Hamiltonian
operator in a functional differential operator

2
Ho = %/d% <—% + Vol +m2¢2) :

and the Schrodinger equation in a differential functional equation

2

Even if we are dealing with the simplest case of free field theory, this equation can be

solved easily only for the ground state because we can use the property that the wave
functional of the ground state is always positive and has no nodes. Although, through
a little bit of calculation it is possible to find ¥ even for excited states.

1.5.1 Results

Resolving (1.16) when is time independent is possible to find the energy of the ground
state Fy and also the energy of the excited state E;.

It is also possible to show that the energy eigenstate W;[¢] with energy wy, is also
a momentum eigenstate with momentum k;. This can be used to describe a state
with one particle with four-momentum k; and mass m. This leads to the Schrodinger

representation of creation and destruction operators, respectively a' and a

otk = [ e (ot + o)

a'(k) = / A3z e~k (wkgh(x) — %@)) .

It is also possible to compute the propagator. If the initial state is a particle located
at x at time ¢ and the final state is the one with the particle located at x" at ¢/, then
the initial wave functional is ¢(x)Wy[¢, t] and the final one is ¢(x')Uy[¢, t']. One may
check that the propagator is

Olo()o(2)|0)o(t — 1) = / Dod(x)b(x) W5 6, W[ 1]
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where |0) denotes the vacuum state and the theta function is necessary because ¢’ > t.
It turns out that'®
3k 1

= ik(z—2) g4
2n)? 2wk€ o(t' —t),

(0] ) () |0VO(t — 1) = /
where wy := vk2 + m2.

1.5.2 Interacting fields

One of the main goals of interacting QFT is to compute the cross section for scattering
processes. In the perturbative operator formalism this means computing the S-matrix
elements in terms of initial and final states and field operators and we have seen that
such quantities are related to GF computed in perturbation theory.

In the Schrodinger representation the dynamics instead resides in the states, not in
the operators, so we do not compute GF. Since S-matrix elements are defined as an
overlap between initial and final states, what one needs to compute is the initial and
final interacting states. Such states are computed perturbatively.

It should be mentioned that the formalism extends to photon and spinor fields. It is
also possible to give a Feynman diagram interpretation of this procedure, but the most
important thing is to underline that this way of computing the S-matrix is completely
equivalent, and gives the same results, as the other formulations. Let us consider the

case of the ¢} theory.

1.5.3 An example: ¢} theory

The Hamiltonian of the ¢ theory reads
s (Lo 00 Ay
H = Hy+ Hi = Ho + [ &z (50m*0* + o) |

where dm?¢? /2 is the mass correction term to the free one, m?¢*/2, in Hy. It is possible
to obtain the vacuum state and the energy spectrum of such an interacting theory by
using the Rayleigh-Schrédinger perturbation theory. This is developed by first writing
H = Hy + aH;,;, where the dimensionless parameter a ranges between 0 and 1, and

then performing a series expansion both in the wave functional ¥ and in the energy

13 See, for example, page 208 of B. Hatfield, “Quantum Field Theory of Point Particles and Strings”,
Perseus Books, 1992.
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eigenvalues F

Unlg] = UV [6] + a0 (0] + 20 P[] + ...
Ex=EQ +aEY + 2B + ... |

and then placing this expansion in HVU y[¢] = ExV y[6].
In analogy with Z[J] it is possible to define a functional G[.J] which is the generator of
the momenta of U, V0" (where HyU = E”0(”), namely

6"G [J]
0J(x1)...0J(xn) | ;g

(U |9(x1) - ()| 96") = (117)
By means of G[J] it is possible to compute, order-by-order, the energy excitations and

the corrections to the wave functional.

1.5.4 Applications, successes and fails

The Schrodinger representation approach is, even now, less favorite than others ap-
proaches to QFT. This fact has some historical reasons, but it is also due to the fact
that the Schrodinger representation is not explicitly Lorentz invariant and its renor-
malisability was proven only in 1980 by Symanzik. Since Lorentz invariance and renor-
malisabilty play a central role in QFT, the Schrodinger representation approach was
initially less considered.

However, this approach is very versatile, the reason is that it is focused on the time evo-
lution of the state of the system. The problems with such a formulation are essentially
the same of the others perturbative approaches, i.e. it is very difficult to find analytical

solutions for interacting systems and renormalisation is needed.

1.6 Spontaneous symmetry breaking

The concept of symmetry, and therefore of symmetry breaking, is of central importance
in physics. It is necessary to make a distinction between a theory with a finite number
of degrees of freedom, that we call QMy,,, and a theory with infinite number of degrees
of freedom, QM.

For the first type of theory is valid the following theorem by von Neumann

von Neumann unicity theorem. An algebraic symmetry (q,p) — (¢, p') with [q},p}] =
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thd;; in R™, with n finite, is inducted by a unitary operator U

¢ =UqU',  pi=UpU" .

This implies that in QMy,;,, every symmetry in the equation of motion is an exact sym-
metry. For this reason, it is not possible to have SSB in QM,,.

The scenario changes when we deal with QM_, that is essentially QFT. With this
type of theory the von Neumann unicity theorem is no longer valid, therefore there are
inequivalent representations of the CCR, i.e. not connected by unitary or antiunitary
operators. It follows that a symmetry of the equations of motion does not necessarily
imply an exact symmetry. So, there could be a correspondence between a symmetry
in the equations of motion and a transformation law that does not preserve transition
amplitudes, unlike QM.

A key theorem in studying SSB is the one by Goldstone, stating that

Goldstone theorem. Consider a generic continuous symmetry which is spontaneously
broken, i.e. currents are conserved but the ground state is not invariant under the action
of corresponding charges. Then new massless particles, called Goldstone bosons, appear:
in particular, there is a Goldstone boson for every broken generator of the symmetry

group.

Goldstone theorem is fundamental for the classical description of the Higgs mechanism,
whose effect is the prediction of Higgs boson.

In the Higgs mechanism, there is a spontaneously broken global symmetry within a
theory (the electroweak theory) that has a local gauge invariance. It is important to
cite the Elitzur theorem, that states

Elitzur theorem. An Abelian gauge theory formulated on the lattice cannot be spon-
taneously broken.

1.6.1 Physical examples

SSB is of basic importance in physics, because it plays a central role in a variety of
physical processes. Here we give a sketch of some of the main processes where SSB is
involved:

> Ferromagnetism.
> Superfluidity.

> Superconductivity.
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> Higgs mechanism.

> Convection cells in fluids.
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Chapter 2

Lie Groups, Algebras and
Representations

2.1 Lie groups!

In this section we give a brief overview on the basic notions of Lie groups and Lie
algebra, topics that will be used in the following.

Definition 1. Given X a topological space,? U C X an open subset and
¢ U-""¢U)=VCR",

with ¢ an homeomorfism. The pair (U, ¢) is called chart.
Consider the charts (U;, ¢;) and (Uj, ¢;) with U; NU; # @. We define the transition

map
Nij 3= ¢i © le ;
satisfying
ni =1id nji =Ny
and, in U; N U; N Uy,
Tij © Njk = MNik -

! Elia de Sabbata and Pietro Oreglia

2 Recall that a topological space is a set with a structure of open subsets (i.e. a topology), usually
considered separable.

23
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A topological space X with a family of charts {(U;, ¢;) }ier, called atlas, such that
xX=Ju,
i€l

is a topological manifold. If all the transition maps are C>* we have a differentiable

manifold.

Let us give the definition of group.

[

Definition 2. A group is a set G with a multiplication law “o”, i.e. a map

o: GxG — G,
(a,b) > aob,

which respects the following properties

(i) it is associative, i.e. Va,b,c € G

(aob)oc=ao(boc),

(ii) there is the identity, i.e. an element e € G such that

eoca=aoe=a,

(iii) there exists an inverse for each element, i.e. Ya € G, Ja~! € G such that
aoca'=altoa=e.

Definition 3 (Lie group). A Lie group is a differentiable manifold G with a group

structure, i.e. there is a map
o:GxGE— G,

which respects the group axioms.

The Lie groups are finite dimensional groups® and can be
(i) compact, if the topological space is compact,

(ii) non-compact, otherwise,

which are important properties in the context of representation theory.

3 There are groups resembling Lie groups, except for being infinite-dimensional.
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Another topic concerns the structure of a Lie group near the identity. In particular,
we will consider the connected part containing the identity, that is the elements of the
Lie group such which are described by only one coordinate system {a!,..., a"} with

dim G = n. The generic element will be denoted by g(a) and the product

g9(a)g(b) = g(f(a,b))

with f(a,b) a set of n functions of the coordinates of the two elements. It is also
convenient to assume that the origin of the coordinates is the identity, i.e g(0) = e,
hence

*(a,0) = ay , 15(0,0) = by, .

We denote by i*(a), k = 1,...,n the functions linking an element to its inverse,

From now on, we assume that GG is a group of matrices, in such a way that one can
introduce the concept of derivative with the usual definition

dg(a) - gla+da) — g(a)
aa da—0 (5@ '

This cannot be done in general because there is no definition of the sum in our con-

struction, however this is not restrictive for the cases of physical interest.

Let us notice an important identity: deriving with respect to a/ the identity

fi(f(a,b),i(0)) = a*,
corresponding to (a o b)b~! = a, we get

k
(F(ab),80)) 20, 0) = 5 2.1)

oft
opF

with 9f%/0p* denoting the partial derivative with respect to the first argument of f°.
Such an identity implies that df*(a,b)/da’ is an invertible matrix. The partial deriva-
tive of g(a) with respect to the coordinates a’, evaluated at the origin, defines the
generators of G

_ 9g(a) -
T, = 9 , i=1,....,n. (2.2)

a=0
The T;’s themselves determine the partial derivatives of g(a) at each point. This follows
by first deriving the identity

g(a) = g(a)g™" (b)g(b) = g(f(a,i(b)))g(b) ,
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with respect to a’

dg(a) _ (0g(f(a,i(b))) Of*(a,i(D))
Ja = < ofFk a )g(b> )

and then setting b = a, so that, by f(a, i(a)) =0, we get

X9) _ (1 ¢(a)) g(a)
with L
A¥(q) = 2 (. 10)

da’
Note that the identity (2.1) implies that A¥(a) is invertible.

b=a

Let us now consider a path a(t) on the group, such that a(0) = 0. We have

ila(t)) = i (n 22

- (ai(t)TkAf (a(t)))g(a(t)) :

We ask then if there exist paths such that
9alt)) _ VT (2.3)
with v a constant vector. In this case, one would have
g(a(t)) = exp (V*T}t) . (2.4)
The condition (2.3) is equivalent to
Af(@)a'(t) = v* |
or, being A¥(a) invertible,

d'(t) = (A (a)) 0" . (2.5)

It can be proved that there exists a neighborhood U of v = 0 in the space of vectors v,
and a correspondent neighborhood V' of a = 0 in the coordinates space, such that

(i) if v € U the equation (2.5) can be solved for ¢ € (0, 1), and it determines the value
of the a*(t) for t = 1 as function of v. Therefore, if v € U, then (2.4) describes an
element of the group,

(ii) if a € V the v* can be considered as functions of a. Hence every element of the
group can be expressed with a € V' in the form given by (2.4).
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This means that (2.4) expresses an element of the group G for every v. One can then
show the following theorem.

Theorem 2.1.1. The generators T; of the group G are linearly independent.

2.2 Lie algebras*

This last theorem allows us to see the generators T; as a basis for a vector space, i.e.
the Lie algebra.

Definition 4 (Algebra). An algebra 2 over the field F' (usually R or C) is a vector
space over F' equipped with a bilinear product, i.e. a binary operation

o AXA—A,
such that

(x+y)oz:xoz+yoz, xo(y+z):xoy+xoz,
(ax) o (by) = (ab)xoy,

Vr,y,z € A and Va,b € F.

Definition 5 (Lie algebra). A Lie algebra g is an algebra whose bilinear operation is
the so-called Lie bracket

[]:axg—g,
such that
[I,Z‘]:O7 Vl’eg,
and satisfying the Jacobi identity
[, [y, 2]l + [y, [z, 2]l + [z, [2,9]] =0,  Vz,y,z€9.

As a consequence of bilinearity and of the first defining property of the Lie bracket we
have
0=[r+yo+yl =zl +[z,y +ly, 2]+ [y.y] = [z,y] + [y, 2] ,

that is
[z, yl = [y, 2],

i.e. the Lie bracket is antisymmetric. An example of a Lie algebra is the set of N x N

4 Elia de Sabbata and Pietro Oreglia
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matrices, identifying
v,wl=v-w—w-v.

To prove the generators of the Lie group defined in (2.2) are the vectors of a basis of a
Lie algebra, let us start from the expression (given yet) of the product of two element
in G

g9(a)g(b) = g(f(a,b)) ,

and derive it with respect to a* and b*

dg(a) B 89(f(@7b)) df™(a,b)
(@290 _ dg(f(a,b)) af™(a,b)
R e =~ gfm ok

Hence, deriving them respectively with respect to b' and a' and subtracting, we obtain

dg(a) dg(b)  g(a) g(b)  dg(f(a,b)) <a2 fm(a,b) & fm(a,b)>
dak  Ob dal  obk — OQfm dakobt Obkdal ‘

Taking now a = b = f(a,b) = 0 we have
[Tk, Ti) = fii T (2.6)

where [T}, T;] is the commutator of the two operators, and the f;}’s are real constant,

antisymmetric in k£ and [
Ji = =T
defined by

e 92 f™(a,b) B 9?f™(a,b)
M\ Oakol! Abkdal

We then proved that the T}’s form a basis for a Lie algebra associated to the Lie group

a=b=0

G. The f]}’s are said structure constants of g. Being [-,-] a commutator, the Jacobi

identity is automatically satisfied, and, in terms of the structure constants, reads
im ik + FimJii + Jemfij =0
We can interpret (2.4) as defining the exponential maps locally as
exp: g — G,

in such a way that the elements g(v) of the group can be expressed in terms of the
generators of the algebra T;. However, such a relation is ambiguous, in the sense that
in general the same Lie algebra can generate different groups. When it happens the
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group whose manifold is simply connected® is called universal covering group. Given

these basic concepts we can now give some useful definitions.

Definition 6 (Subalgebra). A subset h C g of a Lie algebra g is called subalgebra if
itself is a Lie algebra, i.e.
[h, W] eb, Vh,h' €b .

Any Lie algebra g has two subalgebras, namely g itself and the subspace {0}, which are
called trivial subalgebras, while the others are called proper subalgebras.

Definition 7. An invariant subalgebra b, also called ideal, is a subalgebra of g such
that
[h,gl€b, Vheh, Vgeg.

Definition 8. A simple Lie algebra is a non-Abelian Lie algebra which contains no
proper invariant subalgebras. A semisimple Lie algebra is a direct sum of simple Lie
algebras.

The previous definition of semisimple Lie algebra is equivalent to saying that it is a
non-Abelian Lie algebra with no Abelian proper invariant subalgebras.

2.3 Representations’

Let us consider the definitions of group representation and Lie algebra representation.

Definition 9 (Group representation). A representation R of a group G is a group
homomorphism of G into V'V, the group of all the functions from an arbitrary set V to
itself, with the composition map as the group product. In other words, R is a map

R:G—VYV,
such that Vx,y € G we have
R(x)o R(y) = R(zoy) ,

[P

where “o” on the left denotes the composition map in V'V, whereas on the right it
denotes the product in G. The set V' is sometimes called representation space of R. If

® Simply connected means that any closed curve can be shrunk to a point with a continuous transfor-
mation.

6 Elia de Sabbata and Pietro Oreglia
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G is a Lie group we further require R to be a differentiable map”.

Definition 10 (Lie algebra representation). A representation R of a Lie algebra g is a
map
R:g— V",

such that Vx,y € g we have

R(z) o R(y) — R(y) o R(z) = R([z,y]) ,

where V is an arbitrary set, with V¥ we denote the set of all the functions from V to
itself, and with “o” the composition map. The set V' is sometimes called representation
space of R.

As an example, we consider the group of translations of the n-dimensional Euclidean
space T = {71, | 7 : E" = E", v — 7,(v) = v+ w}, we choose on E™ a basis {€;}i=1, »
and we denote with w’ the unique n-tuple such that > w'e; = w € E™. If we define the
family of functions

o,: R" —s R",
u o— D,(u) = U 4w,

with w € E", then the map R : w — ®,(-) is a representation of the group 7" with
representation space R". Notice that in this case the maps ®,,(+) are not linear. Another
interesting example is the action of the gauge group on the gauge potential density in
electrodynamics or in Yang-Mills theories. In particular, in electrodynamics a gauge
transformation acts on the four-potential density A, (z) by adding the gradient of a

smooth function ¢(z), i.e

A, — A+ 0,0 .

In the definition of Lie algebra representation we have done no assumptions on the set
V' or the properties of the functions R(z), however of particular interest is the case in
which V' is a vector space and R(x) are linear maps Vx € g. To give a more convenient
formulation we have to introduce the general linear algebra of V' labelled as gl(V), i.e
the space of all linear maps from V to V, which, if V is a finite-dimensional space of
dimension n, can be seen as the space of all n x n matrices, usually denoted gl(n) (thus
gl(n) is a Lie algebra of dimension n?). Note that if the map

is an homomorphism of Lie algebras, then it defines a [linear representation of g. If

7 Note that in this case, we need to define a differentiable manifold structure on V.
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the homomorphism is also injective, R is called a faithful representation. There always
exists a (not faithful) representation for any Lie algebra, namely the one which maps
each element of g on the zero vector, called trivial representation or singlet representa-
tion. There is another representation that exists for all Lie algebra. This is the adjoint
representation, defined as

Re : 9 — gl(g),

r — ad,,
with
ady(y) == [z,y] .

It turns out that the adjoint representation of a simple Lie algebra is faithful, while
for any Abelian Lie algebra it is not faithful. Furthermore, the dimension of the ad-
joint matrix representation is equal to the dimension of the algebra. In terms of the
generators, the entries of the matrices Ry4(T,) read

(Raa(T)), = f2.

Another type of representations very common in physics are the unitary representation,

in which the representation matrices are unitary. I can be shown
Theorem 2.3.1. All the finite-dimensional representations of a finite group, or of a
compact Lie group, are linearly equivalent to unitary representations.

By linearly equivalent we mean that the representations are linked by a similarity trans-
formation of the type
B(g) = SA(g9)S™",

with A and B two representations of the group element g, and S a non-singular matrix.
Definition 11. A representation is said irreducible if there are no non-trivial invariant
subset. Otherwise it is said reducible.

Irreducible representations play a key role, also thanks to the following theorem.
Theorem 2.3.2 (Schur’s Lemma). If a matriz commutes with all representations ma-
trices of an irreducible representation, it must be a multiple of the unit matriz.

We conclude with following definition.

Definition 12. A representation over C is fully reducible if and only if there is a basis
of the underlying vector space V' such that all the representation matrices R(z) are
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simultaneously of a block-diagonal form

0 RQ T 0
R(w) = ) e
0 0 R, (z)

where R; are squared matrices of appropriate dimension that describe irreducible rep-
resentations.

Similarly, it can be seen that, in the case of reducible representations, but not fully
reducible, there is a basis of V' such that all the representation matrices have the block

R(z) = (le Ql(w)> |

form

0 QQ (ZE)

2.4 Unitary representation of the Poincaré group:

Wigner classification®

The study of the representation theory of the Poincaré group could start from Wigner’s
idea for the classification of elementary particles. In non-relativistic Quantum Mechan-
ics, elementary particles are identified as the spaces of irreducible representations of the
algebra generated by the set of observables {x, p, S} Nevertheless, when Quantum Me-
chanics and Special Relativity are put together, this classification becomes meaningless
since the position 2# can no longer be an observable.

Wigner’s idea was that elementary particles might have been classified as spaces of
wrreducible representations of space-time symmetry group, i.e. proper Poincaré group
731 =R x 51, where “x” stands for the semi-direct product of groups. L. (special
Lorentz group) and LT (orthochronous Lorentz group) stand for the subgroups of £ ~
O(1, 3) whose elements respectively satisfy the conditions

detA=1, A% >0.

El is the so-called proper Lorentz group.

The spaces of irreps of 731 describe physical states, which are rays in a Hilbert space,
that is sets of non-zero vectors differing by a complex scalar factor or, if one is consid-
ering normalised states, by a phase factor. Therefore, one must consider projective rep-

resentations of the Poincaré group acting on ray spaces, or equally, via Bargmann’s the-

8 Stefano De Angelis
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orem, the unitary representations of its universal covering group 751 =R % SL(2,C).

Unitary representations will be characterised by mean of Wigner’s trick. Later an
alternative and more conventional way to find group representations will be shown.
This brings to the same results in a simpler, even though less intuitive, way. Wigner’s
trick splits into four main steps.

First of all, characterise unitary irreps of RY3, which have to be one dimensional, since
the group is Abelian. Consider the four-momentum operator P* and its (generalised)
eigenstates |p)

P¥lpy = p"|p) | (2.7)

where p# € o(P") = {p* € (R'®)"}.° Take a” € R and define
Ulat) = e P . (2.8)
This gives the one-dimensional unitary irreps which one is looking for. Indeed,
U(a")p) = " P |p) (2.9)

i.e. U(a") simply multiplies basis vectors {|p) }pe(rr3)+ by a number exp(ia*p,). Since
|p) is not normalisable, it cannot be a ray of the Hilbert space. Therefore consider
1) € H and let U(a) act on |1))

Ula): ¢ (p) = (ple) = (plU(@)|e) = €7 (ply) = 74 (p) . (2.10)
Once p* € (RY?)" is fixed, v (p) = (p|¢) € C and dim(U) = 1. Then the p*’s charac-
terise the unitary representations of R%3.

Secondly, H must be the space of unitary irrep of the group R x SL(2,C) (not R'3
itself), then the structure of the set of p*’s in an irrep of this group must be studied.
Consider the space (R1?)", thus it is necessary to find how this space is divided by curves
which are invariant under the action of SL(2, C), because these have to be related to H

(for hypothesis this is the space of an irreducible representation). Let us define
ot = (0", 0") = (09, —03) ,

with o¢ the 2 x 2 identity matrix and

0 1 0 —i 10
g1 = 9 = Oq =
\ro) o) P o 1)

9 (Rl’?’)* denotes the space of four-momenta, eigenvalues of PM, in order to distinguish this from the
space of translations R™3 3 a*.
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the Pauli matrices. Once p* is fixed, associate it with a 2 x 2 matrix

0 3 1 2
pi+pt p—ip
oupt = ( : 0 3> : (2.11)

P = %Tr(pua”%) : (2.12)
Now consider A € SL(2,C),
Ao, p" At = A (A) op” (2.13)
where ]
AF(A) = QTr(U“Aa,,AT) : (2.14)

It follows from the previous relation that every transformation A*, can be specified
by two matrices +A, i.e. A* (A) = A* (—A) (indeed it can be shown that £ ~
SL(2,C)/Z,y). After few calculations one finds

det (Ao, p'AT) = det (o,p") = p"p, =m* €R.. (2.15)
Therefore, every orbit of SL(2,C) in (R'?)" is characterised by m?. Three main cases
can be distinguished:
> m? < 0: these are hyperboloids of one sheet;
> m? = 0: this is the conical surface;
> m? > 0: these are hyperboloids of two sheets.

Since p* is the four-momentum of the particle, m is its mass. Thus, it is possible to
restrict to physical cases only, that are the orbits on which m? > 0 and p° > 0. In other

words, one considers only the positive light cone. Thus, physical orbits are

> m? > 0 and p° > 0: one sheet of the hyperboloids of the third case, they stand for

massive particles;

> m? =0 and p® > 0: this is the light cone (except for the origin) and it stands for

massless particles;

> m? = 0 and p° = 0: the origin is itself an orbit, which is invariant under the action
of all SL(2,C) and it stands for the vacuum state.
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There is now some difficulty since it is not possible to define the Hilbert space as

H=EP H,. (2.16)

peorbit

because it is quite evident that H is not separable. This kind of problem is the same
observed when one introduces the Hilbert space L? (R). Indeed, the space of one variable
functions is not separable, but, by introducing the Lebesgue measure, contributions of
single points are avoided and the space becomes separable. In this sense the sum over

pt is substituted by a direct integral

< —>/ea . (2.17)

pEorbit

Then it must be defined a measure supported on the orbit and SL(2,C) invariant. It
can be proved that there exists only one metric satisfying these conditions, that is

dp(p) = d'po(p® —m?)0(p") (2.18)
where 6 (p°) is Heaviside’s theta. H is the space of a unitary irrep of 751, thus
@
H= / d'pd(p* —m*) 0(p°) H,, . (2.19)

The scalar product in H is generated by the scalar product in H,,, which is a complex
Hilbert space of d(p) dimensions: if ¢, ¢ € H

W¢m5/ﬁwﬁ—MWWM%%M, (2.20)

Thus, ¢ € H iff

(0.0 = [ d'p3E = ) 00°) (63,010, < 0 (2.21)

The Hilbert space has been completely defined and, to complete the classification, one
should find d(p). Let A € SL(2,C) act on a representative p* of an orbit

PrU(A)|p, @) = Up(A)Up(A) ™ PrUw(A)|p,a) = A, (A)p"Up(A)|p, a) .

where a stands for the components in H, and Uy (A)"'P*Uy(A) = A* (A)P*. Thus,

Uy (A)|p, @) is a (generalised) eigenstate of P*. Since Uy, is a unitary representation

(p, U} (A) = (p,alUn(A7) , (2.22)
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which tells that the action of Uy on H,, is
U’H(A)Hp = HA(Afl)p = ,HAfl(A)p . (223)

Then, in order to be invariant under SL(2, C), d(p) remains constant for one single orbit.
But now it must be explained how the o components are mixed. The answer is provided
by using the following lemma. Once k¥, representative of an orbit (p*p, = m* > 0), is
fixed, the action of Uy (A) on |p,a) with a = 1,...,d(p) can be decomposed in the
product of two transformations: a boost that maps k in Ap (it is denoted Uy (Ba,) and
Un(Bap)lk, ) := |Ap, ) and an element of the isotropy group of k, Iso(k), that is the
subgroup of SL(2, C) which does not change k*

Un(A) = Un(Bay)U( By 2 AB,) | (2.24)

where

Un(B,)Ik,a) = |p, ) . (2.25)

It is straightforward to prove that Uy (Bj, AB, := A,) is a representation of Iso(k):
Un(By, ABy)|k, o) = Up(By, U (A)p, o) = Un(By, )| Ap, B) = |k, B) .

Therefore,
Un(Ay)lk,a) = Daa(A,)k,B) € H, | (2.26)

where Dg,(A,) is an irrep of Iso(k).

Finally, the fourth and also the last step is to classify the irreps of Iso(k) in the three
different physical cases.

> ptp, =m? > 0: k* = (m,0,0,0) can be chosen, that is a rest particle in a reference

ko, = (73 ;) . (2.27)

A(k*o,) AT = Ko, | (2.28)

frame, thus

A € SL(2,C) such that

is every A € SU(2,C). Irreps of SU(2,C) are labeled by j € N/2, that is the spin.
Therefore, it can be argued that massive particles are completely characterised by
their mass and spin.

> ptp, =0: k* =(1,0,0,1) can be a representative, thus

. (20
ko, = (0 0) . (2.29)
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After some calculations it is found that the more general element of Iso(k) is written

el x4y
A= ( 0 i ) (2.30)

where x,y € R. It is straightforward to show that there are two natural subgroups

R(6) = (60 e?w)’ T(z,y) = ((1) xt”) | (2.31)

A brief calculation brings

as

B 1 (xcos20 — ysin20) + i(y cos 20 + x sin 20
ROYT (. ) R(6) 1:< ( ysin20) +ily )).

0 1

Therefore, Iso(k) := R2 x SO(2), where SO(2) is the double (non-universal) cov-
ering of SO(2). Indeed, from the above expression, one sees that R(f) € §()(2)
is a rotation of angle 20 in the R? plane, such that # = 27 corresponds to two
complete rotations. Let consider only the trivial representation of R?, because one
is interested in finite-dimensional representations of Iso(k) (particles with continu-
ous spin have not been observed in nature). Irreps of SO(2) are labeled by n € Z
(n : § — e™), then the ones of g()(Q) are labelled by € € Z/2. Then massless
elementary particles are characterised by their helicity €, which is the projection of
the spin on the direction of p. Indeed, the direction of motion of massless particles
cannot be reversed by a proper Lorentz transformation, while for massive ones S-p

depends on the reference frame.

> The last and simpler case that must be considered is the vacuum state: the measure
of the direct integration in this case is du(p) = d*pé@(p*) and then H = Ho.
p* = 0 is invariant under the action of all SL(2, C), then the vacuum state is a one

dimensional Hilbert space.

2.5 Behaviour of local fields under the Poincaré group:

relativistic covariance!’

Let us start this section by recalling some notational aspects. Consider the four-vector
V# = (Vp, V) and note that V,, := (Vy, —V1, =Va, —=V3) = g, V¥ implies

V= (V,,V,, Vo) = (VL V2 V) = — (1, V, V) .

10 Stefano De Angelis
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In particular, for the three-gradient, we have

V= (V,,V,,V.) = (i - ak) - —( 0 ak)km . (2.32)

oxk k=1,2,3 0z,

Also note that the four-momentum operator reads
P =i0" = (id°, —iV) . (2.33)

Take a point in Minkowski space-time and let z* := (xq, Z) with respect to a reference

s

frame I. The coordinates 2", in a different reference frame I’. can be expressed in
) b

terms of a Poincaré transformation
ot — " = A 2+ at (2.34)
where
9po = Guv A'up AVU . (235)
Let us recall that a contravariant vector is the one transforming as dx*, that is

oz’
d e _ —d v
T O xT

whereas a covariant vector transforms as the four-gradient

0 oxz¥ 0

o™ O™ Oxv

Since constant translations have no effect on covariant and contravariant vectors, it

follows that z* transforms as a contravariant vector only under Lorentz transformations.

Let us derive the expression of the ten generators of the Poincaré transformations. We

first consider an infinitesimal Lorentz transformation
At = 0" + €, | (2.36)
where #, is the Kronecker delta. Evaluation of (2.35) yields to
0=0u,€,+ gup €, , (2.37)

which becomes
0=ép+e€w, (2.38)

that is €,, is an antisymmetric tensor, with six independent entries. An infinitesimal
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variation due to a Lorentz transformation can be written as
oot = e'x, = %e”” Lyoxt | (2.39)
where the L,,’s are Hermitian operators
Ly, =i(z,0, —2,0,). (2.40)
It is easy to verify that the L,,’s satisfy Lie algebra of SO(1,3)
(L, Loo| = 190p Lo — 19upLve — iGvoLyp + 0oLy - (2.41)

The most general representation of the generators of SO(1,3) that obeys the commu-
tation relations (2.41) is given by

J,ul/ = L,ul/ + S,ul/ ) (242)

where the S, ’s satisfy the same Lie algebra as the L,,’s and commute with them.

As it can be seen from (2.34), Poincaré transformations include also uniform translations
in space and time
ot — 2t =t 4 at (2.43)

where a* is an arbitrary constant four-vector. The translations do not commute with

the Lorentz transformations: indeed two successive Poincaré transformations give
ot — AluVQZV + al“ — A2MpA1pVxV + AQ"palp + (Ig‘u , (244)

i.e. the translation parameters a;* get rotated as a four-vector do. In this sense it can
be said that P} is the semi-direct product of £1 and R

In order to obtain the algebra of the generators, observe that the change in z* under
an infinitesimal translation is

oot = €' =i’ Pat | (2.45)
such that the P,’s are the Hermitian operators
P, = —i0, . (2.46)
They satisfy the commutation relations

[P P)] =0, (2.47)
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and
[J,um Pp] = _ig,uppu + igvau y (248)

that is P, transforms like a four-vector. The commutation relations (2.41), (2.47) and

(2.48) define the Lie algebra of the Poincaré group.

Now irreps of 771 can be classified in an alternative way than before simply doing some
considerations on its algebra. It is quite obvious that the “length” P,P* of the four-
vector P* is invariant under Poincaré transformations, thus it can be seen as a Casimir
operator. Since the Lie algebra of 731 has rank 2, one must construct another Casimir
operator. The length of any four-vector which commutes with the P*’s will be a good
one: the Pauli-Lubanski four-vector does it and it is defined by

1 1
W = S Pdye = 56 P50 (2.49)

Then irreps of 731 (or, to be more precise, of its covering group) are characterised

according the values of Casimir operators and three cases can be distinguished.

> The eigenvalues of P2 = m? are real positive numbers. W2 = —m?S? = —m?s(s +
1), where s € N/2. These representations are labeled by the mass m and the
spin s. States within them are distinguished by the third component of the spin
s3=—8,—s+1,...,5s —1,s and the continuous eigenvalues of P;.

> The eigenvalue of P? is zero, corresponding to a particle of zero rest mass. W? is also
zero. From (2.49) it is easy to verify P*W, =0, i.e. P* and W* are proportional.
The constant of proportionality, called helicity, well labels representations and it is
equal to s, where s € Z/2. States with same helicity are distinguished by the three
values of their momenta along x, y and z directions, P.

> Finally the case previously excluded: P? = 0 and W? = oI, where « is a real
number. In this case the corresponding infinite-dimensional representation is char-
acterised by continuous spin. Most likely, this type of representation does not

correspond to any real particles.

Consider an arbitrary field as a function of space-time point in a reference frame I,
fa(x*) with @ = 1,...,n. If one moves to another inertial frame I’, the field will be
written as f’,(2"), because the functional transformation will be in general frame-

dependent. Write the change in the function for an infinitesimal transformation as

dfa(@) = fo(2") — fa(z) . (2.50)
Let observe that

flolx +0z) — folx) = () = fao(z) + 02”0, f ,(z) + O(dx) . (2.51)
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To O(0z), 0,.f', is replaced by 0, fa
0fa(x) = dofa(x) 4 020y folx) + O(d2) , (2.52)
where the functional change at the same x has been introduced

dofa(z) = f'a(x) = falz) - (2.53)

The second term on the right side in (2.52) is called transport term. One can formally
see (2.53) as an operator equation

§ = b + 620, . (2.54)

To refer to representations of Poincaré group means to consider how the functional
structure of f,(x) changes under its transformations. Thus, if one wants to study

generators of Poincaré group, dqf, must be considered, not ¢ f,.

To know how a given field transforms helps to define different Lagrangian densities
which are Poincaré invariant and from which motion equations are extracted. There-
fore, the general aspects of dynamics can be investigated from the study of Poincaré
group representations and their properties. Equivalently, it is also possible to start
from motion equations of fields and, vice versa by requiring relativistic covariance, to

determine transformation properties of them.

Under a translation in space-time, there is no change in a local field, that is
0fa=0, (2.55)

or

dofa(z) = —€"0, fo(x) = —ie" P, fo(x) . (2.56)
Under Lorentz transformation the situation is more complicated
fa(@) = fo(a") = Dap(A) fo() (2.57)

where D(A) is a n X n matrix, i.e. a finite-dimensional representation of Lorentz group.
As explained before, functional change f’ () — f,(z) is needed:

f'a(@) = Dap(A) fo(A ') (2.58)

whose infinitesimal form is

o) = (Hab - %ew (s,“,)ab) fo(ah — e 2 (2.59)
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Therefore, the functional change is

o) = =5 (Su)uy Fola) = 3" Lunle) (2.60)

where the L,,’s have been defined in (2.40). Then the generators of Lorentz transfor-
mations for fields are
J,uzz = L;w + S;w ) (261)

where the matrices S,,’s are a finite-dimensional representation of the Lie algebra of

CL In the next section they are going to be classified and their properties discussed.

Now consider how quantised field operators fa(a:) transform. Physical observables are
given in matrix element form, that is

(@alfal(@)|®g) . (2.62)

These matrix elements are the analogue of the amplitude f,(x). An observer in a
different reference frame sees the amplitude

<(I),a|fa(Ax + a)|CI)lﬁ> ) (2'63)

where |®',) and |®'5) stand for the states as seen in the second reference frame. For
what concerns the field operator, notice that transformation is only for its argument,
consistently with Heisenberg picture. The amplitude (2.63) is the quantum analogue of
f'.(2"), thus, as seen before,

(@' o fa(Az + @)|®'5) = Dap(A) (P fo(2)|@p) - (2.64)

According to Wigner theorem, transformations of states corresponding to exact sym-
metries are represented by unitary or antiunitary operators

@,) = U(A, a)|®y) . (2.65)

We then have
U YA, a)fo(x)U(N, a) = Dap(A) fo(A 'z — a) . (2.66)

Note that sometimes in the literature it is used the inverse of such a relation, obtained
by the transformation A,a — A~!, —a, that is

U, a)fa(z)U (A, a) = Dap(AY) fo(Az + a) . (2.67)
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2.6 Finite-dimensional irreducible representations of

the Lorentz group'!

Physical motivations for the study of finite-dimensional representations of El, or to be
more precise of its covering group SL(2, C), has just been discussed, thus the classifica-
tion of its irreps are going to be presented.

Let us start with some mathematical considerations. Finite-dimensional representations
of SL(2, C) are in one-to-one correspondence with representations of its algebra sl(2, C)
(since the group is connected and simply connected), which are one-to-one with those
of sl(2,C)¢. It can be shown that sl(2, C)¢ ~ su(2)c @ su(2)c, whose finite-dimensional
representations are in one-to-one correspondence with those of su(2) @ su(2) and thus
with those of SU(2) ® SU(2):

SL(2,C) «» sl(2,C) «» sl(2,C)¢ ~ su(2)c ® su(2)c
< su(2) @su(2) «+» SU(2) ® SU(2) .

SU(2) ® SU(2) is a compact group, thus its representations are finite-dimensional and
(equivalent to) unitary (ones). Therefore, representations of its algebra have to be
Hermitian finite-dimensional matrices because of the exponential. Let us now construct,
by opportune (complex) combinations of generators of the Lorentz group, two sets of
generators obeying the SU(2) algebra.

We start with the algebra of finite-dimensional generators of Lorentz group (2.41)

[Syws Spol = 19upSuo — 19upSve — i9vsSup + 19 Svp (2.68)

where, of course, S, = —S,,, and the indices of S, are usual raised or lowered by
contraction with g, or g"”. To see how to construct desired matrices, first divide the

six components of \S,,, into two three-vectors, i.e. angular momentum matrices
Ji = Sa3 Jy = S31 J3 = Sz, (2.69)
and boost ones

Ky =5, Ky = Sy , K3 = S3 . (2.70)

1 Stefano De Angelis
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Algebra (2.68) reads

(i, J5]) = d€ijid (2.71)
(i, K] = i€ Ky (2.72)
(K, K] = —iegidy (2.73)

where 4, j, k run over the values 1, 2, 3 and ¢;;;, is the total antisymmetric quantity
with €193 := +1. The algebra (2.71) just says that J matrices generate a representation
of the rotational subgroup of the Lorentz group (which determines the spin of the
representation), and (2.72) just represents the fact that K is a three-vector. The minus
sign in the right-hand side of (2.73) arises from the fact that g; = —1 and it plays
a crucial role in what follows. Indeed, replacing the matrices J and K by the two

decoupled spin-like three-vectors

A %(J +iK) | (2.74)

B .- %(J _iK) (2.75)

we see that commutation relations (2.71)-(2.73) are equivalent to

[Ai, Aj] = deiuAr (2.76)
[Bi, Bj| = i€iji By , (2.77)

One finds matrices satisfying commutation relations (2.76)-(2.78) in the same way that
one finds matrices representing the spins of a pair of uncoupled particles as direct sum.
That is, let label the rows and columns of these matrices with a pair of integers and/or

half-integers a, b, running over the values

a=—-A—-A+1,... +A,
b=-B,~B+1,....+B,

and take

(A)artr.ab = O Ty (2.79)

a’a

(B)a’b’,ab = 5(10,’*]1()5)) y (280)
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where J and J®) are the standard spin matrices for spins A and B

(J§M>a%::aéwa, (2.81)

(S £ilY) = bwanVAF @Ak a+1) (2:82)

a

and likewise for J®®). The representation is labeled by the values of the positive integers
and/or half-integers A and B. Therefore, the (A, B) representation has dimensionality
(2A+1)(2B+1).

As said before, A and B have to be Hermitian, and therefore J is Hermitian (as ex-
pected for the spin, which is an observable) but K is anti-Hermitian.'> This is because
of the i in equation (2.76) and (2.77), which is required by the minus sign in (2.73) in
order to obtain such A and B satisfying the right algebra. Thus, the finite-dimensional
representations of Lorentz group are not unitary. This is a general result of group
theory: simple non-compact Lie groups do not have any finite-dimensional non-trivial
unitary irreducible representation. There is no problem working with non-unitary rep-
resentations, because the objects one is now concerning with are fields, not states, and
do not need to have a Lorentz-invariant positive norm.

In contrast, the rotation group is represented unitarily, with its generators represented
by Hermitian matrices

J=A+B. (2.83)

This sum of generators A and B can be seen as the direct sum of the matrix-vectors.
Therefore, the corresponding representation of the group can be seen as the direct
product of two SU(2) representations, D). By the Clebsch-Gordon decomposition one

gets
A+B

(A,B)=DWeD® = DV . (2.84)
j=lA-B|

The field which transforms according to the (A, B) representation of the Lorentz group
has components that rotate like objects of spin j, with

j=A+B,A+B—1,...,|A-B|. (2.85)

Furthermore, note that the product of two representations (ji,0) and (j2,0) is reducible

12Tn the text of P. Ramond, “Field Theory: A Modern Primer”, on page 8 after the formula (1.2.34)
there is an error: the K;’s are incorrectly carried as Hermitian generators. Indeed, when Ramond
constructs the one-to-one correspondence with su(2) @ su(2) generators, this requirement makes V;
and N;r to be not Hermitian, thus their eigenvalues are not n(n + 1) and m(m + 1). Furthermore in
this way he would get finite-dimensional unitary irreps, even though it is forbidden by mathematical
theorem. However it can be obtained infinite-dimensional unitary irreps: e.g. (2.40) is Hermitian.
Note in formula (1.4.20) on page 16 that K is anti-Hermitian.



46 CHAPTER 2

and can be decomposed into the sum

(71,00 ® (j2,0) = €D (4,0) . (2.86)

J=lj1—7j2|

Representations of the proper Lorentz group have been considered, thus, if one wants
to include space inversion, there must be a matrix § which behaves such that

BIF =41, BKA = —K | (2.87)
or, in terms of matrices (2.74) and (2.75)
BAB' =B, B =A . (2.88)

Thus, an irreducible (A, B) representation of the proper Lorentz group does not provide
a representation including space inversion unless A = B. It will be shown that (A, A)
representations are the scalar, the vector and the symmetric traceless tensors. For

A # B, the irreducible representation of Lorentz group including space inversion are
the direct sums (A, B) @ (B, A), of dimensionality 2(2A4 + 1)(2B + 1).

At this stage some (A, B)’s are going to be identified with the perhaps more familiar

scalars, vectors, spinors and tensors.

Let start from the simplest one, the (0,0) representation. This corresponds to trans-
formation

S =0, (2.89)

that is, if ¢(x) is the field transforming according to this representation,

Sot> = —%epaJpoqﬁ(ﬂv) _ —%ep”Lpgqﬁ(x) | (2.90)

Therefore, under Lorentz transformations,

¢'(2') = o(z) (2.91)

which is a scalar field (it has the same value when measured in different inertial frames).

Consider now the most important representations of proper Lorentz group, that are
the Weyl spinors (1/2,0) and (0,1/2). These are realised by two-component complex
spinors. Let call conventionally v (x), left-handed spinor, and ©g(x), right-handed
spinor, respectively. If one imposes that these fields satisfy Dirac-like equations, it
simply turns out that they describe massless particles with helicity £1/2. They are so
important because, as it will be seen later, one is able to generate any other represen-
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tation by opportunely multiplying them together. Write

Yr(x) = @' p(2") = Apyr(a) (2.92)
Vr(z) = ¥'R(2") = Aryr() | (2.93)

where Ay g are 2 x 2 matrices with complex entries. When the transformation is a
rotation, the form of A g is quite obvious from the spinor representation of SU(2):

o@)/2 (rotation) , (2.94)

AL,R =€
where the w;’s are rotation parameters and the o0;’s are the Hermitian 2 x 2 Pauli
spin matrices. In other words, the rotation generators J* are /2. Boosts cannot be
represented unitarily. The representation

1
K= —3% (2.95)

satisfies all the required commutation relations. Therefore, write
AL — eia-(wfiu)/2 , (296)

where the v"’s are boost parameters. Since (1/2,0) and (0,1/2) representations are

related by parity, construct Ar from A; by changing the sign of boost parameters
AR — eio’-(w+il/)/2 ' (297)
Note that A;, and Apr are related by

Ap = (A;HT. (2.98)

Let switch subject for few lines in order to present a frequently used notation. One
already knows from representation theory of groups that, for a given group G, a n-
dimensional representation r(G) is a set of n X n matrices acting on a vector space.
Consider a vector v,, with a = 1,...n, this transforms under the action of any matrix
7(9)ap like

Vg = V0 =1(9)apvs - (2.99)

Once this representation r(G) is given, one is able to construct other three ones: complex

*

conjugated r(G)*, inverse transposed (r(G)~1)T and inverse Hermitian (r(G)~1)T. One
is interested in the last one, as suggested by (2.98). Conventionally one may write v, a

vector of the space on which (r(G)™!)T acts and its transformation

vy — Ve =1(9) 40 - (2.100)
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Also note that, if r(G) is unitary, then there is no need for dotted indices, since the
two representations are trivially equivalent. But this is not the case for representations

of Lorentz group. Therefore, when spinor indices appear explicitly, they are written

undotted (dotted) for (1/2,0) ((0,1/2))
A= Aup (2.101)

Ap =Ny . (2.102)

If parity is concerned, one must consider the Dirac spinor representation (1/2,0) @

(0,1/2). The simplest way to realise it is

U= (%) = (w) : (2.103)
(o Y

on which the operation of parity is well-defined

P: U P = (Zi) = (]102 %) U =0 . (2.104)

One projects only the left and the right spinors by means of the projection operators

1
CEROE (2.105)

I, 0
= : 2.106
75 (O _]12) ( )

Transformation properties are trivially

U(z) = S(A)U(z) = (ﬁ;i;g) = <AOL /SR> U(z) . (2.107)

where

An alternative method to obtain this representation is based on Clifford’s algebra, i.e.

~v-matrix algebra
{7}y =2¢"14 . (2.108)

Define )
7
S = 31" 7] (2.109)

The S,,’s satisfy the correct algebra (2.68). Furthermore it is easy to show that

[V, S = i(g"" " — gy ), (2.110)
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or rather v# behaves like a four-vector. Consider A € SL(2,C) and denote with S(A)
its Dirac representation, latter property suggests that by exponentiation

S(A) IS (A) = A* (A)y” . (2.111)
Let define )
- G vVpo
7Y =" = e e (2.112)
and verify
v’} =0, () =1 . (2.113)

Then one introduces two projectors like before
P, = %(]14 +1°), (2.114)
such that subspaces obtained by projection are invariant under the action of S(A)
S(A)Y°S(A)™ =det (S(A)7° =~ . (2.115)
Fields are four-component spinors ¥(z) obeying Dirac equation
(iv*0, + m)¥(x) =0, (2.116)

which is covariant for the properties found above.

Let us consider the representation (1/2,1/2) = (1/2,0) ® (0,1/2). The decomposition
(2.84) shows that the field in the representation (1/2,1/2) has components with j = 1,
which is a three-vector, and j = 0, corresponding to a scalar under rotations. Thus, it

describes a particle with spin 1. These fields can be represented by four-vectors
Ar(z) = (A% A) (2.117)

where A and A are, with respect to rotations, the scalar and vector components,
respectively. It can be shown that

(S0),” = U(Gpud"s = Gong",) - (2.118)

Let us consider a similar case: (1/2,0) ® (1/2,0) = (0,0) & (1,0). The scalar rep-
resentation is given by the antisymmetric product. The representation (1,0) can be

represented by an antisymmetric, self-dual second rank tensor, ¢.e. a tensor F),,, which
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obeys

F, =—F

1)

i
_ ' po
Four = 56" Fio -

Indeed, the elements of F},, can be written as functions of the components of a three-
vector F = (F, Fy, F3)

0o K F F
_F _iFy iF

F = D BN I (2.119)
—F2 ZF3 0 —ZFl

—F; —iF,  iFy 0

Then the (0, 1) representation would correspond to a tensor that is antisymmetric and
anti-self-dual
F

uy = _§€MVPUFpg . (2120)

A matrix form, equal up to some signs to (2.119), corresponds to anti-self-dual tensors.
For example, Maxwell’s field strength tensor F),, transforms under the Lorentz group as
(0,1) & (1,0). However, it is only in four dimensions that an antisymmetric two-index

tensor can be divided into such self-dual and anti-self-dual parts.

A general tensor of rank N transforms as the direct product of N four vector repre-
sentations (1/2,1/2). It can be decomposed into irreducible terms (A, B) with A =
N/2,N/2—1,... and B=N/2,N/2—1,....

General (A, A) fields contain terms with only integer spins 24,24 — 1,...,0 and they
can be represented as traceless symmetric tensor of rank 2A. Note in fact that the
number of independent components of a symmetric traceless tensors of rank 2A4 in four

dimensions is
(24 +1)*, (2.121)

as expected for (A, A) fields.
It has been shown how to realise spin-0, 1/2 and 1 fields. Now let build two different
spin-3/2 fields. The first procedure is to take the product of three (1/2,0)

(1/2,0) @ (1/2,0) @ (1/2,0) = (3/2,0) & (1/2,0) & (1/2,0) . (2.122)

The spin-3/2 corresponds to the completely symmetric part of the product. Thus, a
spin-3/2 field can be represented by a field totally symmetric in the interchange of its
three L-like spinor indices. Its transformation properties are obtained by a suitable
generalisation of the action on one L-like index. To include parity, one must combine
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left and right contributions
(3/2,0) ® (0,3/2) . (2.123)

A more convenient representation of spin-3/2 field is obtained through the product of

a vector and a spinor
(1/2,1/2) ® [(1/2,0) & (0,1/2)] = (1,1/2) ® (0,1/2) & (1/2,1) & (1/2,0) . (2.124)

The corresponding field quantity has four-vector and spinor indices

o — (i}é) , (2.125)

which is the Rarita-Schwinger field when one projects out the extra (1/2,0) & (0,1/2)
components imposing Lorentz invariant condition

A, =0 (2.126)

According to the (2.84), such a field transforms under ordinary rotations as a direct
sum of two j = 3/2 and two j = 1/2 components. The doubling is eliminated by
imposing the Dirac equation (v79, +m)U* = 0 and the remaining j = 1/2 component
is eliminated by requiring that

0" =0. (2.127)

With these conditions the field describes a single particle of spin j = 3/2.

The last considered example is that of spin-2 fields. Again there are many possible
ways to describe a spin-2 field: (2,0), (0,2), (1,1). Let choose the latter for our brief
discussion. It appears in the product

(1/2,1/2) ® (1/2,1/2) = [(0,0) ® (1,1)], ® [(0,1) @ (1,0)], , (2.128)

where s and a denote the symmetric and antisymmetric parts. Thus, spin-2 field can be
described by a second rank symmetric tensor h,(x). The scalar component corresponds

to its trace which can be subtracted by the traceless condition

9" hyu(z) =0 (2.129)

Finally let discuss one of the possible ways to realise fields transforming according to
(A, B). The following construction has been shown in previous examples for particular
cases and it is going to be generalised. Define symmetric product ® of representations
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as the symmetric part of a tensor product ®. Thus, one can write

(4,B) = (1/2,0) 0+ ©(1/2,00@(0,1/2) © --- © (0,1/2) . (2.130)

N J/
—~ —~

A times B times

Therefore, this type of fields has 2A undotted indices and 2B dotted indices

wa17~~'7a2A3d1,~-~7d2B (ZL’) ) (2'131)

and remains unchanged as a result of mutual permutations of indices both within the
family aq, ..., as4 and within the family &, ..., dop. It transforms like

7)) = Mgy - Nagassa A

1//&1,...,%4;@1,...,@23< a2aB24 a1y -AaQBBQB@Z’ﬁl,...,gm;ﬁl,...,gw(x) :

The same result reached in an alternative way can be found in L. D. Landau and E.
M. Lifshitz, Quantum Mechanics, Non-Relativistic Theory, in §57. An alternative way
to construct quantum field operators which transform like (A, B), starting from the
expression of operators in free theory and requiring causal conditions, can be found in
chapter 5 of S. Weinberg, The Quantum Theory of Fields, Volume I. Weinberg shows
the close relation between commutation relations of the field and spin associated to the
representation (A, B). He also treats the most general form of PCT theorem and the
differences between massless and massive particles.

Other good references are the chapter 1 of Ramond’s book and R. Slansky, Group
theory for unified model building: both texts show how to realise Lorentz invariants
starting from the fields presented before, in particular they pay much attention to the
construction of real scalar invariants, because the Lagrangian density of a chosen theory

1S SO.



Chapter 3

Review of the Dirac Equation!

Dirac sought a linear first order field differential equation to hopefully circumvent the
lack of a positive definite conserved charge and the presence of negative energy solutions,
both arising from Klein-Gordon equation. In 1928 he proposed

0= (ioe V4 fm) v = Hpl

The only further requirements Dirac imposed on this equation were the self-adjointness
of Hamiltonian Hp and the consistency of the solutions with the relativistic expression
for energy wf, = p? + m? Using the correspondence principle and identifying the
Hermitian operator —iV with the momentum p, one can see that o and 3 should be

Hermitian objects with nontrivial commutation relations
{o, a"} = 267%L {80/} =0, =1,
due to
(a-p+pm)’ = [(a-p)+ (@B + Ba) - pm+ B2m?] = (p” + )y .

The simplest possible representation of the previous algebra in terms of complex ma-
trices is four dimensional, thus Dirac assumed 1) to be a four component complex field.
As a final comment, notice that, since the consistency with the relativistic expression
for the energy is the only requirement of the Klein-Gordon equation, Dirac equation is

expected to imply Klein-Gordon.

The matrices o, 8 introduced with the Dirac equation, and the equation itself, can be

I Marco Rigobello

93
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expressed in terms of four other matrices

These gamma matrices are generators of the Clifford algebra of Minkowski spacetime,
indeed the defining conditions for o* and b are equivalent to?

{7} =29"1s . (3.1)
Other Clifford algebra matrices of great relevance in physics are

. é v G v
V== e =Sy

Often used in computations involving gamma matrices is the slashed notation
fi="a, .

Conditions (3.1) do not fix completely the explicit form of the gamma matrices. If a
set of matrices {7y} satisfies these conditions, the same happens for {v'} = U{y}U".

Probably, the most common gamma matrices representations are

. I, 0 0 oF 0 Iy
1rac v (0 —I[2> ) Y (-O’k 0 ) ) V5 ( ]12 O) )
. 0 I 0 oF -0, 0
Weyl/Chiral : 0 — k— =
ey / ra Y <]I2 O) ’ Y (—Uk 0 > ) Vs ( 0 ]IQ)

Also to mention is Majorana representation

f}/ - 2 ) fy - . 3 ) /y - 2 ) ’Y - . 1 b
o 0 0 o0 o 0 0 —0

defined in such a way as to make Dirac equation real.

Some useful v properties independent of the representation are

(’70)2 =1, (Vk)Q = -1, (75)2 =1,
scalar products

A = g — ot | and, in particular, dh = ably —ic*a,b, ,

2 Sometimes in the following the n x n identity matrix I,, will be omitted.
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v anticommutes with all the gamma matrices and commutes with o

{15:7"r=0, [ 0" =0,
traces identities
Tr (odd number of %13 matrices) =0, Tr(c") =0, e
and contraction identities
V=4, A== AP =49", VYT = =207

The following properties hold in all the representations here introduced
() =1", (YT = =", ()=,
and 7° can be used to get Hermitian conjugates

Py =T = =), A% = ()T

Note that these properties on Hermitian conjugates, in general, are not independent of
the representation.® However, it can be proved that the Clifford algebra of Minkowski
spacetime admits a unique four-dimensional representation up to equivalence. There-
fore, one can always assume that these properties hold, for it suffices to change the
basis in the representation space.

Using the notions developed above it is possible to rewrite Dirac equation in the form
(ig —m)p=0. (3.2)

It is now immediate to verify two requirements outlined at the beginning of this section:

the existence of a positive definite conserved charge and the relation with Klein-Gordon.

(i) Making also use of the equation for the Dirac conjugate spinor =0 e

3 To see this, suppose that for a particular representation r it holds r(79) = r(v)". Assume that
the same property holds for all the equivalent representations #(7°) = Ur(y°)U~t. Then it follows
Ur(Y)) U=t = (UN)~1r(y°)UT for every invertible matrix U, that is UTUr(y%) = r(y°)UTU for every
invertible matrix U. Since every invertible Hermitian matrix can be written in the form A = UTU
(for example with U = /A = \/ZT), it follows that r(7") commutes with all the invertible Hermitian
matrices, which is equivalent to the fact that it commutes with all the Hermitian matrices (simply
use diagonalisation or Jordan canonical form to write a generic matrix as the sum of two invertible
matrices). Since every matrix can be written in the form C' = A + iB with A and B Hermitian

(for example C' = C+TCT + icgicf ), it follows that r(y") commutes with every matrix, which is a

contradiction since we must have r(7%)r(v%) = —r(v*)r(y°).




56 CHAPTER 3

_ <
the sought conserved current is obtained
=y 0t =0, pi=j0 =0l >0.

(ii) That the Dirac equation requires each spinor component to satisfy Klein-Gordon

equation is just a consequence of (00 + m?) = — (z@ + m) (2&? — m) .

Negative energy solutions are however still present at this level, as will soon be clear.
This problem is solved by the quantisation procedure and the consequent redefinition

of the energy and reinterpretation of (old) negative energy solutions as antiparticles.

3.1 Lorentz covariance of the Dirac equation

The relativistic principle states that laws of physics have the same form in all inertial
frames of reference. That is, they are invariant in form under Poincaré transformations

2’ = Ax + a. Let us apply this prescription to the Dirac equation. In general

V(") = Tiawy(z) ,

where T is the action of Poincaré group on the spinorial space. Denoting the Dirac
linear operator by D(z) = i@, — m , the relativistic principle reads

D) (a') =0 < D(x)i(x) =0.

Assume that also T{ 4y acts linearly on spinors. Moreover, under translations x — 2’ =
x+a , the Dirac operator is invariant D(z') = D(x), therefore, in this case ¢/ (z') = ¥(z).
These observations can be summarised by saying that T(s ) is a linear map on spinors
depending only on A. It defines a representation S of the Lorentz group by setting
S(A) = T(Aﬂ). Thus,

W) = S(A)(a) - (3.3)

The introduced notation allows to restate the relativistic principle for the Dirac equation
arguing that, if ¢ is a solution of Dirac equation, than also S(A)(1) o A™1) is a solution,
that is?

(i —m) SINY(A'2) =0 & (id—m)y(z)=0.

4 Simply rename 2’ to z in the Lorentz transformed equation.
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Replacing ¢/ (2') in D(2')y'(2') = 0 by S(A)y(x), we get®
S(A) (iSTHA)YS(MAS O, —m) Y(x) =0,
that, compared with D(z)y(z) = 0, gives the following condition on S(A)

STHANS(A) = A (3.4)

Explicit realisation of Lorentz transformations for spinors
To find an explicit expression of S(A) let us parametrise its infinitesimal form in term
of the Lie algebra generators. Recall that the defining representation of an orthogonal

group is generated by skew-symmetric linear applications
A =08 4wk, 4 with  Wye = Wipel -

In particular, for the Lorentz group, via 6 linearly independent generators
(70, = ilg"0, — g8) T =T

it is possible to write .
1
A,uy = 6#11 — 5&1[)0—(‘7'00)“” 4+ ...

In analogy with this, introduce the following parametrisation of the spinorial case®

(0% (0% Z o\ (v

Notice that again, even if the generators are labeled by two Lorentz indices, only 6
of them are independent. Also, as for the defining representation, we only need the
antisymmetric part of w,, to contribute. This means 7”7 = —¥r7.

Expanding (3.4) at first order, one gets
(X7 A = (TN =i(g"" = 9"77")

which, as a possible solution, has

5 (Clearly S71(A) stands for the matrix inverse of S(A).

6 « and B are spinor indices.
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Finite transformations are recovered by exponentiation

S(A) = exp < - %wpaa”") . (3.5)
The spinorial representation of the Lorentz group satisfies

> ST=S5 for S=exp ( — %w0k00k> (boosts),

> ST =571 for S=exp ( — iwjkojk> (spatial rotations).
To prove this, first of all observe that, as anticipated,

(") =~ [V, ()]

i ) i ) )
= 51" = 30 =0y

0

Using the Clifford algebra (3.1), this specialises to

1,2,3

> (0%) = —0% (one A%, 4123 exchange),

> (07" = g7% (two 4°,75%% exchanges).

Finally, by (e?)! = (4" the claim is proved.

Lorentz transformation of Dirac conjugate spinor
Using only the definition ¢ = ¢14° and 0% = I,

V'(2') = (@) (@' = ¢(2)y°ST° .
Introducing (3.5) and using Af(B)A~! = f(ABA™!) yields

AP0S40 = 4% exp (%wpg(ap”)T>70 = exp (iw,}oa”") =SHA),

so that
P (') = (x)STHA) (3.6)

as one would expect. This relation is used to derive the transformation properties of

important objects called fermionic bilinears, which are introduced in §4.2.5.

Some properties of the spinorial representation’

Poincaré group representations are classified according to the eigenvalues of two Casimir
operators. In a generic representation, let P, be the four generators of infinitesimal
translations, and J,, be the generators of Lorentz transformations. The two Casimirs

are P? and W2, where

1
Wy = =S eupod PP (3.7)

7 The topics summarised here are discussed in more detail in the chapter on representations.
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is the Pauli-Lubanski pseudovector. The representation is then classified by a mass M?,
the eigenvalue of P2, and a spin s, related to W? via

W?=—-M?s(s+1) . (3.8)

Let us specialise to the representation acting on spinor fields.®
It is clear that P, = —i0,l4, indeed at first order

(Iy —ia" P )Y(x) = (Iy + a#0,)¢(x) = ¢Y(x +a) .
Both the Klein-Gordon and Dirac equations imply that in the space of states on which

the representation acts M? = P? = m?.

In order to find the expression of J*?, we first note that at the first order we must have

)
V(@) = (L = 5w )¥(a)
On the other hand, the expansion of (3.3) reads

?

0(0) = (L= Jomo o =) = (1= Jupo™ — "8, ) 6(a)

7 1
= [JL; — proap" + 5%0(3:'080 — x"@p)} P(z)
where the antisymmetry of w,, has been used. Comparing the previous two expansions,

we get
1
Jpo = 5000 + (2,0, — 2,0,) , (3.9)

where the 0, term is related to internal (“spin”) angular momentum, whereas the other
contribution concerns the external (“orbital”) angular momentum. This nomenclature
is clearer by noticing that only the first term contributes to W?2, hence to the spin of
the representation. Indeed, due to the antisymmetry of the Levi-Civita symbol, and
after some algebra, we have

1

1/1
Wy = = €uno0™ P, W? = -5 (5 + 1) M?* .

One concludes that spinor fields have spin 1/2 (trivially scalar fields have spin 0.)

A last mention concerns the reducibility of the representation S(A). This property is

8 Keep in mind that the physical states are spinor valued functions of spacetime, rather than spinors.
Notice that the former belong to an infinite dimensional vector space, therefore the corresponding
representation of the Poincaré group is infinite dimensional.



60 CHAPTER 3

manifest if the chiral representation of the v matrices is used. In this representation

ok _ b0 k] _ [T 0 gk _ Yad k] gkl [ O 0
o =[] ( 0 z’ak> coot =g =N

Therefore, the two components x, n of the bispinor ¢ = (x,n), transform independently
under Lorentz transformations. Equivalently,

ve(39)2(02)

The representation becomes irreducible if parity is included.

3.2 Discrete transformations of the Dirac field

In the derivation of the spinors transformations S(A), we proceeded first identifying
infinitesimal transformations, and then exponentiating to get the corresponding finite
transformations. In doing so we limited ourselves to the study of the component of the
Lorentz group connected to the identity, the restricted Lorentz group. The description
of the full Lorentz group is recovered if the parity P and time reversal T discrete
transformations are considered. The representative of these two, which are not of the
type (3.5), are discussed in the following, together with charge conjugation C.

Parity
The parity transformation acts on spacetime by

P oot = (2 x) — 3= (2" —x),
that is, in the vectorial representation of the Lorentz group, P is given by

Ap =diag(1,-1,—-1,-1) .

To find its spinorial equivalent Sp := S(Ap), rewrite (3.4) as
Spt (0%,7) Sp = (1°, =) ="

where in the last step the defining anticommutator of the Clifford algebra has been
used. Then, it is straightforward to set

Sp=np",

where np = €7 is just an arbitrary phase. The action of parity on spinors is therefore



REVIEW OF THE DIRAC EQUATION

61

Py — P =’ (Wo AR .

(3.10)

Solutions with positive and negative energy have opposite parity, corresponding to

opposite 7Y eigenvalues. This is manifest in the Dirac representation of the ~ algebra

vP(tx) = e (]g _%) (j;)

=nr |
AL () g
Charge conjugation

Dirac equation should have a symmetry associated to the exchange

(tvfx)

particle <— antiparticle , v — Y°,

where ¢¢ corresponds to the particle of opposite charge of v». We expect the charge

conjugation transformation to be local and physically involutory (such that its square

amounts at most to the multiplication by an unobservable phase).

To determine the expression of the charge conjugation constructively, couple the Dirac

field to an external electromagnetic field. The field equation is obtained substituting

the ordinary derivative with the covariant derivative D. This provides,
(i) —m)yv =0, D, =0, +ieA,,

or, more explicitly,
V(0 — eA,) —m|y =0.

The substitution
AL — A, Y — Y°,

yields the charge conjugated equation of (3.12)
[7(i0 — eAR) = m] ¢ =0,
Formally, the previous replacements should be equivalent to
e — —e, Y — Y° .
In order for this to happen, it is natural to set

AS = -4, ,

(3.11)

(3.12)
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finally obtaining
[V(i0, + eA,) —m] ¢ =0 . (3.13)

From the comparison of (3.13) and (3.12) the expression of 1/¢ can be deduced. First of
all observe that, in the charge conjugated equation, the terms inside round brackets have
the same sign. To emulate this behaviour one could, as a first step, take the complex
conjugate’ of (3.12). To do so take the adjoint and then the transpose, obtaining

[~ (") (10, + eA,) —m] BT =0

Given the similarity between this equation and (3.13), it seems convenient to parametrise

the action of charge conjugation on spinors via

YC = CYT, (3.14)

where 7n¢ is just an unobservable phase. The previous is only a definition, we still have
to find a defining condition of C. To this aim, notice that if charge conjugation is a
symmetry of the Dirac equation then (3.13) must hold if, and only if, (3.12) is verified.
This is equivalent to requiring

C™ [y"(i0, + eA,) —m]C(CT) =0 & [~(+")(i0, +eA,) —m] 9T =0,
that gives immediately the desired condition, defining the action of charge conjugation
C: v +— ¢C=nCyT, with C'y*C=—-()T". (3.15)

Notice that the evaluation point of the spinor field is not involved in the transformation.

The explicit realisation of C' depends on the chosen v matrix basis. In Dirac basis

—io? 0

_i2
C:i7270:<0 “’), cl=c'=cli=_cC.

That this satisfies the requirement in (3.15), or equivalently
MC=-CH")", (3.16)

is easily seen, recalling that (y#)T = (—1)ryH.

9 Indeed, in retrospect, if electromagnetic gauge transformations are considered, complex conjugation
seems a quite natural starting point for the implementation of charge conjugation. Under these the
fields transform as 1 +— e~ **®)y where e is the electric charge of the field, thus the complex
conjugated field behaves as if its charge has the opposite sign.
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Time reversal
The discussion of time reversal is postponed to the quantised theory where some im-

portant general observations can be carried out more naturally.

3.3 Solutions of the Dirac equation

As already shown, each component of a spinor obeying Dirac equation, satisfies also
Klein-Gordon equation. As a first step, we can thus express the most general solution

of Dirac’s equation as a superimposition of positive and negative energy plane waves:

&Pk m , .

7) = TN (balk) u e e (k) 0 (k) )| . (317
o) = [ Gt 3 (030 sy )|
’ v (@) v (@)

k k
- d’k m ) -
= - dy(k () k —tkz b* (k —(a) k ikx 1
500 = [y 3 (000 i @EOw)| 6

where, as usual, wy, = vk? + m? for a particle of mass m # 0.

In the rest frame k = (m,0), the Dirac equation for these plane waves gives

=
|
s
S\
E
e
I

(i@ —m) vy (x) =0 m (7° — L) u(m, 0)

= 0,
(id—m)v () =0 =  (F+m)vim,0)=m(°+1L)v(m,0)=0.

There are two linearly independent solutions for each of these two equations. In the

).

Dirac representation of the v matrices they are

u(m,0) = (é) , u@(m,0) = (g) , oW (m,0) = (%) . v (m,0) = (

0 0

—OOO

where the normalisation has been fixed by

1@y P = 5B ’ 7@ y(B) — _ 5o ’ 7 @8 — o ’ 7@ B — 0 .

Notice that the transformation properties of spinors described in section 3.1 make these

normalisation conditions Lorentz invariant.

To get u(® (k) and v(® (k) in a generic reference frame, a boost must be made via

o k K|
S(A) =ex (——]OO]), = —— atanh — .
(A) =exp( —5m "= T o

However, the boosted spinors can also be obtained also observing that

(k—m)(f+m)=k—m?>=0,
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thus for plane waves
ul® (k) = (F+m) u'®(m,0) v (k) = (F —m) v (m,0),

are the sought after solutions. Indeed, these are for sure solutions of the Dirac equation.
To see they are the most general ones, it is sufficient to observe that they are linearly
independent.'® After applying the normalisation conditions, the explicit expression for

these solutions reads

1 1 vmtw o
ul) (k) = f1m <“><m7o>=—< ) ,

= U
V2m A/ m + wg

o-k
U(O‘)(k:) = 1 —k4m v(o‘)(m 0) = L[ Ve Ca
V2m /m + wg 7 V2m \ vmTex eq

where e, are the canonical basis vectors of R?. Analogously, for the conjugate spinors,

(o —(a 1 F+m
1 —f+m

79 (k) = 59 (m, 0)

vV 2m v/m + wk .

The degeneracy of positive and negative solutions is related to spin degrees of freedom.
In particular, direct computation in Dirac basis yields for the z-component of the spin

. 1
Y3 =2 o §diag(—|—1, —1,+1,-1),

thus the basis chosen above is such that the spinors u(*)(m, 0) and v(® (m, 0) have the
z-component of the spin equal to (—1)*~!/2. Another observable, related to spin, that
can be used to remove the degeneracy is helicity, i.e. spin projection along the direction
of motion. The basis in which helicity is diagonal is called helicity basis.

10 The number of degrees of freedom cannot depend on the reference frame chosen.
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Quantised Free Fields

4.1 Review of the operator formalism

Consider the two point Green function in the case of a scalar field theory

QTo(x)p(y)[$2) -

Where [€2) denotes the vacuum of the interacting theory and ¢(z) is the field operator
in the Heisenberg picture. If ¢(x) is its analogue in the Schrodinger picture, then

¢($) _ eth¢<X)€—th )

Let A be the self-interaction constant, such that A = 0 corresponds V' = 0. An example
of interaction satisfying these requirements is V(¢) = %gb‘l. If A\ =0, H is just the free
Hamiltonian Hy. The operator

or(t,x) = o(t,X)|x=0 = eiHO(t_tO)ng(tg,X)e_iHO(t_tO) )

is referred to as field operator in the interaction picture. The following expression for
the two point function yields

(QTH(x)$(y)|2) = lim (OIT{¢1 ()1 (y) exp[—i [y dt Hy(1)] }[0)

i (4
T—s00(1—ie) <0|Texp[—z' ffT dt Hl(m }0)

where |0) is the vacuum of the free theory. Contrary to H, the interaction potential
density in the interaction picture

H[(t) _ ez‘Ho(t—to)Hinte—iHO(t_tO) 7

65



66 CHAPTER 4

has an explicit time dependence. In ¢*-theory

A A
Hiy = 4'/d3:p¢( ) and H(t) = 4|/d3 HEA

4.2 Canonical quantisation of the Dirac field!

With the quantisation 1 and 1) become operator valued fields. Nevertheless, they can

be expanded in plane waves, this time with operatorial coefficients bg), dg )

wie) = [ (d—kﬂ S balbu@ (e 4 d (DR (42)

3
27)3 w e

00 = [ rp IR CRRR DL LR NN

As usual, for a particle of mass m, wy := Vk2 + m?2.
The operatorial coefficients have the following physical roles
bo (k) destroy a particle of 4-momentum k,
d. (k) destroy an antiparticle of 4-momentum k,
bl (k) create a particle of 4-momentum k,
dl (k) create an antiparticle of 4-momentum k.
The u and v are used as in the previous chapter, to construct 4-momentum eigenstates:
Y (z) = e7**y(k) is a positive energy solution of the Dirac equation,

() (z) = e**v(k) is a negative energy solution of the Dirac equation.

4.2.1 Anticommutation relations

The properties of the quantised Dirac field are easily described in terms of some rela-
tions between the operators bg), dg ), which are analogous to the commutation relations
imposed for the corresponding operators in the scalar field case. To identify these con-
ditions, first of all observe that both the Dirac equation and its counterpart for the

conjugate spinor

(i —m)v=0, ¢ (Ed+m)=0,

I Marco Rigobello
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follow, as Euler-Lagrange equations, from one of the Lagrangian densities?
S = i — — — — i
L=p@d=—m)b, L= [07"0u0) = (O] —mip = ¢ (59 —m) ¥ . (44)

Both Lagrangians vanish on-shell. Notice also how £ = (E~ + £~T) /2 is real by con-
struction, whereas £ is not. Given the invariance under spacetime translations of £,
Noether’s theorem provides the stress energy tensor as a conserved current:

oL - oL

a,1) + (8, gt = Lhda . 0T =0

" =

This local conservation, together with the appropriate vanishing behaviour of the com-
ponents of T* at spacial infinity, implies the global conservation of the 4-momentum.
Inserting the Fourier decomposed fields (4.2)—(4.3) one finds

P, - / dx T° (0, x) = / %wﬂkk > B R)balk) — da(R)AL(R)] o, -

(In)Stability The previous is not the final expression of P because of the unphysical
and possibly divergent vacuum contribution. It is a standard procedure to remove this.

Defining the vacuum state of the theory® |0) by means of
ba(K)[0) =0,  da(k)[0) =0,

it is clear that the only vacuum contribution comes from the terms (0|d, (k)d!,(k)|0).
This is easily quantified and removed if canonical commutation relations (CCR) are
imposed on the ladder operators b, and d,:

[Ba (k). B ()] = (27)* 26 (k — @) 645

[da (k). dh(a)] = (2m)* 5 (b — @) B

all the other commutators between pairs made of b and/or d vanish.

Indeed, using the fact that these commutators are c-numbers,

do(k)d}, (k) — (0lda(k)d],(k)[0) = da(k)dl, (k) — (0] [da (k). L, (%)][0)
= do(k)d}, (k) = [da(k), dL, (k)] (0]0)
= d! (k)d,(k) .

D ST
2 Here and in the following the notation & = 9 — 9 is used.

3 The notation |0) is customary and by no means implies that the vacuum is the null vector (neutral
element) of the vector space in which quantum states live.
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Nonetheless these commutation relations result in instability, because then b and d
terms contribute with the opposite sign* to the (vacuum normalised) energy,

> BLR)ba(k) = (k) da (k)]0 -

a=1,2

d*k
(2m)?°

H—mmm:m/

Translation Invariance Still, one wants the relations between b, and d, operators
to imply that the conserved charges under translations (F,) are, as usual, the generators

of these transformations
(x4 a) = ePM(x)e" (4.6)
that is
8M¢(x) = i[Pua ¢] ) 8/ﬂ_b(x) = Z.[Puquj} .

Inserting the Fourier decomposition of the fields and of the momentum, and assuming
that the two degrees of freedom represented by b and d respectively are independent
one of the other, the previous are equivalent to

> [h(a)bal@), ba (k)] = (2725 ( — q)bak)
B

> [ds(@)dhla). dh(k)] = (2m)*=25 (k - q)di (k) -
B

Using the identity
[AB,C| = A[B,C| - [C, A|B ,

it can be shown that (4.6) is satisfied if commutation relations (4.5) are imposed.
However, this is not the only possibility. Actually, using the identity

[AB,C) = A{B,C} — {C,A}B ,

the previous equations read

> (b (@) 0s(0). bak)} = {ba(k). b (0) }bs(@)) = —(2m)* 26 (k = @)ba (k)
B
> (as(@{difa). di(0)} = {aL k). ds(a) }dl(@)) = (2m)* 226 (i — ), ()
B

4 Clearly for any operator O, the operator OO is non-negative definite, because for all ¢

(8|0T0]¢) = (0|0¢) >0 .
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These expressions make it immediate to check that (4.6) is satisfied also by imposing
the following canonical anticommutation relations (CAR)

{balk). b (@)} = (272560 (k — q) 605

{da(k), di(@)} = (2m)° 226 (k — @) 8

all the other anticommutators between pairs made of b and/or d vanish.

The above relations imply that the only non-vanishing equal-time anticommutator for
the Dirac operator fields is

{eet.x), it y)} = 8% (x —y) g, . (4.8)

Moreover, the previous anticommutation relations remove the instability problem. Now

H — (0|H|0) = / %%wk > BLR)balk) + di (k) da(k))],_ 10 -

a=1,2

thus after subtracting the vacuum energy, the energy operator is positive semidefinite.

Propagator Causality Another aspect, not mentioned yet, is related to the causality
of particles propagation. Some calculations lead to

{ve(@), ¥y(v)} = (i@, + m)il(z —y) ,

where, using the sign function (z) := x/|z|,

A(z) = —z'/ Ak S(k* —m?) (k%) e~
(2m)? ’

which vanishes when z is spacelike, that is 22 < 0. If instead commutators were used

all the way, the result would become

— &3k 1 . ,
(o). Bo)] = (i +m) [ s M I

which does not vanish for spacelike separations, (z —y)? < 0. This results in a violation
of causality. Notice also that specular violations would happen if scalar fields were to
be quantised with anticommutators.
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4.2.2 Normal ordering

The procedure encountered before, of subtracting to the operator O representing a
given observable O its unphysical vacuum expectation value, is a standard one and is
formalised by the normal ordering operation, denoted by : O :. Once the observable is
written as a polynomial of ladder operators, this consists in bringing all the annihilation
operators on the right and all the creation operators on the left, with the prescription
that, inside normal ordering, all these operators commute in the bosonic case and
anticommute in the fermionic one.® Note this last point is very important to avoid

nuisances like
b, (k) ba(k) = : —ba () DL (K) = = Bl (k) bu (k) — (27)° 25 (0) |
m
where the leftmost equality is correct, whereas, for the rightmost one, anticommutation
was wrongly used inside the normal ordering symbol. Indeed, the normal ordering is

an operation defined on the free algebra of creation and annihilation operators, not on
their CCR or CAR algebra. For further information see [this|] Stack Exchange answer.

As an example, the physical (i.e. normal ordered) four momentum operator is

R / ¢’k m, > B0 (k) + dL (k) da (k). 1o -

(27)3 wi e

4.2.3 Spin statistics theorem

The procedure followed in this section to quantise the Dirac field sets a precedent,
which generalises to the so-called Spin-Statistics theorem. It declares a relation be-
tween a particle’s spin and the type of statistics by which it is described. It thus also
identifies the kind of algebra obeyed by the free field operators representing the particle.
Schematically:

half-integer spin ~  Fermi-Dirac statistics ~ CAR algebra {-, -}

integer spin ~ Bose-Einstein statistics ~ CCR algebra [-, -]

4.2.4 Discrete transformations of the quantised Dirac field

The key relation for translating transformations of a classical field to the ones of the
corresponding quantum operator field ¢ is contained in (2.66) and its inverse (2.67)
that in the following, will be specialised to the cases of parity, charge conjugation and

time reversal. The corresponding expressions of U in terms of creation and annihilation

5 That is, with fermions a minus sign must be added for each exchange of two operators.
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operators are given.’

Parity
The operatorial version of parity transformations follows by (3.10), that gives % =
npy° (¢ o A5, and by (2.67),

P () Pt = (1p7") (&) = mpy (@) (4.9)

where 7# = (Ap), z¥ = z, = (2%, —x). Of course, if such a phase can be fixed to be

real, that is np = %1, then 1} can be replaced by” np. Note that, by (2.66), (4.9) is
equivalent to

Prp(x) P = npy (z) -

Introducing the decomposition of the momentum space fields, (2.67) can be applied
directly to the ladder operator, obtaining

P bo(k) Pt = niba(k) Pd,(k) Pt = —npda (k) ,

where k+ = k, = (k°,—k). Notice how particle and antiparticle get opposite phases
under parity, in correspondence with their opposite 7" eigenvalues, already recognised
in the classical description of parity. A solution of the previous equations is

Poewi [ S > (@ (30000 + Gulh)) = 408 [0+ et + Ga(i] }

w
k =12

i(A+m/2

with A arbitrary, related to the arbitrariness of the phase np = e ). One may check

that PP*PT = P,. Furthermore,
eiHaba(k>e—iHa — e—ikoaba(k> ’ eiHada(k)e—iHa — e—ikoada(k) 7

so that
ezHaPesza — 7) 7

that is
[H,P]=0.

6 See, pg.28 of the excellent Sozzi’s book [16] for a discussion of the parity phase. Such a book also
contains a detailed analysis of the phenomenological implications of the discrete symmetries.

" Eq.(4.9) corresponds to Eq.(3-177) in the magnificent Itzykson-Zuber’s book [7], with the difference
that ny is replaced by np, which is considered as an arbitrary phase. As we will see, a similar thing
is done also in the case of the charge conjugation transformation. This may happen, for example, if
the right-hand side of (2.67) is accidentally replaced by the right-hand side of (2.66).
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Charge conjugation

In the case of charge conjugation comparing the prescription (2.67) with (3.14), we
get Cy(z)Ct = € = np C1 ¥, where C = C(b,b',d,d") is an unitary operator and ¥
denotes the transformation of 1) which is the inverse of ¢» — 9". On the other hand,
Y = 7 ', so that the latter inverse transformation coincides with the transformation
itself. Therefore, we have

Cp(x)CT =4 = CH T .

By 7> = —I, it follows that in the Dirac representation C~! = i7°y2 = —C = —in240.
The above is equivalent to®

Chp(x)C =y =ne Cy" .

Note that to the action of C has no effect on the coordinates. A possible expression for
C=C(bbt,d,d) is

with

where C, has the only effect of returning the phase ne = e'#c.

A similar procedure can be carried out in order to find, in the case of the vector poten-
tial density A, the charge conjugation operator C = C(a,a'), satisfying CA*(x)C' =
(AR = —AH,

Time reversal
We now discuss the properties of time reversal. The first step is to prove that, in any
infinite dimensional representation of the (full) Lorentz group acting on a Hilbert space

of quantum states, the time reversal operator is antiunitary.

Let us first recall that |¢,) denotes the eigenket of the field operator in the Schrodinger

8 Tt should be observed that in the Itzykson-Zuber’s book [7], in the operatorial version of the charge
conjugation are used, instead of their inverse, the same n¢ and C as in the classical case. Nevertheless,
at pg. 153, it is specified that in the Dirac representation the C in Eq.(3-183) is now C = iy°y2,
that is the inverse of the one in Eq.(2-97), in agreement with the standard notation. In this respect,
it seems that the errata at page 2 of http://www.lpthe. jussieu.fr/~zuber/corrize.pdf should
be corrected.
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representation ¢(0,x) with eigenvalue ¢,(0,x), that is

$(0,%)|da) = ¢a(0,%)|¢a) -

Note that the Schrodinger representation of the field operator depends on the reference
time, arbitrarily chosen to be ty = 0. Let us consider

(f,teldi ti) -

This is the probability amplitude that a state that at time ¢; is in the eigenstate |¢;) of
the Schrodinger operator ¢(0,x) evolves, at time ¢, to the state |¢;). This means that
|1(t;)), the state in the Schrodinger representation at the time t;, is |¢;). Therefore,

[W(t:) = |di) -

On the other hand, |¢(ts)) = U(ty,t:;)]1(t;)), so that, if the Hamiltonian is time inde-
pendent, then the dynamical evolution of |¢(¢;)) up to time ¢ is

W(tp)) = e 7O |y (1)) = e #HE—0) | (1,)) .
Therefore,

(D trldisti) = (Dplwo(ty)) = (dsle” 7= yy(t;))
= (pgle #U=)|g,) |
where the first equality is a consequence of the definition of (¢y,ts|¢;,t;). Comparing
the left- and right-hand sides, we get |¢,,t,) = ef{ta=)|¢,). Thus, choosing ¢, = 0,

we have’

‘qba; ta> = 6tha|¢a> .
It follows that

P(ta, x)e M| d,) = M 9(0,x)|¢a) = € $4(0,%)[da)
= $a(0,%)[¢a; ta)

that is |@q, t,) is the instantaneous eigenstate of ¢(t,,x) = efte(0,x)e~#ta which is

the field operator in the Heisenberg picture. In other words, we have

O(ta; X)|da, ta) = ¢a(0,%)|¢a; ta) -

9 Note that the sign at the exponent is the opposite of the one in the expression for the time evolution
of a state in the Schrodinger representation.



74 CHAPTER 4

Since we also have ¢(0,x)|¢,) = ¢4(0,%)|p,), it follows that the spectrum of the Heisen-
berg and Schrédinger operators coincide, which is obvious because such representations

are related by a unitary transformation.

Let us now show that the time reversal is represented by an antiunitary operator. The
discussion is carried out in a QFT setting, but the claim is valid also in non-relativistic
quantum mechanics and is essentially a consequence of the positive definiteness of the
Hamiltonian (energy). Consider a generic quantised field ¢, which may have both vector
and spinor indices. Suppose that the time reversal operator T represents a symmetry
of the theory, i.e.

[T,H]=0.

Under a 7 transformation the associated classical field will transform to ¢(z) —
D¢(—t,x), with D some matrix acting on the indices of ¢. Then, applying the time
reversed field to the vacuum of the theory |0) yields

To(t,x)TT|0) = D" ¢(—t,x) |0) by (2.67)
= D e ™ $(0,x) |0) time evolution, H |0) = 0 and [D, H] =0

= Z et d, (%) |n) inserting > |n)n| ,

where d,(x) = D' (n] $(0,x) |0). Let us suppose that 7 is a unitary operator, and
therefore linear. Then, using the fact that it commutes with H, we also have

)
)T 10) H10)=0
= Z e'Frl e, (x) |n) inserting Y~ |n)}n| ,

where ¢, (x) = (n| T¢(0,x)T1]0). The two derivations above give contradicting results.
The only hypothesis which can be relaxed is the linearity of the time reversal operator
T. Indeed, T is antiunitary. Some properties of antiunitary operators, used in the
remaining of this section, are now investigated. An antilinear operator A is such that

Alalg) +B8[Y)) = a"Alg) + B AlY) . a,feC.

This behaviour requires some attention in certain circumstances, e.g.
Alg) =AY In)(nlg) =D (Aln)) (nle)" .

For a linear operator L, the adjoint L' is defined by (LT|¢) = (1| Lo).
In order for the definition to be well posed, it must comply with the properties of the
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Hermitian scalar product, specifically

WYla(T9)) = a(TT|¢) = (TT¢]ag) = YT (ag)) .

Clearly this does hold if T is linear, but not if it is antilinear. For the antilinear case
the previous definition is modified to (this property is used at pg. 155 of [7])

(Afple) = (¥|Ag)"

A unitary operator is a linear operator U satisfying the property (Uy|U¢) = (¢|¢), for
all possible pairs ¢, 1.

Again, this property is not satisfied by antilinear operators, but its analogue can be
easily guessed: an antiunitary operator is an antilinear operator V| satisfying

(Vip|Vg) = (]o)" = (ly) -

Such an operator can be written as V' = UK, where U is a unitary operator, and K is
the complex conjugation operation.

For both unitary and antiunitary operators the following holds
T'T=TT"=1.

The key relation that characterises 7 is 747" = —il. Therefore, returning to our
analysis of time reversal, if [T, H] vanishes, then

Te—iH(tz—tl)TT _ eT[—z’H(tg—h)]TT — i (ti—t2)

Notice the relation between the imaginary unit “2” and time in quantum mechanics.
Moreover, the transition amplitude from the state |¢;) at time ¢; to |¢y) at time ¢ is
equal to the transition amplitude from the state |T¢y) at time ¢; to |T ¢;) at time t;

Indeed,

<¢f’ tf|¢l7 tl) == ¢f|6_iH(t.f_ti)

{ i)

<7’TT¢f}6—iH(tf—ti) THT6:)
= (T |Te Hur—tTH|T )"

{

{

Tosle” )| Tey)*
Toile MG Top) = (Tohi, t4| T s, ti)
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Before deriving the implementation of time reversal for the Dirac field, observe that
the 3-momentum P, and the angular momenta (orbital, spin and total) J, L, S, change
sign under time reversal. As a consequence, helicity, which is the projection of the spin
along the momentum, is left unchanged. For this reason, in the following, the helicity
basis for the spinors will be used, instead of the usual spin basis. This choice affects
both creation—annihilation operators o™, df) and basis spinors u, v. Let us parametrise

the action of time reversal via
ToM (k) TH = bl (ky ) 9®9) - T dl(k,e) TT =y df(k, ) e Satke)

where k* = (k°, —k), nr is a phase and € runs over the two possible helicity eigenstates
of fermions and antifermions. Then, using the antilinearity property

d’k m
(2m)3 wi

Tl/J(I)TT = 7]7—/ Z [b(l%, €) e (kee) u’{ )(k)eika: + dT(/;:, €) e~ iCa(k.e) U(* )(k:)e_ikx} ‘

€ €
e=1,2

Let ¢(z) — ¢'(z) = nrSri(—t, x), where 1y is a phase and S7 a matrix, the transfor-
mation of the classical Dirac field under time reversal. We then have

Tt %) T =npSytv(—t,%) .
Substituting k — —k in the previous integral, it is easy to see that
3

St u(e)(l;) = e~ (ke) ug; )(l;:) : St v(e)(l;:) = g~ %alke) v(*a)(l;:) :

Now, 7° is Hermitian while the 4 are anti-Hermitian, thus # = F* and the complex
conjugate of Dirac equation reads

(K" —m)uiy (k) =0, (K" +m) v,y (k) =0
Finally, left multiplying by v°C and using (3.16),
(F—m)y°Cuiy(k) =0,  (F+m)+*Cuv, (k) =0.
From these equations it is natural to guess S7 = iC~® which in Dirac basis is just
St =—iv'y".

To be definite about this guess, one should verify that it respects the helicity of the
states. The check requires an explicit expression for the spinor helicity basis and can
be found in section 3-4 of [7].
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4.2.5 Fermionic bilinears

Fermionic bilinears are crucial objects to express any physical observable related to
fermions. They are expressions of the type

B(z) = :(z) MP ()

where M? is a generic 4 x 4 matrix.

To classify all the possible bilinears we have to complete our overview of the O(1,3)
Clifford algebra. Indeed, any 4 x 4 matrix can be expanded on the 16 matrices {I'*},
providing the basis of the Clifford algebra!?:

=1, TIV=v, TIL=0w, DIl=vy, I'=ips.

S, V, T, A, P stand for the behaviour under Lorentz transformations of the corresponding
bilinear, respectively: scalar, vector, tensor, axial vector (pseudovector), pseudoscalar.

object ME B(x) B'(z) after A
scalar e S(x) S(A1z)
vector (Ve Vi) A VY (A )
tensor (DT T (x) A AV TP (A )
pseudovector  (I'4)*  Al(x) det(A) AL, A (A1)
pseudoscalar ~ T'P P(x) det(A) P(A~1x)

0

For discrete symmetries, defining 7# = (2", —x), the transformation laws are

B(x) P C T PCT
S(x) S(x) S(x) S(-1) S(—x)
Vi (z) V(@)  —VH(z) Vi(=2) —V¥#(-x)
™ (x) Tw(x) —T"(x) —Tu(-z) T"(-x)
At(z) —Au(7) At(z) Au(=z)  —A¥(—x)
P(x) —P(2) P(z)  —P(-2) P(-x)

10The 4 factor in I'" is there to make the pseudoscalar bilinear Hermitian in the quantised theory.
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The proof of the previous transformation laws is easily accomplished combining relations
(3.3), (3.4) and (3.6), eventually inserting I, in the form S(A)S™(A), and for bilinears

involving 7° also recalling that
€iy.ig A A =det A ey,

where € is the Levi-Civita symbol: €1, = 1, €1, = €1,

The basis elements of the Clifford algebra given at the beginning of this section satisfy
(i) (P)? =&41.

(ii) For any T £ 1, 3T° : {I'* T°} =0.

(iii) Tr(I'*) =0, VI*#1.

(iv) For each pair (I'*,T?), 3T : TeT® =y, n € {&1,4i}. Also,a #b = T¢# 1.
(v) {T"*} are linearly independent.

To prove (iii), choose the I'” of (ii). Then using (i) and the cyclic property of the trace:
Tr (I*) = £ Tr (0*(I%)%) = F Tr (ITI%) = FTr (T°)T%) = — Tr () .

For (v), suppose that Z;; A% =0. Given a € {1,...,16}, for any b # a let I'* denote
the n['. = T°T" of (iv). Then

16
0="Tr (ra > )\be> = Tr (Aa(ra)Z +> Abfb) =44\, = A =0.
b=1 b#a

In particular, (v) proves the original claim, that any 4 x 4 matrix can be written as a

linear combination of I'?.
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Interacting Quantised Fields

5.1 Locality and PCT in QFT!

Locality A local quantum field theory is characterised by:
> no action at a distance: all influences propagate at finite speed;

> causal locality: spacelike separated regions of spacetime behave like independent

subsystems.

A Lagrangian density is said local if it depends on finitely many derivatives of the
fields at any point of spacetime. Local Lagrangian densities are expected? to yield local
quantum field theories under quantisation, at least at the perturbative level.

An example of a non-local term is given by

Az, .. xp)0(x1) . O(xy) (5.1)

for some A(zq,...,x,). Such a term represents a self-interaction that, unlike the local
one ¢"(x), involves the field at different space-time points. By making an expansion
of each ¢ with respect the same point, the term (5.1) becomes a series with infinitely
many derivatives of ¢.

As we will see in proving the Jona-Lasinio theorem, an example of non-local interaction

is provided by the effective action.

PCT Theorem. The PCT theorem is a result by Pauli, Zumino and Schwinger which
states that a Lorentz invariant local QFT is PCT (O) invariant. Two main consequences

are

L Marco Rigobello
2 Tt is not yet proven rigorously.
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(i) each particle has an antiparticle, with same mass and spin,
(i) a neutral particle coincides with its antiparticle.?

Consider a local QFT described by a Lorentz invariant local Lagrangian density

E(l’) = F[¢7w7A#7"'] )

and the action

S = /d4y£(y) :

Then, if conditions (i)-(ii) are verified,

OL(2)0 = L(—z) = ©O8SOI=S5.

Heuristically, for a Hermitian* (¢! = ¢) scalar field the proof follows these steps
(i) A — A*, the constants of the theory are complex conjugated by T,
(ii) © — —z, the argument of each field changes sign,

(iv

)
)
(iii) 9, — —0d,, according to the previous point,
) Au(x) = —A,(—x), like d,0(x),

)

(V) g THy 1Py, — (=1)Fahy, TH#P 4), | fermionic bilinears are subject to one sign
flip for each Lorentz index coming from +* or J,, and the order of the fermionic
fields is inverted by C.

Since L is scalar the total number of tensor indices is even (they are all contracted),
and since normal ordering is implied in the Lagrangian, we can commute bosonic fields

and arrange them in the opposite order as they appear in £. Therefore, we have
0L(z)0" = LI(—z) .

Using the Hermiticity® of £, this allows concluding that if the vacuum is invariant under

The wave functions of particle and antiparticle are related by complex conjugation, which is an effect
of the charge conjugation. Then, a (truly) neutral particle is a particle that remains invariant under
charge conjugation. Therefore, a neutral particle should not have electric charge, colour charge etc.
Examples are photon, Higgs and Z bosons. A case of neutral spin-1/2 particle is the hypothetical
neutralino which is a Majorana fermion, that is its wave function is real.

The generalisation to the non-Hermitian case ¢t # ¢ is straightforward, simply use the fields

o= (0+0N)/V2, ¢a=(0—0")/(V2).

Actually, it is sufficient that £ is equivalent to an Hermitian Lagrangian, as in the case of Ly qc,
which is not Hermitian, but it leads to the same equations as (Lgirqc + E:[ﬁmc) /V2.
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0, so will be the dynamics.

For further information on these topics consult [3].

5.2 Kallen-Lehmann representation

Consider the following quantities in Minkowski spacetime

Gz —y) = (QAT(x)¢(y)|2) .

W (z —y) = (Qlo()d(y)|) |
G (x —y) = 0(2° — ) (Q[p (), B(y)]|2) - (5.2)

G®(z — y) is the exact propagator, W (z — ) the Wightman function, Gg)(:p —y)
the retarded Green function.

Let us first consider the above functions in the case of the free theory. By

d3p 1 ipT —1ipT
Qb(x) = / (271')3 2% (apep + aLe P >|P0=wp )
p

we see that only the term that survives in (0|¢(z)p(y)|0) is
(Olapal|0) = (2m)°6) (p — q) ,

so that

dp 1 ,
2 —ip(x—
”o()(iU—y)—/(%T)?)Q(, ey

To find the Fourier transform of WéQ)(x —y), note that

dp 1 [ d'p S(0? — m2) o — d'p IOV (o — m?
/(27T)3E_/(27r)4(2 )5(]7 )lp >0 /(2,”)4(2 )9(]7 )5<p )7

so that the Wightman function in momentum space reads
W (p) = 27 0(p°) 6 (p* — m?) .

The fact that the commutator is a c-number implies that it coincides with its vacuum
expectation value. Therefore, in the free case,

[B(x), 6(y)] = W (@ —y) = WP (y — ) .
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In particular,

(0[[6(2), 6()]]0) = / ((2175;3 i (e — e,
1

d3p —ip(x— —ip(x—
/(2 _(6 pa=v)| o, — e iRl y)|p0:_wp). (5.3)

)3 2wy,

It is easy to check that for 2° > 3° we have

ot owll0) =~ [ (;’Tf; [ e, (5.4)

where I is the contour coinciding with the real axis of the (Re p®, Im p°) plane, except
for the points £wp, climbed over the complex upper half-plane. To see this, note that,
by Jordan’s lemma, the integral in (5.4) is the same of the one in which the contour
integral I' is closed in the lower half-plane. By a trivial residue calculus, this reproduces,
for 2° > ¢°, the original expression of the commutator [¢(z), ¢(y)].

Even if in the case 2° < ¢° the right-hand side of (5.4) no longer corresponds to
[6(x), ¢(y)], it is interesting to observe that

3 0
_/ d’p di 1 e~ wla—y)  _ 0,

(271’)3 r 2mi p2 —m? z0<y0

that follows by noticing that for 2° > 3° such integral is equivalent to the one in which
the contour I is closed in the upper half-plane. We then have

GO — y) = 0(a° — ) (0l[d(x), 6(y)]|0) = / A / W1 wew (55

(27)3 Jp 2mi p? — m?

It is instructive to derive the same result by showing that

(9% +m?)0(a® — 4°){0[[¢(), $()]|0) = —i6 W (x — y) . (5.6)

On the other hand,

so that

that is
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Therefore,
GO r— ) = / dp i iy
o (2m)" p? — m2 ’
where the contour in the p° plane of the two last integrals is I

Let us make some observations

: ) : : : :
(i) Eq.(5.6) shows that G;(x —y) is a Green’s function of the Klein-Gordon operator.
The fact it vanishes for 2° < 3° means that is a retarded Green’s function.

(ii) One should remember that the contour integral T' in the p° plane is the real axis

except for the points +wyp, climbed over the complex upper half-plane.

(iii) The choice of the contour can be remembered by modifying the integrand. So, for
example, the Feynman propagator Ap(z — y) = —iGgQ)(x — y) can be expressed
as an integral in p° that coincides with the full real axis, but now with m? shifted
by ie. This corresponds to the case in which the contour integral in the p° plane,
coincides with the real axis except for the point —wp, climbed below the complex
lower half-plane, and the point wp, climbed over the complex upper half-plane. In

other words, the Feynman propagator is®

dp  eiPly)

In the following the limit ¢ — 0 will be understood.

(iv) The Feynman propagator can be expressed in terms of the Hankel function H 1(2)
and of the modified Bessel function K

Ap(z—y) = — 2 0() + g (m/5) 520,
) WQrKl(m\/_) s < O,

where s = (z — y)%

(v) Tt is useful to write the Feynman propagator directly as in integration in d*p

3
Ap(z —y) = —i / (d_pi <9($0 — yO)e—ip(z—y) +6(y° — xo)eip(w—y)> ]

27)3 2wy,

6 Some authors call iAr(x — y) Feynman propagator, so that, it coincides with the free two-point
Green’s function.
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In an interacting theory
W (@ —y) =Y (Qé(x)|n)(n|o(y)|2)
= S e IQpo0) )

— / (;;?;4 e*ip(:cfy)(27r)4 Z 5@ (p— pn)’<Q\¢(0)\n>|2 ’ (5.7)

where we have used P*|Q2) = 0, and inserted a complete set of states |n), P*|n) = pt|n).
Keep in mind that here we are considering exact, non-perturbative properties of the
theory. In particular, the states {|n)} are physical, thus on-shell. This set includes
the vacuum, single particle states and multi particle states. For any k, the set of k-
particle states generates a subspace of the Hilbert space of the theory. The sum over n
is schematic and includes integrals over relative momenta. In the following we assume
that the vacuum contribution vanishes, (2|¢(x)|€2) = 0. This requirement can always be
satisfied, eventually performing a shift of ¢. For the sake of simplicity, in the following
it is assumed that no bound states are present.

The implicit assumption of the uniqueness of the vacuum, together with P°|Q) = 0,
imply that the states |n) # |§2) have positive energy. The E, = 0 case is excluded since
|©2) is the only state with vanishing energy, whereas the existence of negative E,, would
mean that |Q) is not the fundamental state and thus is instable. As a result, 5 (p—p,)
vanishes if p° < 0 and a factor 6(p°) can be safely inserted in defining the distribution
p(p?) via

(2m) 0(p°) p(p*) = (2m)" Y 6D (p — pa) (2D (0) )], (5.8)

where the p? dependence is a consequence of Lorentz invariance. The states |n) are
physical and p? is the total invariant mass squared. Then (except for the vacuum
which satisfies p? = (), making the assumption that m # 0, one has p2 > 0. As a
result, 6 (p — p,) vanishes also for the four-momenta p, such that p? < 0. Similarly
p(p?) = 0 when p? < 0. Therefore,

W®(p) =27 0(p°) p(p*)

- /OOO dp? 2m0(p* — p?)0(p°) p(p?)

= /0 " oW (1) (5.9)

Consider now the general case of a Lagrangian involving various scalar fields of different
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masses. In this case

2 Z/ o) 32% 2/%2”9%0)5(%2 —m3) , (5.10)

single
particle
states

where j runs over particles species and

Wiy = /K2 +m5 .

If states of more than one particle are considered w can assume a continuum of possible
values. For example, for a two particle state

w:\/k%+m%+\/k%+m§.

In the case k = ky + ks, w assumes continuous values, bounded from below by m; + ms.
Correspondingly the lowest possible value that k% can take is

(k2)lowest = (ml + m2)2 . (511)

Now note that, by (5.8) and (5.10), we have

d*k .
(2m) 0(0°) p(p®) = Z/ (%)4% (K —m3) (k") (2m)* 6 (p — k) [(QUH(0) K, j)
J
+2m0(p°) o (p°)
where o(p?) represents the contribute of multi-particle states; p can be rewritten as

P( +Z§p —m , (5.12)

where
Zj = [(Q(0)|k, j) 7

Zj is a Lorentz scalar, thus its dependence upon & can involve only k* = m?. Moreover,
o(p?) vanishes when p* < 4m?, where m; is the mass of the lightest particle. We can

now find the expression for G (p) by replacing WO(Q) (p; u?) in (5.9) by

In particular, using
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and by (5.12), we get

) =3 et [ et )

; p? —m3 +ic m3 p? — pu? +ie

G®@(p) can be expressed by means of the complex function

iZ, %0 i
Lls] := Z P +/4 dp’o (i) ——
J

j m} sTH
for s approaching the real p? value from the upper complex direction
G (p) =T(s =p* +ie) .
['[s] has poles for s = m? and a cut along the real axis from 4m? to oo, with discontinuity

L(r+ie) — I'(r —ie) = 2mo(r) .

Consider now a single scalar field in a potential density V (¢, \), vanishing for A = 0.
In the A = 0 case G® (p) reduces to

~ 1
GPp) = 53—,
o (P) p? —m2 + ic

where mg denotes the mass in the Lagrangian. In the A # 0 case, instead
~ 14 o0 7
CL T P — / R I —
(v) p2—m2—|—i6+ A2 o lp )pQ—,u2+ie
If m? # m? mass renormalisation is introduced. If Z # 1 a renormalisation of ¢ is
performed, in such a way that [(Q]¢pnys(0)|k)|? = 1, where

¢phys = \/Z¢ .

To further investigate the role of Z, it is useful to write down the Kéllen-Lehmann
representation in the case of (Q|[¢(z), ¢(y)]|2). The derivation of such a representation
is completely analogous to the one that leads to Eq.(5.13)

lole), oI =2~ yim) +1 [ ditolA@ -y, G0
where

) d*q ialmm
iA(r —yim) = W (w —y) = W (y — ) = / ampeld)3le —mte e
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with €(z) = 0(z) — 0(—x) the sign function. By taking the time derivative of (5.14) and
then computing it at ¢t = 0, we get’

1= Z+/ dpto(m?) |
4

m2

that, due to the positivity of o, implies
0<Z<1.

Note that here we are considering the interacting case, the free case corresponds to
o =0, that is Z = 1.

It is worth stressing that the preceding discussion concerns the exact theory. As a
consequence, even if the above wave-function renormalisation also arises in considering
the UV divergences discussed in the renormalisation chapter, a comparison between the
non-perturbative and the perturbative wave function renormalisations requires partic-

ular attention.

5.3 LSZ reduction formula®

The Lehmann-Symanzik-Zimmermann reduction formula is a fundamental result in
QFT. It shows that the building blocks to compute the transition amplitudes, and
therefore the cross sections, are the vacuum expectation values of time ordered op-
erators. In the following we follow the analysis in Srednicki’s book, Quantum Field
Theory.”

Let us consider a field of the form

b(z) = / di(a(k)e=* + af (k) | (5.15)
where we used B
dk=——— K=wu=vVK2+m?2>0.
(27)3 2wy

T Recall that [¢(t,x),7(t,y)] = i6®) (x —y), 7 := Dy, so that,

0o [9(2), 2]l rg=yo—0 = —i8P (x —y) .

Since in the free case [¢(x), ¢(y)] = iA(z —y), this also implies 9y AT — Y)|zg=yo=0 = 03 (x —y),
that can be verified by explicit calculation.

Luca Teodori

Srednicki’s book uses the metric g,, = diag(—1,1,1, 1) which is the opposite of the one used here
and in most of the QFT literature. Since z# = (2°,x), it follows that with Srednicki’s choice
x, = (—x0,%). In the following we continue to use the standard QFT notation, so to compare with
the Srednicki book, the reader should keep in mind that, for example, (A, B*)srednicki = —(AB").
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In this section we use the normalisation choice for a(k) and af(k) done in Srednicki’s

book. Besides the usual condition for the ground state |0), (0]0) = 1, we use k) =

a’(k) |0) and the Lorentz invariant normalisation for the commutation relations®

la(k), al(K)] = (27)*2w6® (k — K) |
which implies the Lorentz invariant orthonormality condition
(kK'Y = (27)32u 6@ (k — K') .

Note that since k° is fixed by the value of k, it follows that the notation |k) contains
the same information of |k). Let us express the creation operator in terms of ¢

at (k) = —i / B e 90 (x) | (5.16)

“ — —
where 09 = 0¢ — 0y. We associate to each momentum k; the operator

anm>>-/lﬁhﬂkJQMWk>,ka>zfagm>a«mp(—9%;§ﬁ?), (5.17)

a]
creating a state with a gaussian-distributed momenta localised near k;. In x space this
corresponds to a particle localised near the origin.!! Note that with the dynamical
evolution, the wave packet spreads. If we move on to the interacting theory, the af(k)
will no longer be time independent, so from Eq.(5.17) one sees that also the aj will
depend on time. So, having a scattering experiment in mind, one can be interested at
the initial state and the final state as two particles widely separated in the far past and
in the far future respectively; in formulas

iy = lim_a}(t)a}(1)[0) . |f) = lim_aj(t)ab(t)[0) .

t—+o00

By (5.16) and (5.17) one finds

al = —i / &’k f;(k) / d*z e—“““go(ﬁ(g;) . (5.18)

107t is worth stressing that such a Lorentz invariant normalisation is also used in the Itzykson-Zuber
book [7], whereas in the book by Peskin and Schroeder [11] the operators a(k) and af(k) are the
ones in (5.15) divided by v/2wk.

I Recall that the Fourier transform of a Gaussian is, up to a possible phase, still a Gaussian. For
example,

1 _ (@—xg)? . . 2,2
\/T de e” 12 e T = \fogeimok ek
7r

whose modulo square describes a particle localised near the origin.



INTERACTING QUANTISED FIELDS 89

To derive the LSZ reduction formula, we consider the following steps

a} (+00) — al(~00) = / " dt aval 1)

o0

— —z’/d3k fi(k)/dA‘x ao(e_ikx(goﬂx))
— z’/d?’k fi(k)/d“:c e M (0F + K+ m?)g(x)
S z’/d3k; fi(k)/d“x e O+ m?)¢(x) ,

where in the first line we used the fundamental theorem of calculus, in the second line we
used (5.18), on the third line we did the derivative and used (k°)? = k?+m?; now notice
that we can replace k? by —%2, so on the fourth line we changed %2 with %2 = V? by
performing a double integration by parts (the boundary term always vanishes). Notice
that since in a free theory ¢(z) satisfies the Klein Gordon equation, the last line would
be zero and this is reminiscent of the fact that in a free theory a is time independent.

We then have

al(—o0) = al(+00) +i [ A3k fi(k) [ d*ze (O + m?)¢(x) , (5.19)
ai(+o00) = ai(—o0) +1i [k fi(k) [ Az e (O + m?)g(x) , (5.20)

where the second line is simply the Hermitian conjugate of the first. Turning back to
our two particle states, we can write the following amplitude (we will use the prime to
denote the operators relating to the final state)

(fli) = (0]ay(+o0)a(+o0)a}(—oo)ah(—00)|0)

5.21
= (0|T{d’ (+00)aj(+o00)a} (—o0)ab(—00)}[0) 20

where, since the operators are already time ordered, in the last equality we inserted
the T product. Such an insertion simplifies the expression. In fact by (5.19) and (5.20)
in (5.21), it follows that the T" product moves all the a;(—o00) to the right and all the
al(400) to the left, where they annihilate the vacuum. Since now the wave packets do

not play any particular role, we can take the limit ¢ — 0 with the effect of shrinking

the wave packets, a] — [d%k6®) (k — k;)af(k) = al(k;) since’® fi(k) — 6®)(k — k;).

12 Recall that .
lim [ dx
o—0 R 2\/7?0'
which holds for any test function f(z). This shows that the tempered distribution § is not a regular
tempered distribution, that is a distribution Fj such that

- ) ) ).

Fy(f) = / drg(2) ()
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We then get the LSZ reduction formula
(fli) = / d*zy e ™71 (0O + m?) /d41:2 e~ k272 (Oy + m?) /d41:’1 eF (O + m?)
[ o et @, + m) (01T (a)olaa)6(at)o(a) )

Such a result generalises to the case in which there are n particles in the initial state

and 1’ in the final state
(fliy = / d'a; e (0 + m) [ / dia, ek (O, + m?)
J k

X (0[Tp(x1) ... p(an)p(xy) .. d(27,)]0) -

(5.22)

An interesting related topic concerns the dispersion relations for multi-particle states.
In the following we assume

> the vacuum state |0) is unique;

> P*|0) = 0.
Let us consider the first excited state. Note that in the (—|P| U |P|, E) plane the
dispersion relation E(P?) —P? = m? is an isolated hyperbola with minimum for P = 0

1-particle state: E(0) =m .

However, the dispersion relation for the n-particle state, n > 2, is no longer an isolated
hyperbola. Rather, it corresponds to the surface bounded by the hyperbola passing
through (0,2nm). To see this it is sufficient to consider the case of the two-particle
state. Let P = P; + P4 be the total three-momentum. Since the total energy is

E? = (By + o) = 2m* + P+ P42/ (m2 + P)(m? + P3) |

it follows that, unlike in the case of one-particle state, the value of total energy when
P? = 0 may now be greater than 2m, that is

2-particle state: F(0) > 2m .

Let us now consider the vacuum expectation value of ¢(z). We have (0|¢(z)|0) =
(0eP=4(0)e~"P*|0) = (0]4(0)]0). On the other hand, we want that a!(£o0) creates a
one-particle state, whereas (0[¢(0)[0) # 0 would imply that a! |0) contains |0). For this

for any test function f(z).
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reason we do the shift

¢(z) = ¢(z) —v ,
v = (0[¢(0)[0).

Let us investigate the case of a one-particle state. Let p be its four-momentum and
consider

(plo(@)]0) = (ple ™" $(0)e™"]0) = €™ (p|¢(0)]0) .

Note that by Lorentz invariance, (p|¢(0)|0) depends on p only through p? = m?. In
the limit of asymptotic times, the creation/annihilation operators should behave as free
operators, so that we should have (p|¢(0)|0) = 1. This can be obtained by a finite
rescaling of ¢.

Finally, we consider the case of multi-particle states. Let P be the total four-momentum

and denote by n all the other quantum numbers. We have

(p,nlo(2)|0) = (p,n|e"*H(0)e™*|0) = e (p, n|¢(0)]0) .

Again, since we want that the only effect of af(d00) is the creation of a one-particle
state, the matrix element (p,n|al(400)|0) should vanish, that maybe the case even
if (p,n|#(0)|0) # 0. However, this is a subtle point, and rather than evaluating
(p,n|al (£00)|0), we should consider (]! (£00)|0), where |¢) is a normalisable state

) =3 [ Epnllon)
with 1, (p) some wave packets. We have
Wi =3 [ @ie) [ @509 [ ate(ebhe) dn)
-¥ [#viw) [ @100 [ o+ 00D am) . 52

where

An(p) = (p,n[0(0)[0) ,

and p° = /p2+ M2 Kk = /p?2+m? and M? = p?. Finally, using the integral
representation of §*) (k — p), we get

(lal(®)]0) = / d*p(2m)* (0 + K)oy (p) fi(p)e' ™ ) A (p) |
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Now note that by M > 2m > m it follows that
p’ >k,

so that, for asymptotic times, the term e’ =Kt ogcillates very rapidly. In particular,
by the Riemann-Lebesgue Lemma,'? it follows that

(]af(£00)[0) =0 .

With all these conditions we made legitimate all the steps that brought us to (5.22).
We can say that from the LSZ reduction formula we found out that the Green functions
are the building blocks of the scattering amplitudes, so our effort in trying to find out
the Green functions of a certain process that will be done in next sections is completely
justified.

13 The key point in the proof of such a Lemma is to note that if f € C* vanishes at +oo, then,
integrating by parts, we get

/Rdwf(w)e_i“t = (_ E)N/Rdwd];jjng) et

for any positive integer N. This means that for ¢ — +oo the integral [, dw f(w)e
than any positive power of 1/t.

—wt vanishes faster



Chapter 6

Path Integral Formulation of
Quantum Mechanics

6.1 Hamilton-Jacobi Theory!

As we will see, the path integral formulation of quantum mechanics has been introduced
by Dirac who investigated the quantum analogue of the canonical transformations.
Here we shortly review the main topics concerning canonical transformations and the
Hamilton-Jacobi theory.

In classical Physics a dynamical system of n particles can be described in the Lagrange
formalism by a function L = L(q,q,t), where q = (q1,-..,q,) are the spatial coordi-
nates, ¢ = (0q1/0t, ..., 0q,/0t) are the generalised velocities and ¢ denotes time. The
equations of motion are derived by applying the minimal action principle, which states
that if the configurations at time ¢t = ¢; and ¢ = ¢y are fixed at the points q(¢;) and
q(t2), the trajectories followed by the system connecting these two points are the ones

that minimise the action

5= /tQ dtL(q.q.1) . (6.1)

t1
The Euler-Lagrange equations are derived after a few calculations, yielding the well-

known result

4oL oL
dtdg;  Og;

(6.2)

It is also possible to describe the system in terms of the coordinates q and the generalised
momenta p = 0L(q,q,t)/0q in place of the velocities, shifting from the Lagrange
point of view to the Hamilton formalism. As it is often done in Thermodynamics,
one performs a Legendre transformation to shift from a function depending on a set of

L Federico De Bettin

93
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independent variables, in this case L(q,q,t), to one that depends on a different one,
H(qg,p,t). The new function is the Hamilton function

H(q,p,t) sz(_h : (6.3)

One may immediately realise that the independent variables of such function are indeed

q and p by calculating its total differential

. oL
dH = Z (qz‘dpi - 04, > .

i

From such expression, the Hamilton equations, which are the equations of motion, are
readily derived by keeping in mind the Euler-Lagrange equations (6.2)

0H oOH

), = — ) 4

i =

By defining the Poisson brackets

{,-} : function x function — function

of 89  Of dg (65)
U =3 (e~ owom)
one may write the Hamilton equations as
¢ =1{1H,q} , pi=1{H,pi} . (6.6)

Actually, the total derivative with respect to time of any function f = f(q,p,t) can be

written as

a9
at

by taking into account the Hamilton equations (6.4). It follows that a constant of

Wy

motion, also known as first integral, I, must be such that

dl 8[

=g P =0,

so that if it does not depend explicitly on ¢ it must satisfy

(H,I}=0.

It is important to notice that the Poisson brackets satisfy the relations required by the
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Lie brackets, i.e. for any function of q,p,t and a,b,c € C

{f,.fr=0 antisymmetric

{afi +bf2, cg} = (ac){f1, 9} + (bc){f2, g} bilinear
{fi{g,p}} +{g,{n. f}} +{h{f,9}} =0 Jacobi —identity ,

meaning that the conjugate variables g and p form a Lie algebra. In particular, the
Poisson brackets of g and p yield

{¢i,¢;} =0, {pi,p;} =0, {Gi; i} = 045 - (6.7)

6.1.1 The Action as a Function of Coordinates

One may write the action S in terms of the Hamilton function through the explication

of L in (6.3) as
S = /t 2 (Zpidqi — H(q,p)dt) : (6.8)

The equations of motion can be derived again by applying the principle of least action.
The difference with respect to the Lagrange formalism is that to get to the Hamilton
equations, one must vary independently both the coordinates and the momenta. In the
Lagrange case, instead, one had to vary only the coordinates, and the generalised veloc-
ities would vary accordingly. The q and p must actually be considered as independent

variables, then.

To show this, we take the variation of the action, keeping the integration extreme t;
and ty and the initial and final points of the trajectories g(¢;) and q(t) fixed

2 OH OH
o /tl ;(p 4+ pidod a%q apz‘p >

After integrating by parts the second term in the integral, one gets

t2 H to to H
4S = Z {/ Opi (in - gp'dt) + pidg; —/ dq; (dpi + g—th)] : (6.9)
) 1 g t1 t1 )

which is null only if the Hamilton equations (6.4) are satisfied, since g = 0 at the

extreme of integration by hypothesis.

The action is a function of the trajectories of a system described by a Lagrange or
Hamilton function. It is possible, then, to work on shell and see its behaviour when
varying from a physical trajectory to another. To do this, we fix the initial point in
space and time of a trajectory, so that the variation dq(t;) = 0; we fix the time of



96 CHAPTER 6

arrival to, but not the final configuration, so that dg(t2) = 0g # 0. By looking at (6.9)
and recalling that we are working on shell, so that the Hamilton equations are indeed

05 = pidg; .

This means that, on shell, S can be considered as a function of the coordinates at the

satisfied, one finds

time at the upper extremum of integration, since such equation implies that

oS B
0g; B

Di - (6.10)

If the final time ¢ is also considered as variable, we know by (6.1) that

s

E - L(q(t)>(1(t)vt) :

In the meantime, though, if one works on shell as before,

s _ 05 N~ 05
dt ot =g

By confronting these two equations and using (6.10) one can make sense of the partial
derivative of the action with respect to time, as

08 .
ot :L—Zi:pi(]i :

It is then a remarkable result that, by using (6.3), one can write

oS
—=-H 6.11
at Y ( )
from which the Hamilton-Jacobi equation will be derived.

Equations (6.10) and (6.11) can be used to write the total differential of the action as
a function of coordinates and time in the upper extremum of the integral (6.8):

dS = pidg; — Hdt . (6.12)

The function S = S(q,t) with such differential is called Hamilton principal function
and, as deducible from how it has been constructed, it differs from the action S by a

constant coming from the lower extremum of the integral.

Now, if the initial points in space and time are also considered to be variables, the total
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differential of S will have the form

dS =Y "pPdg? — HOat® =" pPdglV + HOar" (6.13)

which is the subtraction of (6.12) calculated in the upper and lower integration extreme
of the action. Only the orbits for which (6.13) is an exact differential can be physical.

6.1.2 Canonical Transformations

The n coordinates g can be mapped to another n new coordinates Q by a possibly time

dependent diffeomorphism

Qi = Qilq,t) .
Such transformation, in the Lagrange formalism, induces a transformation of the gen-
eralised velocities
0, = 0Q; . n 0Q);
FT L9 o

Such transformations, the only possible ones in the Lagrange formalism, are called
punctual transformations; they leave both the Euler-Lagrange and the Hamilton equa-
tions invariant and are performed on shell. As we discussed in the previous section,
though, in the Hamilton case q and p are independent variables. Thanks to this fact,
changes of variables can be made also off shell, provided they leave the Hamilton equa-
tions invariant. Such transformations are called canonical, and they have many more

possibilities than punctual transformations, since they are of the form

Qi = Qi(q,p,t) , P; = Pi(q,p,1) . (6.14)

The physical meaning of coordinates and momenta may be lost after a canonical trans-
formation, since the two can be mixed to create an entirely new variable. Momenta may
no longer be the usual mechanical momenta and one may actually transform coordinates

into momenta and viceversa.

For a transformation to be canonical, the condition is that for any hamiltonian H,

Lo, o

). )2
Q’L aPL7 3 8Q27

where H will be a new Hamilton function related to the original H and the particular
transformation used. Its explicit expression will be found later.

Since the Hamilton equations can be derived using the principle of least action, as we
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found in (6.9), we want that both

55:5/ (Zpidqi—Hdt> :5/ <ZPiin—ﬁdt> =0,

yielding equivalent equations of motion, i.e. equations that can be mapped to each other
using (6.14) or its inverse. But this requirement is satisfied only if the two expressions
in the integral differ by an exact differential dF', that is

> pidg — Hdt =) PdQ; — Hdt + dF

where, then,

dF =" pidg; — > PdQ; — (H — H)dt . (6.15)
It is clear that in this form F' = F(q, Q,t), and that it defines a canonical transforma-
tion, as
oF oF - OF
dq; b 0Q; ot (6.16)

Here, g and Q are taken as independent variables, while the momenta p and P are
defined through F, as well as the new Hamilton function H. If F does not depend
explicitly on time, H(Q, P) = H(q(Q, P,t),p(Q, P,1)).

By exploiting Legendre transformations, one may express, for example, F' = F(q, P,t)
just by taking F' — F' + ) . P,Q; in (6.15). This way

~  OF
= Qi , H:E-i-H. (6.17)

OF OF
= 9P

The function F', in both cases, is known as the generating function of the transformation.

Now one may take into consideration the exact differential of the action found in (6.13)

with fixed initial and final times: ¢ and ¢+ 7 respectively. The expression then becomes
ds = Zpi,t+qui,t+T - sz‘,td%,t :

Such is to be compared to (6.15) to realise that S is actually the generator of a canonical
transformation. The flux of the Hamilton equations is indeed a diffeomorphism for any
fixed t. The opposite of the action, —95, is then the generator of such change of variables,
which is a canonical transformation. This fact is crucial in Dirac’s article introducing

the path integration formalism in quantum mechanics [2].

Canonical transformations preserve the Poisson brackets. In particular it can be checked
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that

and that for any two functions f(q,p,t) and g(q, p,t)

{1/(Q,P,t),9(Q P, 1)} = {f,9}(Q, P,1) , (6.19)

where the left-hand side is derived with respect to @ and P, while the right-hand one
with respect to g and p. Equation (6.18) can be proved via direct computation, while
(6.19) follows by applying the chain rule to the left-hand side of the equation and then
using (6.18).

Simply thanks to this consideration, one may realise that the shift from first quantisa-
tion in configuration space to second quantisation in Fock space is simply a canonical
transformation of variables. The Poisson brackets are indeed invariant under such

transformation.

6.1.3 The Hamilton-Jacobi Equation

By taking equation (6.11) and writing all the momenta in terms of equation (6.10) one

finds the Hamilton Jacobi equation

08 05
E+H(q,%7t) =0. (6.20)

Such is a first order partial differential equation for S(q,t). We are interested in finding
the general solution of the equation, that must depend on the initial conditions of the
system, that will be denoted as a = (s, ..., ay), so that

S=S(tqga)+A,

where all the a; and A are arbitrary constants. One can use S(t,q;a) = S(t,q, o) as
the generator of a canonical transformation by considering o as the new momenta of
the system. In this way one can use the equations (6.17) to get

oS

B, ﬁzath. (6.21)

28 as
aqz —pl ) (9041» -

But since the Hamilton-Jacobi equation (6.20) is satisfied by S, we have H = 0. The

new Hamilton equations, then, are

dizoa 57,:()7
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meaning that all & and 3 are constants of motion, which is coherent with the fact that

«a are arbitrary constants.

On the other hand, the second equation in (6.21) can be inverted in such a way to
express the coordinates g in terms of a, 8 and t. The expressions for the momenta can
then be found by computing p; = 95/0q;. This procedure is always applicable provided
that one can actually solve equation (6.20).

In the case in which the Hamilton function does not depend on time explicitly, { H, H} =
0, meaning that it is a constant of motion. Along a given trajectory, then, one may
write H(q(t),p(t)) = E, so that the action becomes

to

By plugging this expression in (6.20), the Hamilton-Jacobi equation is calculated along
a trajectory of energy E and becomes

S0\

Sp is the Hamulton’s characteristic function.

In the case in which a pair of conjugate variables, say ¢; and g—i, enter in the expression
of the Hamilton-Jacobi equation only through a term (ql, g—;), so that H becomes

oS oS oS
H=H I seeeoliny vy Ty )
<¢ (Ch 8611) B By, 3%)

S is a sum of a term depending on ¢; and g—fl and a term depending on the other
variables
S = Sl(ql) —l—S/(qQ,...,qn,t) . (624)

By plugging this expression in (6.20) one finds

0S5’ 051 o5’ 05’
H — .. — ., — | =
8t + (1/} ((117 6(]1) » 42, » qns 8(]2, ) aqn) 0 ’

which must be an identity for any value of ¢;. Such condition is verified if ¥ (ql, g—gll) is

a constant of motion. Equation (6.24), then, can be partitioned in two equations, one
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of which is an ordinary differential equation that, in principle, can be easily solved:

05,
(0 (Qh 8—%) =0,

05’ 05’
H ey, =, — | =0,
+ (Oéh 42, ,» q aq2 0qn>

05’
ot

where oy is an arbitrary constant. In the ideal case, through a good choice of coor-
dinates, one would want all the variables to separate in order to transform the initial
equation (6.20) into n ordinary differential equations. At that point, the action could
be expressed as

S:ZSi(ql;Oél,...,Oén)—E(Oél,...,Oén>t s (625)

where the energy in terms of the arbitrary constants can be found using (6.23), by
substituting the Hamilton’s characteristic function Sy — > . S;.

6.2 On Dirac’s article where the path integral is

formulated for the first time

In the following we introduce the path integral formulation. Such a formulation has
been introduced by Dirac in [2]. As we will see, all the main points of the path integral
formulation of quantum mechanics were explicitly stated. It also includes a section on
the “Applications to Field Dynamics”. Dirac’s reasoning takes off from the observation
that the canonical transformations (¢q,p) — (@, P) generated by Hamilton’s principal
function S(q, @Q,t) treats ¢ and @ as independent variables. Dirac’s idea is to introduce
a quantum mechanical analogue of canonical transformations and identify a quantum

version of the Hamilton-Jacobi relations

oS oS

== p=-==

In other words, Dirac’s idea was to find the operator version of such relations, that is

— —

D=5 Pz—%. (6.26)

To this aim, he introduced a coordinate representation |()) “independent” of |g). This
raises naturally the problem of determining the “mixed” matrix elements (q|Q).

However, in Ramond textbook there are some inaccuracies on this matter. In equation
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(2.1.36), Ramond uses the identification

. L0
ple) = _ma_q lq) - (6.27)

It is important to pay attention to the action of a given operator on “bras” and “kets”.
The determination of such an action is immediate when the state is described corre-
sponds to a physical observable represented by a self-adjoint operator, e.g. p|p’) = p'|p)
and q|¢') = ¢'|¢). On the other hand the relation

(g, t) = qw(q, t),

does not imply (6.27). We take the opportunity to show that the correct version of
(6.27) has the opposite sign to make some observations on related topics, such as on

the bra and ket representation of states.

Let us first note that since in quantum mechanics the time ¢ is not an observable,?
follows that, in any representation, the Schrodinger equation has the same form.? So,

for example,

H(p, ¢, t)[(t) = Zﬁ—|¢( ) - (6.28)

In virtue of the definition of the coordinate representation based on the identity

Vs(q) = (qls) ,
we have 9
{qlp = —Zha—q<Q| , (d'lg=4d{| .

In particular, being (q|v(t)) = %(q,t), the usual representation of the Schrodinger

differential equation
0

Zhaw( ) H(—ihamq’t)ﬁ’(q’t) )

is directly recovered from (6.28)

{alH (D, ¢, O)[¢(t)) = H(=ihdy, q,1){ql¢ (1)) = m S{alv(t)) -

The fact that the relation (6.27) does not indeed have the right sign, follows immediately

2 Recall that in quantum field theory both time and spatial coordinates are parameters.

3 For related issues see section 1.4.5 of Kleinert’s book [17]. The field theory textbooks by Kleinert
are very useful references. For example, sections 7.17 and 7.18, concern a well written and detailed
analysis of Wick’s theorem. Another useful book by Kleinert is [18].
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by observing that (p|q) = $,(q) = e~ #7/1/2x, so that, by

o, . lg+a)—lqg)
%m—g%——;——,
e b 9 wla+a)— (lg) _ @
plg +a) — (plg - i —
(pl 5 la) = lim = 5@ = —pptnla)
Therefore,
0
/| A — / h_ — / /
('|pla) @u@m P (Pq)
that is?

(W'lpla) = @'Ip'lay = p'(V'la)

to be compared with (6.27) that would imply
W)ihlg) = =o' (pla) -
dq

We then have

(lflQ) = —z‘ha% Q) .
R 19)
@H@=+m&fW%-

The steps outlined above show the discrepancy between the signs of (2.1.37) and (2.1.38)
in the Ramond text and equations (3) and (5) in the original Dirac paper (whose reading
is strongly recommended).

In the following, we will show the method adapted by Dirac to derive (3) and (5). We
consider

<q/’O|Q/> _ /dq// <q/,0|q//><q//|@/> _ /dQH <q/|Q”><QH|OA’QI> ) (629)
Observe that projecting both sides of
Ols) =),

on the {|¢)} basis one gets

/ dq (alOlg)d'ls) = (als'} |

4 Good references concerning the bra-ket formalism are [19] and its references 3, 4, 5, 26. Another
useful reference is [20]. Finally the discussion at [this] Stack Exchange post may be useful.


http://math.stackexchange.com/questions/366795/derivative-of-a-bra
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which is equivalent to

/dq’ (|0l 0s(d) = ¥u(q) -

Comparing this expression with the one defining the action of the operator Oq, that is
the operator representing the observable O in configuration space

OAq'lvbs(Q) = ws’(Q) )
one finds
(q|0lq") = Oyd(a—¢) , (6.30)

where O;,é (q — ¢') is the distribution defined in a way that, for every test function f in
the Schwartz space S(R)

/ dq 0,5(q — )f(d) = / dq' 5(q — ¢)0g £(d) -
Now, keeping in mind that
/ dq' A6(q — ) (¢') = (~1)"0f(q)

it follows that if

Oy = fulg)ok .

then

O; = Z(—l)kfk(Q)af .

k>0

In particular, if we take the operator O; as the momentum operator, we get

N
<QIPIQ>—2haq,5(q q) - (6.31)

Summarising, by
(alp = —ihdy(al . Dlg') = ihdy|q')
one gets

(qlpld’) = —ihd,0(q — ') = ihdyd(q — ¢') ,

or, equivalently,

/dq (alpld’) f(q) = ihdy f(d) | /de' (alpla’) f(q") = —ihde f(q) -
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Consider now the action of an operator on a “bra”

Proceeding as before, projecting onto the configuration space basis, one gets

/ aq' (s1¢')(¢101g) = ('|g) .

that is
/ aq' Du(q)(d101g) = D (q) |

that, compared with

O40s(a) = Do) |
yields .,
(d0lg) = Oy8(q—q') , (6.32)

—-=/
where, again, O,d(q — ¢') is the distribution such that for every f € S(R)

~

/ dq’ 5;/501 - q)f(d) = / dq'6(¢ — 4Oy f(q') -

Thus, if
Ol] = ka<q>a(l; ’

k>0
then

0, = > (=1 Ful0)d} .

k>0

=/
Notice that this result is trivial and could be obtained simply observing that O, is the
complex conjugate of O;,.

In some circumstances it is important to remember that Dirac’s delta is a distribution.
An example is given by the fact that it is important to specify if the derivative of the
delta is taken with respect to the “integration variable” or to the point in which it is

centered. Indeed,
d~ i d~ . dF
[ )8 =) = (1" [ dybte — ) ) = (CDF )
k k k
/dyf(y)%ﬂx —y) = %/dw(aﬁ —y)f(y) = % (x) -

To make the distinction between integration variable, say x, and the point in which is
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centered, it would be better to use the notation

0o ()

(5$07 u) = U(I()) s

Vu € S(R), with S(R) the Schwartz space®. Analogously, the determination of the sign
a==xlin
0;0(x —y) = ad(x —y)d; . Iyd(xr —y) = ad(z —y)d; .

)

depends on the context. From the relations (13.3) and (6.31) it follows that
/A !/ " Al 1/ / . a / !/
(d'pQ') = /dq (qIpla") e = —ihg 5 d1Q') - (6.33)
The computation of (¢/|P|Q’) is similar. By (6.32) we have

(6.34)

9y (6.35)

Ble]

The wrong signs of equations (2.1.37) and (2.1.38) in Ramond textbook are balanced

(|1P|Q) = / 1Q1QNQ"PIQ)) = ih

by the minus sign in the mixed matrix element considered by Ramond, that is (¢|Q) =
e~/"G(@@)  On the other hand, while handling the “correspondence” between (q|Q) and
ei/h fiﬁd“, the wrong signs by Ramond are put in evidence by the fact that the quantum

® Recall that S(R™) is the space of complex functions u € C°>(R"™) such that

|ulla,p sup [z*DPu(z)| <oo,  Va,f€N",
xeR™

where « is the multi-index « := {a1,...,a,}, ar € N, and
n n
Ok
o, oL Qg
k=1 "k k=1

In other words, such functions correspond to the u(zy,...,z,) in C>°(R™) going to 0 at +oo faster
than the inverse of any polynomial in (z1,...,2,). The § distribution belongs to the space of
tempered distributions S’'(R), the dual space of S(R). It does not belong to the subspace of S’'(R)
of regular tempered distributions Fy, which are the ones represented by a function, that is Fi(u) :=
(fiu) = [pdz f(z)u(z), Vu € S(R). The standard notation [, dzd(x — zo)u(z) = u(xo) should be
interpreted as a symbolic notation for

(5z07u) == lim dx fu(x - xO)u(x) = U(.’ﬂo) )

with {f,} a suitable sequence of piecewise continuous functions on R. For an introduction to
distributions see, e.g., [12].
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analogue of the relations

oS 0S

:a_qa P_ %7

should have the opposite sign too, contrary to what Dirac obtained.

p

Dirac justifies the “correspondence”
(alQ) ~ /Mt

by the following reasoning

“The equations of motion of the classical theory cause the dynamical variables to vary
in such a way that their values ¢;, p; at any time ¢ are connected with their values qr, pr
at any other time 7' by a contact transformation, which may be put into the form (1)
with ¢, p = @, pi; @Q, P = qr, pr and S equal to the time integral of the Lagrangian
over the range T' to t. In the quantum theory the ¢, p; will still be connected with the
qr, pr by a contact transformation and there will be a transformation function (q;|qr)
connecting the two representations in which the ¢; and the ¢y are diagonal respectively.”

In the following we will show that Dirac’s argument is related to the Heisenberg rep-
resentation of operators. Let O be an observable and O the associated operator. A
diagonal representation of O is the one referred to a basis {|o)} such that any of its
elements satisfies

0o’y = o]0’} .
Consider again, with a slight change in notation, the probability amplitude of finding a
particle at time ¢” in a point ¢” knowing that its position is ¢’ at time ¢'. Denote by Q

the position operator. Both the initial and the final states are eigenstates of Q, that is
QY =dld),  Qld")=4d"ld") . (6.36)
Remember that the time evolution of a state is given by
(") =UE", 1))

where
t//

dtH(t)) ,

and T stands for time ordering. If H does not depend explicitly on time, the previous

U(t//,t/) g TeXp ( — ;—:L/

tl

is equivalent to
U(t”,t/) — e—%H(t//_t,) ‘
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We want to consider the amplitude

" —%H(t”—t’) /
(q"le q') -

In what follows the notation
lo,t) , (6.37)

is used to describe a particle that at time ¢ occupies a state in which the observable O
assumes the value o. Be aware that |o,t) is not the time evolved “ket” of |0). In other
words, even though

(1)) = e AT ap(tg))

it is clear that

l0,t) # e~ 7o) . (6.38)

Indeed, the state described by e’%Ht\o) is given by the time evolution of a state that
at time ¢t = 0 is an eigenstate of the operator O with eigenvalue o. This is in general
completely different from (6.37).

In the following we assume that (0”,¢"|0’,#') is the probability amplitude (o”[(¢")) of
having the state [¢)(t')) that evolves at time t” in |0”). This is not obvious a priori.
Indeed, (0”,t"|0’, ') represents a scalar product. Thus, one could in principle consider
also

(o "]/ 1) = / dq (", #']g)glo, ') = / Ao (@)bwp () . (6.39)

The focus is to understand what v,:(q) = (¢lo,t) corresponds to. The given interpre-
tation of (0”,t"|0’,t') implies that this relation can be recast in the form

/ dq B (@)eHHE D (q) | (6.40)

where ¥, (q) (¥o(q)) is the eigenfunction, in coordinate representation, of O with eigen-
value o' (0”). Observe that (6.39) has a symmetric interpretation of the two states |0, ')
and [0”,t") in (0", t"|0',t'), whereas in (6.40) the state 1), (q) is the one effectively treated
as the initial state and time evolved via the operator exp[—+H (t" —t')]. To keep the
interpretation symmetric it is necessary to assume the existence of an element common
to the two states. This is also suggested by the fact that the amplitude we want to
extract is just the complex conjugate of the probability amplitude of having a state |o”)
at time ¢” evolving in |0’) at time ¢, an aspect related to time reversal. We will see that
(6.40) implies the use of the Heisenberg representation, which is defined in relation to
a time reference.

Using Schrodinger representation, the statement that at time ¢’ the state is [o') can be
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written as (")) = |0’). Then, the time evolution reads
(")) = e # T y(t!)) = e FHE= oy |
and this leads to
(o 4]0, £) = (0" [b(t")) = (o"|e” HIW o)

which, in turn, implies ‘
|0, 1) = enflt=t)|p) | (6.41)

where t( is arbitrary. Now, note that a state in the Heisenberg representation and the

one in the Schrodinger representation are related, at every ¢, by the relation

Wn) = et T |y(t)) . (6.42)

The Heisenberg state is a “ket” not evolving in time. Moreover, the operators in the
Heisenberg and Schrodinger representations are related by

~ ~

Og(t) = et Qe Ht

The above implies that if O[o) = olo), then Oy (t)|o,t) = olo,t). The preceding dis-
cussion makes it possible to identify at every ¢, the “ket” |o,t) with [¢)(t)). In this
way |o,t) is the “ket” in the Heisenberg representation [¢y) and corresponds to the
instantaneous eigenstate of OH(t) of eigenvalue 0. In the Schrodinger representation
the corresponding state is [¢)(t)) = |o) while the corresponding operator is O, thus
Oly(t)) = ol(t)). This observation stresses the obvious fact that |¢05) depends on
the time reference chosen. For example, (6.42) identifies |¢y) with |1(0)). In this re-
gard, instead of time independence of the states in the Heisenberg picture, it would be
more appropriate to talk about their invariance under time evolution. A more accurate

notation is _
[Wn(to)) = en" 0|y (t)) = [v(to))

which has the virtue of emphasising that the relation between Heisenberg states, re-
ferring to different choices of reference time, is the same relating Schrodinger states at
different times, i.e.

Wn(t)) = i 1O~ |y (t)) . |Y(ts)) = eFTEODy(t)) .

The amplitude (0”,t"|0',t') can be expressed in the Heisenberg picture with an arbi-
trary choice of reference time. That is, if [0}, (¢;)) and |[¢,(t;)) are the Heisenberg states

associated to [¢/(t;)) and [¢"(£;)), then (Y (t2)[¢5(t2)) = (W (t) [V (t1)).
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Define

|Ol, t/) _ e%H(t’—t0)|0/> ’ |O”, t”> _ e%H(t”—tO)|O//> '

The preceding analysis has shown that the probability amplitude of an eigenstate at
time ¢’ of O of eigenvalue o evolving at time ¢’ in an eigenstate of eigenvalue o,
coincides with the scalar product between Heisenberg representation states, that is

<0//|6—%H(t”—t’)|0/> _ <0//’ t//|017 t/> .

Also, the correct version of (6.39) is nothing but

(o )0, 1) = / dq (0", 1"|) (alo', ') = / G Dot — to: Y or g (' —torq)  (6.43)

where _ _
Uio(t — to;q) = (qlen™ 0 |o) = en™ 1) (glo) |

is the state in Heisenberg representation, with time reference ¢ — ty. This shows the
elegance of the Heisenberg picture. Notice that the interpretation of the state |o’,t') as
a state explicitly realised at time ¢’, used in the first description of (0", t"|0’,t'), is no
longer implied once this is considered as scalar product between the eigenstates of the
operators Oy (') and Oy (t").

The previous observations allow to complete Dirac’s observation

“...transformation function (¢|gr) connecting the two representations in which the ¢;

and the qr are diagonal respectively”

pointing out that g (gr) is the basis in which Qg () (Qu(T)) is diagonal. In Dirac and
Ramond’s notation, where |¢;) := |¢,t) and |qr) := |Q,T), this statement means

Qu(t)la) = qla;) and Qu(T)lar) = Qlar) .

Another observation is concerned with the “well-ordered” prescription mentioned by

Ramond. In the second edition Ramond added the comment

“Well-ordered means that they are separable as a function of ¢ times a function of Q.

~

Actually the concept can be made more general. Indeed, Dirac states that F(q, Q) is

well-ordered if it is a sum of products of functions of ¢ and functions of Q, ie.

F(3,Q) = feld)g(Q) .
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As a result, using (gl £(d) = (gl f(q) and g(Q)|Q) = 9(Q)|Q), one gets

(alF(4.Q)IQ) = Flg.Q){alQ) -

Now note that setting
(q|Q) = erG(a.Q) :
we have

0 oG
(qlp|@) = —iha—q@\@ = 8_q<Q|Q> :

and

. 0 oG
P = yh—— = —— .
{qlP|Q) ZhaQ (ql@) 24 (4lQ)
It follows that if 0G/dq and 0G/0Q) were well ordered, then we would have
oG . 0G
D — —— P = ——
p aq Y aQ Y

that is, according to (6.26), G would be the quantum analogue of the Hamilton principal
function.

6.2.1 Path integral formulation

In the article by Dirac all the steps necessary to define the path integral formalism
are described far more than the ones for which Ramond textbook gives credit. After
equation (2.2.1) of Ramond’s book

(gilar) ~ eF frdtt (6.44)

the author writes

“Let me emphasize that the ~ sign means just a loose connection, because to arrive at
(2.1.44) Dirac had to make all kinds of assumptions with no way to justify them. In
fact, we can see that an equality sign would not be correct for (2.2.1) as long as the
time interval T'—1 is finite: split up 7'—t into N infinitesimal time intervals t, = t + ae;

Ne =T —1t. Let g, = q;, and use the completeness relation (2.1.33) for each t, to write

(dllar) = / dqy ds ... dan— (@ )ar )@ las) - - (aw—slar) - (6.45)

This is an exact quantum mechanical formula.”

As a matter of fact, those observations are reported in Dirac’s original article. This
includes the last relation which corresponds to equation (2.2.2) of Ramond and equation

(11) in Dirac’s work. With regard to these annotations see pages 68-69 of Dirac’s article
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[2]. Similarly, Ramond erroneously attributes to Feynman the fundamental relation
(2.2.4)

i
(Gilacssr) = Aexp (= T0tLglqrrn)) - (6.46)
Indeed, after stating this relation, Ramond goes on commenting

“where L (in the spirit of the Hamilton-Jacobi theory) is taken to be a function of ¢
and q;y¢, we run into no conflict with the quantum mechanical formula (2.2.2). This
is exactly what Feynman did! [Rev. Mod. Phys. 20, 267 (1948).] This leads to the
Feynman Path Integral for the transition amplitude, using (2.2.4) and (2.2.2):

N-1 :
o) — Tim AN Y exp (2
(gilar) = lim A /(quz>exp(h/ at L(g,4)) /quxp ST () .
Ne fixed =1
(6.47)
where the second expression is just a fancy way of hiding our lack of knowledge about

the measure; the square brackets indicate the functional relationship between S and ¢.”

Anyhow (6.46), corresponding to Ramond’s (2.2.4), was also present in Dirac’s paper.
It is equation (9) of his paper, that is

(Qi+dt|q:) corresponds to expliLdt/h)| . (6.48)

As a matter of fact, Dirac in his paper provided the fundamental bases of the path inte-
gral, including the classical correspondence. This is even more evident by the following

description in Dirac’s paper

“The right-hand side is then a function, not only of ¢gr and ¢;, but also of q1, o, ..., ¢n,
and in order to get from it a function of ¢r and ¢ only, which we can equate to the
left-hand side, we must substitute for ¢, qq, ..., ¢, their values given by the action
principle. This process of substitution for the intermediate ¢’s then corresponds to the

process of integration over all values of these ¢’s in (11).

Equation (11) contains the quantum analogue of the action principle, as may be seen
more explicitly from the following argument. From equation (11) we can extract the
statement (a rather trivial one) that, if we take specified values for gr and ¢, then the
importance of our considering any set of values for the intermediate ¢’s is determined by
the importance of this set of values in the integration on the right-hand side of (11). If
we now make h tend to zero, this statement goes over into the classical statement that,
if we take specified values for ¢ and ¢, then the importance of our considering any set
of values for the intermediate ¢’s is zero unless these values make the action function

stationary. This statement is one way of formulating the classical action principle.”

As seen, the same text by Ramond shows what is otherwise evident, namely that (2.2.4)
and (2.2.2) imply the path integral. The point is that these two relations are not only
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reported in Dirac’s paper, but Dirac already connected them describing the integration
over the paths. Moreover, the level of depth of thought reached by Dirac is also further
strengthened by another fundamental aspect of his work: having realised the relevance
and the role of classic trajectories. In particular, it affects the commentary in which
the principle of classical action can, or even it must be seen as the limit of the quantum
formulation. In addition to this Dirac dedicates the final section of the work to the
quantum field theory extension of the path integral, describing its salient features. In
this part there is also a mention to a space-time slicing that recalls the one considered
later in the ADM formulation of General Relativity.

It is therefore clear that while Feynman goes the great merit of having thoroughly
developed the path integral and having introduced the diagrammatic calculation, it is
also undoubted that the idea and the formulation of the foundations of the path integral
are due to Dirac. For completeness it should be mentioned that probably in turn Dirac
was influenced to some degree by the following two works by Jordan

P. Jordan, “Uber kanonische Transformationen in der Quantenmechanik”, Zeitschrift
fiir Physik A Hadrons and Nuclei, Volume: 37 Issue: 4-5, (1926) 383-386,

and, quoted by Dirac,

P. Jordan, “Uber kanonische Transformationen in der Quantenmechanik”, Zeitschrift
fiir Physik A Hadrons and Nuclei, Volume: 38, Issue: 6-7, (1926) 513-517.

6.2.2 Check of the path integral formula

Before checking the path integral representation of the transition amplitude we sum-
marise the main points concerning the Heisenberg and Schrodinger representations dis-
cussed above. We saw that ¢g |q,t) = q|q,t). In particular, |g,t) is not the state |q)
time-evoluted by U(t,ty). In the following we will assume that H is time independent
(otherwise the time ordering operation is needed), and hence we can write the operator

U, the states in the Heisenberg and Schrodinger representation respectively as

Ul(t, to) = e wH-to)
[Yu(to)) = U (t, o) [0(1))
[ws) (t) = Ult, to) [¥s(to)) -

In the Heisenberg representation we have Ay = en(t=10) Ae=#H(t=t0) that requires the
choice of a time reference t,. Now, instead of considering ¢y, we work with two different
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reference times, t; and o,

(W (t2)) = et [y (1)) (6.49)
[Ps(ta)) = eRf =8 yg(t))) . (6.50)

The fact that at the time ¢’ the state in the Schrédinger representation is |1 (t')) = |¢),
implies

(t") = e H1C O (e)) = e I )

Now we consider a state |g,t) which is an eigenstate of the operator ¢ at time ¢ with
eigenvalue, i.e. ¢ = |q,t) = q|q,t), then (¢",t"|¢’,t') in the transition amplitude that
bears the notion of the particle evolution at time ¢’ and coordinate ¢’ to ¢” at t”. On
the other hand, we know that

(" ") = (g"[(t")) = (¢"|le” #TEDq) |

and therefore
g, t) = eTaf=to) gy

with tq arbitrary, which has the opposite sing as the one in the Schrédinger represen-
tation and showing that |g,¢) is not the time evolution of the state |¢). In particular,

when we let an operator in the Heisenberg picture act on this state

Gu(t) |g,t) = et Gem it |g 4y = eiH(E-t0)g|g) = gerfE10) ) = g g, 1)

we can conclude that |q, t) is the eigenstate of ¢y with eigenvalue g.

The propagator (¢, t'|q,t) admits various representations. For example,

(¢, g t) = (q| e 77 |g) (6.51)
=" (¢'In) (nl e #1ED m) (m]q) (6.52)
= e DG () nla) (6.53)

where H, = E,¥,.

6 Here the summation over the Hamiltonian eigenstates should be intended in the generalised sense,
that is including the case of continuum spectrum, so that X, includes the integration. In this respect,
note that constancy of the Wronskian of two linearly independent solutions of the eigenvalue equation
H1tp = Ev), and the fact that the discrete spectrum corresponds to 1, € L?(R), implies, in one spatial
dimension, that 1, must be proportional to a real function. Actually, the reality of the equation
H1 = Ev implies that, besides 1,,, even 1), is a solution. On the other hand, if 1, is a solution
of Hy = E1), then, considering the Wronskian at spatial infinity, one sees that a solution, linearly
independent of 1),,, cannot be in L?(R), whereas v,, € L?(R) implies ¢,, € L?(R).



PATH INTEGRAL FORMULATION OF QUANTUM MECHANICS 115

An expression in terms of operator eigenfunctions can be also derived for Green func-
tions. Given a linear differential operator L,, the Green function is an arbitrary solution

of the equation
LG(q' q) =0(q' —q) -

The arbitrariness in the definition of G(¢/, q) is given by the fact that if”

Lydo(q) =

then G(¢', q) and G(¢, q) + ¢o(q) satisfy the same equation. If the coefficients of L, are
independent of ¢, then one can choose a G(¢, ¢) which is invariant under translations

Gl +a,q+a)=G(d,q) .
In this case it is customary to set G(¢'—q) := G(¢/, q). Consider the eigenvalue equation

qun(Q) = Anwn@) )

then, using the representation (6.54) of the ¢ distribution, we have

G(q —q) ZA% Unlq) -

In the context of the axiomatic approach, a Green function is often called covariance.

In this regard, see the paper [21]. For further information look at the excellent and
advanced book [22].®

Note that
q - q Z wn wn 9 (654)

7 Obviously, the number of linearly independent solutions Lqpo = 0 is equal to the order of the

differential operator L,.

8 This book contains an interesting analysis of the Wick rotation. As an example in the following it

is reproduced a passage from page 363, related to dimensional regularisation

“When only the Gaussian contribution to the functional integral is kept, the contour C is that
appropriate to the Feynman propagator (see e.g. [3]) and runs from —oo to 0 below the negative
real axis (in the complex k%~ plane) and from 0 to oo above the positive real axis. If the integral
(18.24) were convergent, the contour could be rotated so that it would run along the imaginary axis.
One would set k° = ik", and (18.24) would become an integral over Euclidean momentum-n-space.
Generically, however, this rotation, which is known as Wick rotation, is not legitimate. Contributions
from arcs at infinity, which themselves diverge or are non-vanishing, have to be included. These
contributions cannot be handled by dimensional regularisation.”
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implies that the propagator can be expressed in the following form?

(. t)g,t) = e FHC=05(g — q) = e~ #HE=D / ;i_Pegpw—q) '
T

This is also implied by the following observation. The distribution §(¢’ — ¢) is the
probability amplitude of finding a particle with position ¢, in the point ¢’. Knowing
that a time t the particle was in ¢, means that

$y(Q,1) = 0(Q —q) ,

which satisfies
qu(Qa t) = qwq(Qat> N
At time t' the wave function is

B(Q, 1) = e HHE Dy (Q,1) = e #HED5(Q — g .

This is the probability amplitude of finding a particle in ) at time ', knowing that at
time ¢ it was in ¢. Then, by (¢, t|q,t) = e 77~ (¢|¢), it is obvious that

<q/,t/’q,t> _ w(q/’tl) _ eféH(tfft)é*(ql . q) )

Let us compute (¢, t'|q,t). By

g, 68) = F1%)q,2) = |q,1) + —6tHq, 1) + O((61)?)

it follows that

!

(¢, 1| Hlg, 1)ot + O((5¢)°) -

(¢',t+dtlg. t) = (¢, tlg, t)

9 By (6.53) and (6.54) one may explicitly check that (¢’,t'|q,t) solves the Schrodinger equation with
respect to ¢/, t’, and its complex conjugate with respect to g, t, with the initial condition

lim <q/7t/|Qat> = 5((], - q) .
t'—t

The same check can be done by applying the Schrodinger operators

., 0 , 0
Zﬁ@—H(q), —zﬁa—H(q%

to <q/| e—%H(t’—t) ‘q>
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Consider the Hamiltonian for a particle of mass 1, that is H = %2 + V(gq). We have

h? 0?

Wttt = (-5 5 v<q>) (- tla.)
6(q'—q)
— ;l_ < q)) eikla=d) (6.55)

implying that

/ _ [ kg (11 2
(¢t dtlast) = [ SEeM0) (1= LotH(k.q) + O((507))

where F2p2
H(k,q) = —~+V(a) .
Setting
dg
qd —q= Edt = ot ,
leads to
, [ dk 10t o1 5 9
(q',t+ dtlg, t) = %exp [7 (hkq 571 k V(q))] + O((0t)) .

One can notice that integrating over k£ seems problematic because the integrand is
oscillating.!® We can proceed by two alternatives corresponding to the following formal

manipulations
(i) insert e=** and at the end of the computations take the limit e — 0,
(ii) consider idt to take real values, i.e. t — it.
We choose the second option by considering 70t a real quantity and consider the change
of variables

k%k’z(%) (hk — §) .

We then get

1 25t 1 dk/ 1.2
L4 Stlg,t) = — —(=¢* -V —ak
(¢',t + dt|q,t) QWeXp[h (261 (Q)>] €

1 10t 1
= mexp [ 7 (2(1 —V(Q))] )

10 As we will see in deriving the Feynman-Kac formula, this problem is easily solved.
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so that, for a finite time interval, we have

qu Z tl/
"o t/ = hm / ( ) exp | = / Ldt) .
(" |q H V2rioth P <h t )

N5t ﬁxed

6.3 The Feynman-Kac formula

We now provide a more rigorous proof of the previous formula. The idea is to use the
Trotter product formula, related to the Baker-Campbell-Hausdorff formula on which
there has been a recent progress [23, 24, 25, 26, 27]. Let us first enunciate the Lie’s
theorem. Given two matrices A and B,

The Trotter formula is a generalisation of Lie’s theorem to the case of self-adjoint

operators. More precisely

If A and B are self-adjoint operators and A + B is essentially self-adjoint on the inter-
section of their domains, then!!

c—iA+B) — ¢ _ {im <efitA/n67itB/n>n

n—oo

Furthermore, if A and B are bounded from below, then

6—T(A+B) =s— lim (6—TA/n€—TB/n>
n—o00

Therefore, since Hy and V' are self-adjoint, we have

i(Ho+V)t iHot Vi/n\"
6_2( otV)t _ lim (e—l 0 /ne—z /n)
n—oo

LLTf the operator sequence {4, },en and A have a common domain D, then the strong limit of 4, is
A if and only if
[|Apty — AWl = 0, VipeD .
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We then have

(¢ tlg.0) = {g'le™""|q) = lim (¢ <6‘”{°t/ eV ") )

_ 71 1 ,—iHot/n —iVt/n 7, —iHot/n —iVt/n —iHot/n —iVt/n
T}Lrilo(q|e e Ie e e e lg)
n—1
= lim [ dq...dg, H<Qj+1|€_ZHOt/n€_ZVt/n|Qj> ; (6.56)
=0

where, in the third equality, we replaced the n — 1 identities I by [ dg;lg;){g;|, 7 =

1,...,n—1and
'

9o =4 an =49 .

Since the multiplication operator V' (q) is diagonal in position space, that is

V(@) = V(q0)|q) ,

we have
(gjr|e”Hot/me=iVEin gy = / dq{gj+1]e """ g) (qle= " q;)

= / dg{gjsale” " q)eV W 5(q — g5)
_ <qj+1|e—iHot/n|qj>€—iV(qj)t/n ) (657)

—iHot/n

There are various way to compute (gj+1le |g;). For example, by solving the

Schrodinger equation

. a ! /
Zha(g ,t|q,0> = H(Q 7t|q7 0> ’

with the initial condition
. / . I
lim(q’, ?|¢,0) = d(¢" = q) -

One may check that in the free case

—i m 1/2 (e —
(¢, tlg,0) = (d'le Hot/h’q> = <2m’ht) i@ —a)*/(2ht)

Collecting the above results, we get

—_

. n/2 it ~—
Ne—tHE/B 0\ — ; ( nm > /d 4 {_
(d'e lq) Jim (5 ¢ Gn-1€XP )

() v}

<
I
o

which is the Feynman-Kac formula.
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6.4 Path integral over coordinates and momentum

The above investigations concern the case in which the Hamiltonian corresponds to the
Laplacian in addition to a potential depending on the coordinates only. To show this
we consider the Hamiltonian H
LN
H==—v(q) .
5 v(d)
Note that v(q) is some function of ¢ and that p and ¢ do not commute, and therefore

an ordering prescription is required'? and we define a symmetric ordering!® as

n2 2 /
- . dlh®, (g+q o —
/ t/ « ” t l il(q'—q) .

With this definition of ordering one can easily show that!?

(q",t"|d,t") = /Dque;% 1 aelp gt~ H (o) :

with (g) the average of ¢ in a given time interval. The general rule is to consider Dgq
and Dp as independent variables like in the canonical transformation and write down
the Legendre transform of H

L=pq— H .

This way, the Dp integration is trivial and hence one obtains the standard expression

/quxp (% /t/tﬂ dt L) .

12 This implies that for a classical model, whose Hamiltonian contains terms such as p™gq", there are
several quantum models that differ by the ordering prescription. Note that the condition that the
corresponding operator be self-adjoint imposes some constraints. The simplest example is ¢?p?. A
way to construct a self-adjoint operator, is to take the self-adjoint part of ¢2p?, that is

¢’p — -5l

A possible alternative is

¢*p® — @p%4 = §*p* + alp°, 4] = ¢*p° — 2iqp -

The two prescriptions differ by a c-number. Higher powers lead to differences that depend on ¢ and

Pp.
13 This prescription is also called Weyl quantisation.

141t should be stressed that whereas the range of integration for the path is constrained by the initial
conditions ¢(t") = ¢”, q(t') = ¢/, there are no constraint for the range of p.
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6.5 Forced harmonic oscillator

An interesting application of the path integral formalism treated above is the compu-
tation done on the forced harmonic oscillator system. Therefore, the main goal of this

section is to compute

2

@101 = [Prow i [t [5 - L@ -0+ FOuw)]} . 659

with F(t') a driving force and ie, € > 0, a damping term that will assure the conver-
gence of the oscillating integrand. The implicit boundary condition is that the system
has configuration @) at time 7" and )" at t. Now suppose that we want to find the
transition amplitude of the system starting at time 7" = —oo till ¢ = 400. Some useful

mathematical tools are needed and therefore we introduce the Fourier transformations

dE

G(t) = s P G(E)
~ dt o iEt
G(E) = s G(t) -

Expressing ¢(t) and F(t) in terms of §(E) and F(E), we have

1y 9 1 dE dE'
— ¢ — (W —1
R =y | e v

F(t)q(t) = 1 j%j%

! FHEY BB — w? +i€)(E)g(E") |

¢ EHENG(B)F(B') + §(E")F(E)) .

Integrating over ¢ and using 0(x — 2’) = gl iz==") and then integrating over E', one
obtains for the exponent in (6.58)
1 SN~ o - ~ - ~
3 / dE [(E® — w® +i€)G(E)j(—E) + ¢(E)F(—E) + §(—E)F(E)] . (6.59)
R
Consider the new variable
N 3 F(E)
(E) = §(E) + ————
((E)=qE) + w57

and note that in ¢ space this is just a constant shift, so that D¢’ = Dq. In t-space we
have

dE . F(E)
€ .
R\/ZT( EQ_W2+7;€
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The previous analysis implies that, in the limits 7' — —oo and t — 400, (6.58) reads

X /quxp [%/RdEg’(E)(E?—w2+¢e)cj’(—E)} . (6.60)

For F' = 0, the first exponential on the right-hand side is 1, so that

i F(E)F(—E)
<Q/+oo|Q—oo>F = (QL|Q o) p—o XD ( D) /RdE m) : (6.61)
Then note that
F(E)F<_E) / / /
dE ——F———= = [ dtdt' F(t)D(t —t')F(t 6.62
| ap ot = [ Fope - )R (6.62)
where ()E
dE e~
Dt—t)=| ————. 6.63
( ) /R 2m B2 — w? + ie (6.63)
To compute D(t) we consider the contour integral around the poles as in the second
graph
ImFE ImFE
—w +1€x

Y
|
&

Y

Y

?

Re E \ S O ReE

XW — 1€

Figure 6.1

In the case t' = 0, we have

> if t > 0, then, by Jordan’s lemma, one closes the integration contour by an half-
circle in Im E' < 0, so that

2mi  (E —w)e F 1 it
D) = TooET o), oW

w
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> If £ > 0, then one closes the integration contour by an half-circle in Im E > 0,

getting
2771 E —itE 1 )
D(t) — ﬂ ( —|—w)e = ( t)ezwt
2r (B —w)(E4+w)|p., 2iw
Summarising, we have
_ 1 —iwt . iwt
D(t) = TR (O(t)e +O(—t)e™") . (6.64)

Note that D(t — t') is a Green function, that is, it satisfies the equation

(35 ++) D) = =300 (6.65)

Note that the ie prescription is due to the requirement of the existence of the path
integral, and consequently fixes the boundary conditions. From the physical point of
view, D(t) describes a signal coming from two sources, namely, as signal of positive

energy (particle) states moving forward in time (e~**) and another one of negative

energy (antiparticle) moving backward in time (e™?).

In the case F'(+00) = 0 the vacuum states are F-independent. Denoting by |Q24+,) such
states'® we have

(el ) = / 10 AQ (Ul @) (@l @onc)y (@ ln) . (6.66)

(@) e 2707
where we used (6.61) and defined
(FDF) = /R dtdt' F(H)D(t — ) F(t') .
Now note that (6.66) implies
(Q400lQe) = (o] Q) g e 5FPF) (6.67)

If we are in the vacuum state at ¢ = —oo and in the absence of the driving force F' = 0,
i.e. there is no driving force, and we will be in the vacuum as well even at ¢t = 4o0.

Therefore, if the vacuum is normalisable, then

<Q+OO‘Q*OO>F:0 =1,

15 Recall that, as explained above, the bras and kets in the expression for the transition amplitudes,
correspond to states in the Heisenberg picture. In particular, as we said, we have Oy (t)]o, t) = o|o, ).
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and, by (6.67), |
<Q+oo|Q—oo>F - 6_%<FDF> :

Hence, the term

—i(FDF
ezl >’

can be interpreted as the transition amplitude of the system from initial past- to final
in the future ground state in the presence of an external driving force F'. To proceed
with the analysis, define

Z[F] = eZW[F] = 67%<F1D12F2>12 ,

with Z[0] = 1, and where (), denotes integration over the variables in subscript. Note
that

82 Z|F)
Dty —t) =1 ———— .
(= t2) SF (t1)0F (2) | p_g
Let us now consider the probability amplitude
(@ t71Q, 1) s = / Dget il ME@d+IWao) (6.68)

where J(t) is an external source acting only in the time interval [t,, t,] with
ti<ta<tb<tf.

Since the external source vanishes outside [t,,t;], we have

<Q/7tf|Qati>J = /dqdq/<Q/7tflqlatb><q/7tb|Q7ta>J<Qata|Q7ti> .

|Q7 t7,> - ethi

Q)

we get

(0:1alQ 1) = D (0, tal Ba) (Ba|Q)e™" = ) (g, 1| En) 7, (Q)e™"

n n

and, similarly,

(@ teld 1) =3 bl @)e B (Bld' 1)

Therefore,

Q' t71Q, ;) = Z/dqdq’ei(E"“‘Emtf)cbm(Q’)<Em|q’,tb><q’,tblq,ta>J<q,ta|En>¢Z(Q) :
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On the other hand,

/dqdq'(Em!q',thq’,tb!q, ta)7{(q, tal En) = (Em|En) s

so that
(@ t71Q,t:) s =D Gh(Q)dm(Q)e'Frt= Pt (B, |E,)

Let us consider the case in which ¢; — ¢oo and t; — —i00, so that

iEnt;

e e—oo~En ’ e—zEmtf e—oo-Em ]

In this case the least damped term is the one with lowest energy, that is Ey. If there
is no degeneracy, then can identify the corresponding state with the vacuum state |Q).

Then, we have

lim (@', t/1Q, ti)s = ¢5(Q)do(Q)e U =1(QQ) 5

t; —100

tf—>—ioo
The key point of such a construction is that by (6.68) we have been able to find the
relation between the path integral and the vacuum to vacuum amplitude in the presence

of an external source, that is

Jim [ Dgel b MO0 g 0)g (@) B (0]0) s (6.69)
tf——1i00

Taking the functional derivative with respect to J we can get the n-point Green func-
tions. In this respect, it is worth mentioning that the J dependence arises only in the

vacuum-to-vacuum amplitude, and the factor ¢%(Q)¢o(Q")e *Fo(ts=t) can be absorbed

by a normalisation, which is the path integral itself with J = 0. In particular, we have

n_ 0(QIY),
S S SRR AIN

l7=0 = (QTq(t1) . .. q(tn)|€2)

_ (=i az)d] |
Z[0] 6J(t1)...0J(t,)""=""

(6.70)

where

t; —100
tf%fioo

Z17] = lim / Dyt el dHLadr+ia)
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6.6 A formal anticipation of perturbation theory

A general lesson of the above analysis is the following formal structure that, as we will

see, extends to quantum field theory. We consider the path integral in Euclidean space

/DX exp(—(XOX — XY)) ~ exp(—(YO7'Y) /2) /DX exp(—(XOX)), (6.71)

where O is a second order operator. We will see that the path integral of Gaussian
integrals, as the one in the right-hand side of (6.71), is a constant proportional to
(det O)~1/2. Therefore,

/DXexp( (XOX — XY)) ~ (det O)?exp(— (YO'Y) /2) .

The extension to the case with a potential density V(X) can be treated by using the
Schwinger trick

/DX exp(— (XOX + V(X) — XY)) = exp (V(3/5Y)) /DX exp(— (XOX — XY)).
Therefore,
/DX exp(— (XOX +V(X) — XY))
~ (det O) 2 exp (V(6/8Y)) exp(— (YOTY) /2) . (6.72)
One then can consider the perturbation theory by expanding exp (V(5/8Y)), that is
/DX exp(— (XOX + V(X) — XY))

(det O)~ ikl V(6/6Y))  exp(—(YO'Y) /2) . (6.73)

6.7 Path integral for quadratic Lagrangians

Another commonly used notation for the transition amplitude is

x(tz):xg

K (s, tolar, 1) = (0, bol21, 1) :/ Dlix(t)] exp (% /tz At Lz, 2,1)) . (6.74)

;B(t1):1‘1 t1
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Note that in the classical approximation

i [t dz.
K(xg,ta|xq,t1) ~ exp (7—1 /tl dtL(xCl,d—tl,t)> )

In the following We will consider the path integral in the case of the quadratic La-
grangian
L(x,2,t) = a(t)x® + b(t)2* + c(t)xd + d(t)z + e(t)d + f(1) .

Explicit calculations of the transition amplitude, for models with such a Lagrangian,
are possible only in the case the coefficients in L are constants. We will see that in this
case

i [ _
K (3, o)1, 1) = A(ta, 1) exp <ﬁ/ dtL(xd,xd,t)> , (6.75)

t1

where A(ty,t1) = A(ta — t1). Consider an arbitrary path

z(t) =za(t) +yt),  yt) =ylt2) =0,

insert this in the integrand of (6.74) and perform a Taylor expansion

to
/ dt L(xcl + Y, :tcl + ya t) -

t1

—/t2dt L4 Ok, Ok (L(PL s G OL L TL e
~ 0zY " 927 T2\ 0a2? T “0z0a? T 9:2Y

($cl7-7':clvt)

Notice the zero term in the expansion due to the fact that L is quadratic and therefore
“Taylor exact”. Note that

/t20hf oL . OL. _/bdt oL doL\ _ .
L S \ae? T erY) T ), T \or T a@er )Y T
which is a consequence of the fact that this equation is just the Euler-Lagrange equations

evaluated at z.(t). Therefore, we are left with an expression where the path integral
depends on t; and t, but not on x; and w9

y(t2)=0

Dyyexp 5 [ dt(alt)y? +50)3° + ety

K<$2,t2|x17t1) = egs[ﬂccl(t)]/
h Jy,

y(t1)=0

(6.76)

Therefore,

i [t )
K (o, |21, t1) = A(ta, t1) exp <%/ At Lo, 2.1)) |
t1
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As we said, if a(t), b(t) and ¢(t) are time independent, then
Alta, t1) = A(0,t2 — 1) .

To show this, one first expresses

/ St (ay®(t) + by (t) + cy(D)y(t)) ,

t1

as an integral on the interval [t; + At,ty + At] with the arguments of x, &, y and y
shifted by —At. Then, defining y/'(t) = y(t — At), one gets

Yy (t2+At)=0 i [t )
Attt = [ Dy (tyexp 5 [ dt (a0 + 53/ + e (05 )
¥ (t1+At)=0 t
= A(ta + At,ty + At) . (6.77)
Let us keep x7 and t; fixed and consider

K(m,h)(m’t) = K(ZE,t|ZE1,t1) )

as a wave function. Actually, this is the probability amplitude of finding the particle at x
at time ¢, knowing that it was at x; at time ;. Therefore, K (g, to|z1, 1) (21, t1) is the
probability amplitude of finding the particle at ¢5 knowing that it had the probability
amplitude 1 (zq,t1) of staying at x; at ¢t = t; and hence

P2, t2) = / day K (9, bal1, 41) (a1, 1)

This also implies the result already derived above, that is K(,, 4,)(z,t) = 6(x—x1). Since
K(xq,ts|x1,t1) is a wave function, we have that it must satisfy the group property

K (s, to|71, 11) = / duy K (x5, ts]2, t2) K (29, ta|1, £1) .

This is sufficient to find the propagator in the case of the free particle L(z, 1) = %9’:2

i [m im (ry — x1)?
K(ZEQ,tQ‘JIl,tl) :A(tQ _tl) exp (ﬁ i EIZ dt) :A(tg —tl)exp (ﬁ?%) .

and one may check that the group property yields

[ m
Alt) = 4/ ——
(*) omiht '
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so that
2

m 1Mz
(w,t) = K (2,10,0) = [ —— exp (557) _

6.8 Bohm-Aharonov effect!¢

Consider a non-relativistic particle of charge ¢, propagating from (xi,t1) to (X2, ts),
in the presence of a fixed magnetic field background B = V X A, where A is the
vector potential. Such a system is described by adding the term ¢x - A/c to the free
Lagrangian L

Lo — Lo+ %x A

Correspondingly, the action gets the additional term

to
g/ X-Adt:g/A-dx.
C t C r

Each path T between the two extrema (dI'/dt =: v) contributes to the transition
amplitude with a factor

. to 1 .
@r(21) = exp 5 (/ §m||v||2dt+%/FA-dx) — 0(2[1) BI(2|1) |
t1

where ®(2|1) is the phase factor relative to the path T' contributing to the free propa-
gator.

Let us now isolate two paths and study their quantum interference in the free case. In

order to do this, a double slit experiment can be prepared.

source %

A
A\ 4

L

The dominant contribution to the transition amplitude from the source to a generic
point x on the screen, comes from the two classical paths I'4 and I'p, corresponding
to the particle propagating along straight segments and passing through one of the
two slits. Before considering the case with the magnetic field, it is instructive to make

16 Marco Rigobello
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a qualitative analysis of the phases associated to such paths by considering the wave

function of a free particle with momentum p
1) = "B

where E = p*/(2m). The associated de Broglie wavelength A and frequency v are

In the limit of distant screen, L > d, the phase difference between these contributions

A=6,— 65,
can be computed simply as
Al dx
A= "2~ 2or.
PV

Since the paths I'4 and I'g are the classical ones, these provide the dominant contribu-
tions to the probability amplitude. In other words, in good approximation A® will be
the phase of the transition amplitude for a free particle to travel from the source to the

point x of the screen.

Let us denote by ¢, and 6 the phases associated to ®p. (2[1) ®P (2[1) respectively.
If a very localised magnetic field B, like the one shown in picture, is introduced as
a small perturbation by means of a narrow solenoid, the dominant paths can still be
approximated by I'y and I'g. The phases corresponding to such paths are now shifted.

7, —>0A+hi A-dx

CFA

0, — 03+hi A-dx

¢ Jry
so that the phase of the transition amplitude relative to such a dominant contribution

to the transition amplitude will be shifted by

AV SERS

due to the additional term in the action. Defining I' = I'g —I'4 and X as a surface such
that 0¥ = I', the phase shift is seen to be proportional to the magnetic flux through X

j{A-dx://EB-dE.

This flux is clearly non-vanishing even in our case, in which the magnetic field is confined
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to a region not penetrated by the considered paths. It follows that turning on the
magnetic field, it will produce a new interference on the screen, due to such a phase
difference. This is the Bohm-Aharonov effect which has been tested with experiments.
It is then a manifestation of the fact that at the quantum level the electromagnetic
potential has a direct physical significance, indeed the particle travelling along its path
feels the effect of the vector potential A which is present everywhere. Thanks to Stokes
theorem, this effect can be alternatively interpreted as a non-local action of the magnetic

field B on particles moving along the classical path.
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Chapter 7

Path Integral Formulation of
Quantum Field Theory

Before we start handling the formalism of path integral in quantum field theory, it is
necessary to recall some mathematical tools, needed in order to make the manipulations
in this chapter accessible and clear.

7.1 Functional derivative

Consider the formal expansion of a functional G[f] as

where Gy is a constant and G, (x1,...,x,) are symmetric functions. The analogue of

the difference quotient limit defining the derivative is

oG] _ . 1
57(r) — i Z(GUFO) + el — o)) = GLFC)D) (7.2)
where “” in f(-) and §(- — z) stands for the argument of a given f which is integrated

out after computing the functional G. With such definition one can make explicit

calculations, e.g.

)
57(2) /d:cl dzo Go(z1, 22) f(21) f(22)
=tim * [ iy das G, 22) (1) + €0 — ) (F(2) + s — ) — F () f(22)]

e—0 €

_9 / dzy Go(1, ) f(21)

133
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that can be obtained immediately by observing that (7.2) implies

of(y)
6f(x)

There is a subtle point concerning such a relation that provides a key difference with

=0(y—ux). (7.3)

respect to the standard derivative. Namely, we have

6f(y)

= 0,;), is dimensionless , — 272 = §(y — x) has dimension L.

6f(x)

Therefore, a characteristic property of the functional derivative is the following dimen-

9z
8Ik

sional discrepancy

(2500 [92]

Such an observation is related to the §(”)(0) divergences in quantum field theory. Notic-
ing that in momentum space

one treats such a sigularity! by setting

5)(0) =

with V(RP) the space-time volume, treated as finite, and removed at the end of the

calculations.

Using (7.3) one may easily check

"G/ f] |
Sf(x1).. . 0f(xn)'=0

Thus, (7.1) is identified as the natural functional generalisation of Taylor expansion. It

Gn(fﬂl, R ,Z’n) =

should be noted that for our purposes it is not necessary that the expansion (7.1) of
G|f] is convergent. This is thought of simply as a formal expansion. An useful property
of the functional derivative is

1 90 .
Z_ T oI — i{J¢)
2'5J(x)€ dz)e '

For further details on the functional derivative a suggested source is [28, Appendix A].

1 As we will see, 6(P)(0) singularities in quantum field theory appear in the functional determinants
and in gluing legs of the same vertex in a Feynman diagram, which is a singularity removable by
normal ordering.
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7.2 Identification of N-point functions in the path

integral formalism?

In the previous section it was shown that the amplitude (g, T'|q,,0) can be expressed
in terms of the path integral. Let us move on to the general case of a quantum system
described by a set of coordinates ¢ = {¢*} and conjugated momenta p = {p¥}. Denote
by ¢, = {q*} the set of initial values of the coordinates and by ¢, = {gF} the final one.
Then

(@, T'|¢a, 0) = (H/DQ(t)Dp(t)> exp [z /OT dt (Zp’“qk - H(q,p))} - (14)

Notice that the coordinates trajectories ¢(t) have fixed values at the extremes, ¢(0) =
¢o € ¢(T) = q», whereas the p(t) do not have any constraint. The measure in (7.4)
corresponds at any time instant to

dq*dp*
I1 / 7D (7.5)
2mh
k
To take into account that such a measure is the one at every time, we can also re-write

dq* (t)dp*(t
H}l;[/—q (2)?7]; ®) (7.6)

t€[0,T

it in the form

The coordinates ¢* can be interpreted as a scalar field ¢(x). The change ¢ — ¢ takes
place by replacing the discrete index k with the continuous 3-dimensional “index” x,
that is

kel — xeR?, ¢ — o(x),

with I some index set. We then have
¢"(t) — o(x) .

The corresponding Hamiltonian is then
3 [1 o 1 2
H= [ &z [éw + 5(V¢>) +Vi(p)| . (7.7)

Before considering the path integral formulation of quantum field theory, it is worth
recalling some aspects of its operator formulation. First, one considers the Lagrange

function

L(t) = / PeL(6,06)

2 Umberto Natale
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and define the conjugate momentum?

SL(t)  oc
5(60¢(tax)) a 6(80¢<t7x)) '

One then imposes the equal time canonical commutation relations

7(t,x) =

[6(t, %), 7(t,y)] = i6® (x —y) . (7.8)
Note that all the others equal time commutation relations vanish
[¢(t7 X)? ¢(t7 Y)] =0 ) [ﬂ-(t7 X)u ﬂ-(ta Y)] =0.

The vanishing of the last two commutation relations is not a property that extends to
different times, that is we have

[9(x), 9(y)] # 0, [7(z),7(y)] #0 .

For example, in the case of the free theory, we have

[0(x), o)) = / (3354%5(1@2 — m2)B(K0) [ e~ik—y) _ gika—y)

d4k —ik(x—
:/<27T)3(5(k2—m2)e(k0)e ka=y)

which is an odd, Lorentz invariant solution of the Klein-Gordon equation. Furthermore,
since the above commutator vanishes for 2° = 3°, we see that, by Lorentz invariance,
it also vanish outside the light-cone, that is for (z — y)? < 0. Also note that, by (7.8),

Dlé(2), ()] Jao=yo = 0P (x —y) .

To derive the path integral formulation of quantum field theory, recall that, in the case of
quantum mechanics, we inserted in (¢, t|g, 0) infinitely many copies of the completeness

/ dalg)(a =1 .

Then, we should find the quantum field analogue, |¢) of |¢). The latter is the eigenket

relation

3 Following the standard notation, by

we mean

with y = dp¢(t, x).
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of Q, that is
Qlg) = qlq) ,

so that
A(x)|pa) = da(X)|a) -

In some text-books the path integral is formulated considering the eigenkets of the
annihilation part ng)_ of ngS = gg_ + q3+, that is

O—(X)|¢a) = Pa(x)|Pa)

where |¢,) is the quantum field theory analogue of the coherent states for a single
harmonic oscillator, that is

02) = exp ([ 6. (x90,(x))0)
In the case of the momentum, we have
F(3) ) = ma()lma)
and the analogue of (p|x) = exp(—ip - x) reads
(7l6) = e (=i [ Pam(x)o(x)

Now, note that the analog of the transition amplitude (7.4) is

@l 16, = [Poprowi [ ate (vd - o - 3902 - v9))]

where the path integral is constrained by ¢(0,x) = ¢.(x) and ¢(T,x) = ¢p(x). Since
the Hamiltonian (7.7) is quadratic in 7, one has

@l i) = [Poesn (i [ o). 79

where

£ =0,60"6/2 ~ V(9) .

Similarly to the path integral expression of the amplitude (¢, t'|g, t), also in this case it
is possible to extract the time evolution operator from the bracket

(dsle ™ [da) = e (Bp|a) = €T S( — )

with d(¢p — ¢,) the functional § distribution whose argument is the difference between
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two fields. d(¢p — @) can be thought of as an infinite product

6(¢b - ¢a) = H 6(¢b(x) - Qba(X)) )

x€R3

whose integral representation is

5(6r = 00) = [Drixesp [i [ @ nlx) (6 - 0a)]

Note that, the above analysis implies

(ol ba) = / D () (o]} )

/DW X) exp /d?’x 7(x)(p(x) — ¢a(x))]
=0(¢p — ¢a) -

Excluding the temporal dependence of the integration interval and on the boundary
conditions, (7.9) is manifestly Lorentz invariant. However, the N-point function will
correspond to the time integration interval [—7", 7] in the limit 7" — oo(1 — d€). That
is, we will see that in the path integral formalism the time ordered vacuum expecta-
tion values of N quantum fields, also called N-point functions or Green’s functions,

correspond to

_ JDoo() - dlaw)exp (i [T, dl L)
(QTd(x1) ... o(xN)|Q2) = lim —
T—o0(1—1€) fD¢ exp <Z f—T d4r £>

(7.10)

Here the measure is the product of Lebesgue measures at each space-time point?

Do = [] do(x)

zeR4

which is the field analogue of (7.5) in the case the momentum integration has been

carried out.

4 As discussed in the case of the Wightman’s axioms, quantum fields are distributions. On the other
hand, even classical fields are distributions, that is the Dirac § also appears in the Poisson brackets.
As such, even the fields in the path integral should be treated as distributions. In particular, the
space of ¢’s, on which one integrate in the path integral, is the space of tempered distributions
S’(R*). In this respect, the external source J should belong to the Schwarz space of test functions
S(R*). The standard reference for such issues is the book by Glimm and Jaffe [4].
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Consider the expression

T
/ D (x)d(1)b(22) exp (@ / d4x£> , (7.11)
T
with 29,29 € [-T,T]. Contrary to (7.9) a symmetric time interval around ¢ = 0 has
been chosen, thus now ¢(—T,x) = ¢,(x) and ¢(T,x) = ¢p(X).

Let us investigate the relation between (7.11) and (Q|T¢(z1)¢p(x2)[€2). To this end
observe that

o) = [Doix) [Doutx) [ Do),

where the constraint [V] in the last integral is given by the usual ¢(—7',x) = ¢,(x) and
o(T,x) = ¢p(x), but also by

¢(x(l)7x) = ¢1(X) ) ¢(xgvx> = ¢2(X) . (7'12)

The equality holds because the constraints in (7.12) are neutralised by the two suc-
cessive (leftmost) integrations. The utility of such a decomposition is that, now by
construction, the subset of functions over which the third (innermost) integral is com-
puted is populated only by functions that at the times z{ and z9 coincide with ¢;(x)
and ¢9(x). As a consequence, applying this decomposition to (7.11), ¢(x1) and ¢(z2)
can be substituted by ¢;(x;) and ¢9(x2), respectively, and brought outside the integral.

Assuming z{ < x9, (7.11) is equivalent to

JPoi6) [Dosxintxiinta) [ Dottt

[
= /D¢1(X) /D¢2(X)¢1(X1)¢2(X2)<¢baT|¢2a$g><¢271’3|¢1713(1)><¢17$(1)|¢m—T> , (7.13)

where two relations have been used. The first one is
0
: 1 i [“2diaL i [T die
De(x)et 4"t — Do(z)e! L [ De(a)e Jag Do(x)e Lgdat
V) (V] [V2) (V4]

with integration bounds

Vil © ¢(-T.x) = ¢u(x) and ¢(x7,x) = d1(x) ,
V2] © 6(af,x) = 61(x) and  ¢(x3,x) = da(x) ,
[VS] . ¢(x87 X) = ¢2 (X) and (b(T’ X) = ¢b(x)
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The second one is (7.9), which we rewrite in the form

.t
(63l dmt) = [ Dola)et e,
This is consistent since |, t) refers to the Heisenberg picture, thus

|6,1) = e"™]9) |

where |¢) is the state in the Schrodinger picture.

For the sake of clarity, in the rest of this section the operators in the Schrodinger and
Heisenberg pictures will be denoted by adding to the fields the subscript S and H
respectively. As we saw, by definition ¢5(x;) and ¢g(xs) satisfy

¢S(Xl)‘¢1> = ¢1(X1)|¢1> ) ¢S(X2)|¢2> = ¢2(X2)’¢2> .

It is thus possible to transform ¢;(x;) and ¢2(x2) in (7.13), in operators acting on |¢;)
and |¢9) respectively. With this substitution (7.13) becomes

/ Do / Do (dple T g (x9) |ha) (hale =D g (x1)| 1) (1] e~ HEHD) | o, )
= <¢b|€_iHT¢H(I2)¢H($1)€_iHT|¢a> ,

where the completeness relation [Dg¢|¢)(¢| = I has been used, together with the cor-
respondence between the operators in the Heisenberg and Schrodinger pictures

OH(t) _ ethOse—th ]

The case 29 > 29 is described by an analogous expression with ¢; and ¢, exchanged.
Therefore, Eq.(7.11) is equivalent to

(dple T (g (o) pr(z1))e T | dg)

Inserting a complete set of eigenstates of the Hamiltonian, this expression becomes

S e B BT Gy | B W T (611 (22) 11 (21)) B (Bl )

m,n

As for relation (4.1), we are interested in evaluating this expression in the limit 7 —
00(1—1ie), so that only the vacuum component |Q2) of the states |¢,) and |¢y) is selected.
This procedure implies the assumption that (¢,|Q) and (¢,|Q2) are non-vanishing. In
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the limit 7" — oo(1 — ie)

e~ ga) = 3 e P TIEN(Enla) ~ (Qlga)e™ 190

the awkward factors cancel out if one divides (7.11) by [D¢exp(i [ TT d*z L) (for further
details see sections 4.2 and 9.2 of Peskin-Schroeder). Specifically

o I D(1)d(ws)et S-rd"eE
(QUT G (w2) P (21)|2) = Tﬁi}fé[ié) [Doe' [hrdiar '

The proof of the general case (7.10) is an obvious extension of the preceding derivation.

7.3 Path integral for scalar fields

At this stage, we want to consider the transition amplitude of a system driven by an
external force (similar to the forced harmonic oscillator) in more general and funda-
mental way. It is then meaningful to require the existence of a vacuum state for the
system and try to compute its corresponding transition amplitude for long enough time
intervals, i.e. t; = —oo and t; = 400, keeping in mind the action of the external force
associated to a local field, which we will denote by J(x). Therefore, we will consider
the simplest case, the one describing a scalar field theory with self-interaction. The

expression for the transition amplitude yields
Q) = Z[J]=N / D¢Dre {T-HHI9) (7.14)

where N is a constant, ¢(7) denotes the product of all d¢y, = d¢ () and 7 the canonical
momentum m(z) = % = 0y = gb Note that the Hamiltonian density is quadratic
in 7 and therefore the integration over it is trivial, and we are left with an integration
over ¢. Therefore, the amplitude we intend to compute is

Q) = Z[J] = N’ / Depei20n00"9=3m*¢*~V(9)+J9) (7.15)

Two possible ways to treat this ill-defined integral are
> add a convergence term such that £ — £ + %6(252, e >0,
> perform a Wick rotation, that is defining it in the Euclidean space.

Let us start by adding the convergence term ie¢?/2 to the Lagrangian density for a
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scalar field
! /1 1 2 . 2
210 = N' [ Do exp (i (50,00 ~ 5(m* i) = V(©) + J6) )

whose expansion reads

ZU) =3 7 (GO N )
N=0"""
1 6 5
M, N=—~—...—Z
GW(L,...,N) N ST 5T [J]J:()

By (7.15) we see that
G™M(xy,...,xn) = (QTo(z1) ... dlxn)|Q) .

For the free theory we have
1 1
— s/ oL 2 - 2
ZolJ] = N /D¢ exp (Z<Qau¢a 6 — 5(m? —ic)g + J¢>) .
As we will see, the generating functional W[.J], defined by

Z[J] = NeWl!

Y

will play a key role since it is the generating functional of connected Green’s functions.
We also set
Zo[J) = Zo[0]e™ol)

In the following we will derive an expression for Z[J] in terms of Zy[J]. The procedure
is similar to the one introduced in the case of the forced harmonic oscillator. Let us
consider the Fourier transform

o - [ ng)zemJ(x),
Ia) = [ Gz i)

4
5(4)(x _ l’/) _ /(;1_?;461'}7@14) '
e

As in the case of the driven harmonic oscillator, we complete the square by considering
the field shift

¢ — & (p) = d(p) + (p* —m* +ie) T (p) .
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Since D¢’ = D¢, we have

d4p e_ip('r_y)
Ap(z —y) = / (2m) p2 — m2 +ie

is the Feynman propagator. We then have

1
WolJ] = =5 {18, ) -

Note that
S = i (s = )I), 2],
and then 5 5
imlog Zo|J) = —mWO[J] = (Ap(z — y)J(y)>y ‘

In particular,
(@ +m*)Ap(x) = —0W(z) ,
implies

@+ m) (575 Weld) = Jta)

that is
_ OWolJ]

= (0[¢"(2)0) ,

(7.16)

satisfies the classical equation of motion of a free scalar field with external current. For

the interacting case, we do the same and define

W]

Pa(r) = i) (Q](x)[$2) 5 -

However, as we will see, this field does not satisfy the classical equation of motion.

The Green functions of the free theory, G((JN), are vanishing for N odd.® Furthermore,

5 The reason is just the functional analogue of the relation [* dwf(z) = [ dxf(—z), which holds

for any integrable function, so that if f is odd, then ffa dxf(z) = 0.
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we have

Gy (w1, 22) = iAp(x —y) |
Gé4)(x1, PN ,I4) = — (AF(Il — [EQ)AF(.T?) — .Z’4) + Ap(xl — JZg)AF(IQ — [E4)
+ AF(.CCl — .T4)AF($2 — .773)) .

The fact that the Green functions depend on the coordinate difference is a consequence
of the translation invariance of the theory. We stress that G(()Q) is the building block
for the higher order Green functions, that is they can always be expressed in terms
of G((]2)<I —y) = iAp(x — y). Furthermore, note that G[()4)(x1,...,x4) is a sum of
disconnected terms, that is each term in the summation is the product of functions. As
we will discuss in considering the Linked Cluster Theorem, the functional W/[.J], defined
by
Z[J] _ eiW[J] 7

generates only the Green’s functions that do not admit such a decomposition. Such
functions have the same symbol of the Green’s functions with the addition of the sub-
script ¢, that is G((;N)(l, ..., N). We have®

W =Y ’FN, (GM(1,... ,N)Jy - dy)

N=1

The 2-point and 4-point functions have a useful Feynman pictorial representation

>
G () 1 ——2 (7.17)
>
1—2 1——3 1—14
G (wy, ... 24) + + (7.18)
3——4 2——4 2—3

The observation made above about the translation invariance and conservation of the
four momentum for the propagating particles, is one of the reasons why it is useful
to work in momentum space. In order to define Green functions in momentum space,
we observe that thanks to translational invariance, G&V) can be viewed as function of
N — 1 variables, indeed G (21, ...,xx5) = GV () — 2, ..., 2y_1 — x,0). We then set

zy = 0 and define

G(N)(pl, Ce 7pN—1) = /d4l'1 N d4CL'N_1 B_izggllpkka(N)(l‘l, ey N1, O) .

6 Note that the summation starts from N = 1, in other words we assume W[0] = 0, corresponding to
the normalisation Z[0] = 1.
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Note that, always thanks to translational invariance, it does not make any difference
which variable of G®) is set equal to 0 before the integration. In the following, some-
times implicitly, we assume that py = —Z,]:;ll pr and will use G'(N)(Ph ...,DN) tO
denote G&) (p1,...,pN—1). By making the change of variables z;, — x} = z; — zn,
k=1,...,N — 1, we get the following relation”

/d4x1...d4:vN e’izgzlp’“ka(N)(xl,...,xN)
:/d4x1...d4xNe_iZkN—1p’“"”’“G(N)(x1,...,xN_l,O)
:/d4{L'N/d4JZ1...d4I'N_1 e_ipNxNe_iZg:_llpk(mk—’—wN)G(N)(ZL‘l,...,JIN_l,O)

= /d4xN e ko1 PN /d4x1 cdrenog e~ 00 PRk GN) (x1,...,2N-1,0)

=

= (2m)*6® ( ZPk)é(N) (1, o)

k=1

which in most textbooks is used as the defining property of G(V) (p1,.-.,pN) - The main
benefit of the former definition is that it is a proper Fourier transform, and therefore

one can use all the well-known properties, whereas in the latter this is not so evident.

Note that G (py, ..., px) is defined only for > wPr = 0. In the case N = 2 we use the
notation éé2) (p) = Gém (p, —p), so that
1

I P
o (P) p? —m? + e

Let us now consider the Euclidean formulation. We first list some formulas relating
Minkowskian and Euclidean variables, denoted by a bar. We have

20 = —iz" .

One also sets % = 7, = ¥ = —x;,, k = 1,2, 3. This means that g 1s replaced by the
Euclidean metric, that is the Kronecker 6, in R*, §,, = §* = 9,” = o*,. Therefore,

and

02 2
7,7, =10 +x-x=-2"+x-x=—-2".

7 Note that we are using the asymmetric normalisation of the Fourier transform, that is J d*z...
instead of [d*z /(27)2....
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Usually, to preserve the structure of the Fourier transform, the relation between the
Minkowskian and Euclidean momenta differs by a minus sign with respect to the one

of the space-time coordinate®
Po = ipo -
Therefore, the Euclidean four-momentum reads
p= "0 0% 0°) = (=i ph )
However, like in the case of spatial coordinates, even for the momentum we have

_ —_02 2
pubu=0""+p-p=-p" +p-Pp=-p".

Also, note that
diz = —id'z , dp=id%p .

Furthermore,

o 0 , P 2 B2 —
or " m "o am T w0

As we said, the above transformation leaves the Fourier transform structure unchanged.
More precisely, we have

3 3
purt = pPa® = phat = "0 =Y Pt £ —puz, (7.20)

8 Note that such a sign difference is also suggested by the fact that, how mentioned in (2.32) and
(2.33), the four-momentum operator reads

pt = io" = (i0°, —iV) . (7.19)
Actually, the Euclidean transformation on p° is obtained by replacing z° by —iz°, so that

0 0
0_ . _29 _ .0
b=y izoy T o — P

An interesting alternative is proposed in the online free version of [17], available at http://
users.physik.fu-berlin.de/~kleinert/kleiner_reb6/psfiles/index.html, where in (14.202)
and (14.203) at p.956 Kleinert sets

PE ‘= (p47p) = (W,p) 5 TE = (_Ta X) )
in this way the Euclidean scalar product is the same as the Minkowskian one
PE T = —WT+P-X.

It is interesting to notice that also in this case one has a sort of time reversal.


http://users.physik.fu-berlin.de/~kleinert/kleiner_reb6/psfiles/index.html
http://users.physik.fu-berlin.de/~kleinert/kleiner_reb6/psfiles/index.html
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Note that such a relation shows that one should be careful in considering the Euclidean
version of scalar products. This must be done by replacing each four-vector component
by the corresponding Euclidean version. For example, as shown by (7.20), the Euclidean

version of p,a* is not —p,7,.

Let us now write down the generating functional in the Euclidean space
1- = 1 5,
Zu[J] = N [ Déexp (- <§au¢au¢ +5mE V() - J¢>> . (7.21)

The argument of the exponential in the integrand is now negative definite for positive
m? and V when J = 0. One may easily check that the Euclidean Green functions
GSEN)(L ..., N) correspond to

1= = 1
G / Doo(1) - o(N) exp (= (58,00,0 + 5mP6* + V(9)))
= (QT¢(1)...6(N)[2) .
(7.22)
To avoid possible sign errors, it is useful to keep in mind the overall + sign of (J¢) in
the exponent of (7.21), so that each functional derivative of Zg[J] with respect to J has

the effect of inserting ¢ to the numerator in the integrand of Zg[.J]. Therefore, since
GWM)(1,...,N) corresponds to the N-point function (QT¢(1)...o(N)|Q), we have

N Nzl
G (L, N) = oy 7g =0
So that we have
Zg[J] = i %(GW( L N)J(1)--- J(N)) . (7.23)

As done in the Minkowski case, we introduce the generating functional for the connected
Euclidean Green functions Wg[J], defined by®

ZplJ]) = e el (7.24)

so that
5NWE[J]

M,...,N)=— _
Geg (1, N) 5J(1)...5J(N)|J_O'

Notice that the sign — is due to the fact that Ggg)(l, ..., N) is the connected part of

9 Tt is worth mentioning that the — sign has been chosen because, as in the Minkowski case, the
expression of Wg[J] should correspond, in the classical limit, to the action evaluated on the classical
solution.
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G%N)(l, ..., N), that should be compared with both the minus sign of Wg[J] in (7.24)
and with the overall + sign of (J¢) in the exponent of (7.21).

Let us write down some useful formula in the Euclidean space. First, one may check
that

WoslJ] = — / 45 5T (7) D@ —5)7(7)

where

d'p exp[—i(PoZTo — P11 — P2Ta — D3T
AFE(-%) :/( p Xp[ (po 0 P11 D22 D3 3)] 7 (725)

27)4 p? +m?
is the Fuclidean Feynman propagator. It is worth making some remarks

(i) We have the relation

d'p exp[—i(poTo —p-x)] . d'p exp(—ip- )

(2m)4 p? + m? N 2m)* —p2—m?

where z° and p° are real, so that 2% and p° are purely imaginary.

(ii) The Feynman propagator in the Minkowski and Euclidean spaces are different
functions. In particular, Wick rotating the integration contour gives different val-
ues of the integral because the Jordan’s lemma cannot be applied. In this respect,
one should recall that changing contour integrals from the real to the imaginary
axis, maps the argument of integration to purely imaginary values, but the equiv-
alence of the two integral requires that the contributions one gets by closing the

contours at infinities should vanish.

(iii) Note that the denominator in the integrand of the Feynman propagator is now
positive definite for m # 0, so that the integrand is free of the singularities.

(iv) It is worth recalling that the Euclidean formulation is an intermediate step to
perform the calculations, and then one should rotate back to the Minkowski space
when computing the scattering amplitudes. We also note that

(=040, + M)z App(z —§) = 6W(z —7)

so that, in the Euclidean space, the two-point function coincides with the Feynman
propagator!?
2
Ginle —y) = Arp(z —y) |

that, in momentum space, reads

1

é(()QL%(p) = AFE(P) = ]m .

10 Recall that Géz) (x —y) =iAp(z —y).
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(v) Note that (7.20) is not O(4) invariant. This rises the following question: how is
it possible that the Fourier transform of an O(4) invariant quantity, such as the

Feynman propagator on the Euclidean, is itself O(4) invariant? The answer is

[ dat = [ e pi-o).

showing that (7.25) is invariant if in the integrand py is replaced by —po, i.e.

based on the relation

Ao (3) = d*p expli(PoTo + P1Z1 + PaT2 + D3T3)]
re(T) = (2m)4 p*+ m? '

This means that in the case of the Feynman propagator, we can in fact safely make
the replacement

exp[—i(PoTo — P - X)] — exp(iPuT,) ,

that we will be understood in the following.

7.4 Effective action
In the previous section we have seen that

o, ~ _ OWo[J]  [D¢ ¢(x)eiSorio)
)= 5T T [Dg ceraa

with Sy the free action, satisfies the Klein-Gordon equation in the presence of an external
source J.

One question that one can wonder about is what will happen if, instead of .J, we consider
¢q as an external field. In order to answer this question, we note, as a first step, that

¢a defines the Legendre transform

Tgul = W1 = [ d'o J(@hou(o) (7.26)
that is ¢a(z) = dW[J]/6J(z) is just the field that minimises I'[¢] + [ d*z J(z)¢(x).
To see this note that ¢ and J are independent, so that the field that minimises I'[¢] +

[ d*z J(x)¢(x) is the ¢q such that

oI'[¢] B
szml =—J() .

On the other hand, this implies

= —J(x), (7.27)
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giving a functional relation between ¢q(z) and J(x). Then, taking the functional
derivative of (7.26) with respect to J(x) we get

5W[J] o 4 5F[¢cl] 5¢Cl(y)
57(x) / Y 5 oaly) 07(x)

+ palz) + / d*yJ(y) 50

that, by (7.27), gives
_awlJ]
¢a(@) = 572

Free case. Using the equation of motion to eliminate the source J

Tol¢a] =

cl

5

] = (Joa)
(JApJ) = (Joa)

(@ +m*)éal Ar, [(O+m?)dal2), — (O +m?)daled)

=N =N =

= 5 (@m0 |

where we used (O + m?)Ap(z) = —6@(x). This means that the effective action of the
free theory coincides with the classical action Sy,

1 2
Lol¢a) = §/d4x (8#¢218“¢21 —m? 81) . (7.28)

Interacting case. Let us consider the same steps for interacting theories

_ blogZ[J]  SW[J]  [D¢ ¢(x)eSTIoN
Pa(z) = —i i) 0J(x) Do G

(7.29)

Our goal is to find out which equation is satisfied by ¢.. By

we have

so that, following the Schwinger trick, we can extract the interaction away from the

path integral

Z17] = exp{—i (V(—id,))} N / Do exp (i <%au¢aﬂ¢ _ %(m2 —ie)8” +76) )

— exp{—i <v<—wJ>>}%zom | (7.30)
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Since Zo[J] = Npe'™o = Noe 2¢/A7) we have

AR N _ivicisn
= —i— e WVEBD) (A py Jy), Zo[J
0J(x)  No© (Arari)y Zol)
= —ie VR (A p ), eVERD Z1) (7.31)

where in the last step we have used (7.30) to express Zy[J] in terms of Z[J]. Now note
that, using
(@ +m*)Ap(y —a) = —6Y(y — ),

we have

(8,0" +m?)pa(x) = Z7 [ J)e VLD J(2)e VB 71 7] (7.32)

At this point some mathematical manipulation is needed in order to go further with

our quest to find the equations of motion for ¢.

7.5 The Schwinger-Dyson equation

Let us start by noticing that the Leibniz rule

k k
B (@t = > (")),

implies the operator relation

implies, in the functional case,

(i) 7= 90~ igg) e (i)
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that is

[( - Z%(y)yﬁ’ J(x)} = —iké@W(z — y)( - iéj(iy))’“—l : (7.33)
Expanding V' (¢) in power series we then get

[v( - z%(yQ J(x)} — oW (z — y)v’( - z'wiy)) . (7.34)

Now note that this result and the identity
e MWV =0 J(2)eHVE0) (1)

d . :
A\ — —z)\ (V(—idy)) iNV(—idy))
/o e Tk

/0 d\e— MV (=i87) [ . <V< _ z%>> J(x)} GAV(=idn)

imply

1
o o 5
HV(=i8)) 7 V(i) _ T
e J(x)e J(x) /0 d\V ( Zéj(x)>

_ —v'< - iéJim)) , (7.35)

so that, by (7.32), we get the Schwinger-Dyson equation

(0,0" + m?)pa(x) = J(x) — z—lmv'( ~ i J‘ix))zm . (7.36)

This equation can be interpreted as a quantum deformation of the classical Klein-
Gordon equation in the presence of an external source. We will show that this equation

can be equally well derived assuming that the integral of a total functional derivative

It is clear that the validity of such a claim depends on the structure of the “space of the

vanishes

¢’s”, on which the integration is carried out, and also on the properties of the functional
F [¢] We assume such good properties, so that

/ ¢ i(S+(J9)) —Z/'D¢<%+J( )) Us+iJe) = | (7.37)

which is equivalent to
08
<Q|T+J( )|, =0. (7.38)
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This means that the expectation value of the equations of motion, which at the func-
tional level are identical to the classical ones, is zero. This statement can be interpreted

as a field theoretic version of Ehrenfest’s theorem.

The equivalence between (7.36) and (7.37) follows by

= —0,0"p(x) —mP(x) — V'(d(x))

so that (7.37) becomes

/ Do(0,0" + m*)o(a) D — 1) 211 + V(i <) 21 =0

6J(x)
that, dividing by Z[J], coincides with (7.36).

Observe that the functional derivatives with respect to J, computed at J = 0, corre-
spond to relations between ¢ correlators. To prove this, let us develop an additional
way of obtaining the Schwinger-Dyson equation, which naturally extends to the case of
many scalar fields ¢,, a = 1,..., N. The first step consists in recognising that a change
of notation has no effect

/ﬂm( Fl{6}] = /Hw FI{#

where {¢} := ¢1,...,¢n. With this in mind, define

Pa(7) = da(x) + 6¢a(2) .

This is just a translation in the space of functions by a constant function d¢,. To see
this remember that D¢, (z) can be interpreted as the generalisation of [, dq'(t), where
x is the continuum extension of the index i. As for the case of ¢'(¢), the integration is
carried out for every instant ¢. Thus,

D, (x) = Depa () .

It follows that

/HD¢a(x)F[{¢}]:/HD¢a( Fli{¢'}] = /HD% Fl{¢ +d0}]

so that, by

Fl{o+do = Fl{o) + [ a% Z‘Sf;ﬁ} (o)
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one gets

/ﬁD%(m)/d% <§¢éj) To(z ))5%( )ei(SHJada)) — |

The n-th order derivatives with respect to J,, computed at J, = 0, give

/TNID¢a<x>/ ('5%( )%( )+ b, )
+Z¢a1 71)+ 0ag (@ = 24) -+ G, (@) ) 36u(2)e™ = 0 . (7.39)

Since d¢, is arbitrary, the previous relation implies that the expression integrated over
x vanishes everywhere, that is

05

MU 5 @

Gay (1) - - - Pa,, (70)]2)

Q|TZ¢M (1) - 00,0V (@ — 1) ..y ()| Q) = 0. (7.40)

Excluding points at which contact terms show up, this implies

05

W¢al(x1)...¢an(mn)|9> =0, for x#x,...,2, .

QT

For further information see section 9.6 of [11] and the discussion at [this].

As an example, we consider the Schwinger-Dyson equation (7.36) in the case V = %gb‘l.
By

1, 4 Ao, 1 o8
7" (—@W) AN =5 s am Y

A 5 62 (z) . S ()
- 5 ( cl(x) - 5]2(1,) - 3Z¢cl(x) > ) (741)

we have

Ny A86a(n) | N¢(a)
3%+ 55 mm Y0

(O, +mHoa(z) = J(z) — (7.42)

Note that the last two terms in the right-hand side are quantum corrections. This result


http://physics.stackexchange.com/questions/26888/on-shell-symmetry-from-a-path-integral-point-of-view
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can be used to investigate the structure of the effective action

[[pa] = / d*z (—Veﬁ<¢cl) + %F (6¢1)0upc10" p1 + higher order derivatives> . (7.43)

In particular, note that the equation of motion (7.42) must be equivalent to the one
given in (7.27), that is
0L [¢el
5¢cl(x)

The difference is that the functional derivative of I'[¢q] is expressed only in terms of

= —J(z) . (7.44)

¢a(z) and its derivatives with respect to y, whereas (7.42) also contains functional
derivatives of ¢q(z) with respect to J. Nevertheless, there is a useful relation. Namely,
by (7.42) and (7.44) we have

OC(Ga _ (o A
5¢c1(£) - (Dx+ )¢cl( ) 3!

Since the last two terms are quantum corrections, it follows that the classical part of

A P6a(x) | A8GA()
31 6.2(z) 4 0J(x)

a(r) + (7.45)

the effective action coincides with the classical action, that is

2 A
Vi(ga) = 0% + 504+ O .
F(¢a) =1+ 0O(h) .

Alternatively, one can consider the expansion, holding for any potential density,!!

1111

Tloel = 3 37 TV N)ga(1)- - ga(N)),

N=1
where N 5Vl

I )(1’”"N):5¢(1)..-5¢(N)|¢:°' (7.46)
It is also useful to introduce the Fourier transform of T™)(1,..., N), that, as in the

case of the Green’s functions, is defined up to a global §-function to take into account

the momentum conservation

(27 45 (Zpk>F( )pl,...,pN) = /d4x1...d4xNeizgﬂp’“xkl“(m(xl,...,x]v) .

b

As we will see the T™)(py, ..., pn)’s functions and, of course, the T™) (2, ..., zx)’s,

"' Note that by (7.43) we have I'[0] = 0, so that the summation starts from N = 1. This is a consistent
with the fact that the effective action is the Legendre transform of W[.J], whose expansion in power
series of J starts from N = 1.
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have several important properties and can be considered the building blocks of the

perturbative expansion.

Let us list some definitions concerning the I'™) (p1,-..,pn)’s functions that also antic-
ipate some of their properties.

(i) A connected Feynman diagram that can be disconnected by cutting an internal
line is said one-particle reducible (1PR). The internal lines having such a property

are said cutlines.

(ii) A connected Feynman diagram that cannot be disconnected by cutting an internal
line is said one-particle irreducible (1P1).

(iii)) A Feynman diagram with the external exact propagators removed is said to be

amputated or truncated.'?

N)»

(iv) As we will see in proving the Jona-Lasinio theorem, the I'¥)’s functions correspond

to amputated 1PI Feynman diagrams. For N > 3, '™ is said proper vertex

function.

We conclude this section by observing that the generating functional admits other
representations. Let us define

Ge(x) = /dDyJ(y)AF(y —z),
with A;l the inverse of the Feynman propagator, that is
3w —y) = [ AP0 w— 2)ar(z =)

- d” N\ ip(a—
AFl(w—y):(—0§+m2)5(D)($—y):/(27T)pD(p2+m2+ze)ep( v,

It turns out that [29]

211 = 3w (307 6. exp <§%AF 5i> exp (= [aav (o))

whose derivation is strictly related to the Wick’s theorem and to the removal of normal

ordering singularities introduced in [30].

127t is worth stressing that the removal of the exact external propagators corresponds to remove
the corresponding contributions in perturbation theory. The important point is that the external
propagators are replaced by the corresponding legs of the vertexes. We also note that, sometimes in
literature, by 1PI diagrams it is meant the ones that, in addition, are amputated.
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Another useful representation of Z[J] is [29]

210) = 5 exp (~Ualodyesp (= [ aPav(D;) 1.

where

Vol = —5 (655 00)

and

Df;(x) = :F/dDyAF(y — ) + o(z) .

5
op(y)

7.6 W]J| as generating functional of connected Green

functions!?

We saw that the Green functions™
G™M(xy, ... xn) = (Q|Té(z1) ... dp(zn)|Q) |

correspond to a sum of terms. It happens that the dependence on z1,...,x N of such
terms can be expressed in a factorised form, that is as a product of functions, each
one depending on a subset of x1,...,xy. Green functions that do not admit such a
factorisation are called connected Green functions, and denoted by G (T1,...,2N).
In this section we prove the so-called Linked Cluster Theorem, stating that W/[.J] is the
generating functional of connected Green functions, that is

SNW[J]

' _Na) )
ST oy LG @) (7.47)

The N-point Green function is given by a summation of terms, each one corresponding
to all possible nonequivalent products of connected Green functions. These correspond
to GOV (1, ...,2N), plus the summation of all the disconnected contributions factorised
on a certain number of copies of the connected contributions. More precisely, we have

CM(zy,...,zn) = Z ZP( [Ggl)(,)...ggl)(,)} [G((?)(”)...ng)(”ﬂ ) . (7.48)

{Uk}N P

o1 02

where {0} is the set of all the possible natural numbers oy, such that S, koy, = N,
while P are the permutations of the coordinates x4, ..., xy corresponding to nonequiva-
lent configurations of products of connected Green functions. There are two kinds of co-
ordinate permutations that leave the product of connected Green’s functions invariant.

13 Umberto Natale
14 We assume the normalisation (Q|2) = 1, otherwise the right-hand side should be divided by (Q|€).
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The first one consists of g;! permutations changing only the ordering of the factors in the
product: an example is £1T223T4 — T3X4T122, that transforms a? (xl,xg)G?) (x3,24)
in the equivalent G (mg,m)ng) (1, 22). The second kind is due to the fact that all
the G,(;k)’s are completely symmetric, that is their value is invariant under the k! per-
mutations of their k arguments. It follows that the total number, #P, of nonequivalent

permutations of the coordinates is

N!
(1! onh)(A)or -+ (N1)on

Now note that inserting (7.48) in the expression for the generating functional

2N =™ = G (G, an) (@) T () (7.49)
N=0
one sees that, due to the integration over xy,...,xy, all the permutations P in (7.48)

give the same contribution to (7.49). Therefore, after substituting the G™)’s in (7.49)
with the right-hand side of (7.48), the summation over P can be replaced by a single
representative multiplied by a weight, corresponding to the number of permutations of

x1,...,xy that give inequivalent products of connected Green functions.

The above analysis implies that the expression one obtains by substituting (7.48) in
(7.49) can be rewritten in the form

Zn-3 3 U G (@) (@)™ (f dha [ dty G (a9)d (@) I @)
oy o1 ool (21)72

(7.50)

Using the condition Zszl ko, = N to write iV as a product of factors i*°* one for each

integral, and observing that
)SDIED I I
N=0{ok}n 01=002=0

one sees that (7.50) is equivalent to

2= Y o |56 @) 3 |5 (E @)
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Each one of the above series is the expansion of an exponential, thus

72

Z[J] = exp {% <G£1)(x)J(x)>} exp {Z_ <G£2) (z, y)J(m)J(y)>} .

2!
:exp{z%<G£N)(xlv~--7xN)J(fE1)"'J(mN)>} )
that is o N
@'W[J]:Z%<G£N)(x1,...,xN)J(x1)"'J($N)> ;

which is equivalent to (7.47).

7.7 A note on the connected Green functions

In D dimension the generating functional of a scalar theory is
W [J] . D 1 1 2 12
Z[J] =" =N [ Dgexp [z dPx (§au¢>aﬂ¢ — Smig* = V(9) + J¢)} . (7.51)

Rewrite (7.47) in the form®

1 SNWJ]
N1 (1) ... 0] (z)

= (QT¢(z1) ... p(an)IQ). - (7.52)
J=0
If an arbitrary function f is added to the field ¢ in the external source term (J¢) of
(7.51), that is
Jop — J(o+ f), (7.53)

then

1) ITm) + ) b))y
iN5J(x1) ... 00 (z) Q) ' '

Similarly, the right-hand side of (7.52) is substituted by the corresponding correlator
of ¢ + f. On the other hand, note that the transformation (7.53) is equivalent to the
substitution

WL — W] + / 0%z J(2) f(z)
thus, for N > 2,

NWIJ+ [dPz J(z)f(x)) _ SNW[J]

(7.55)

15 The factor (—1)¥ in (3.2.15) of Ramond book must be substituted by i .
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This implies that, for N > 2, the connected Green functions of ¢ and ¢ + f coincide

{QUT¢(x1) . d(zn)[Q)e = (QUT(P(21) + f(21)) - (P(2n) + fan)) [, (7.56)

even when (Q|é(z)|Q2) depends on z.

Consider further the case in which the vacuum expectation value of ¢(z) is different

from zero
v(z) = (Qo(x)[2) # 0 .

This means that the action of ¢(z) on the vacuum contains also the vacuum itself, that
1s

On the other hand, as discussed in the case of the Kallen-Lehmann representation,
¢(2)|S?) should contain only a one-particle state, so that (€2|¢(z)|S2) should vanish.
This can be achieved by considering n(z) as the elementary field, by setting

¢(x) = n(z) +v(z)

so that
(Qn()[2) = 0.

Note that, written in terms of 7 the Lagrangian density in (7.51) is'®

1 " 1
£ = 50,006 — Jm*(6)* = V()

= S0+ 00 () = S+ 0 = Vi +0) (757

Since 7 is now seen as the new field, it follows that the coupling with J(z) should be
(Jn). If the vacuum is translation invariant, i.e. P,|2) = 0, then v is a constant and
(7.57) reduces to

L= 50,60" — Zm*(9)? ~ V(9)

2
1 1
= 50umd"n — §m2(n +0)* = V(n+v). (7.58)

The above shift of ¢(x) is one of the steps, in the Standard Model Lagrangian, of the
Higgs mechanism, giving mass to gauge fields.

16 Lagrangian densities depending on c-number fields, such as v(z), are not frequently investigated in
literature.
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7.8 Wick rotation

Let us consider the Wightman function!”
W& (z —y) = (Qé(2)d(y)|2) -

We introduce the analytic function S of z = 2% + iz, restricted to the right half-plane
2t > 0, such that

W@ (2% x) = hrfl S(x,z* +iz?) .
z4]0

The pointwise limit does not exist, whereas the limit exists when S(x, 2% 4 iz°) is seen
as a distribution. This is one of the reasons why in the axiomatic formulation particular
attention is paid to the fact that we are treating with distributions rather than fields.
For example, the same free fields are singular quantities. For this reason we use the

“smeared fields”

o(f) = / d'e f(2)o(x) |

where f(x) is a test function, usually belonging to the Schwarz space. Unlike W (2, x),
S(x, 2% +142°) is analytic: all the points in the semiaxis z = 2* > 0 are in its analyticity
domain. So one can calculate S on this domain. For this reason we set 2° = 0 and
define

S(z) = S(x,2) .

In the case of non-interacting theory, the Wightman function is

1 d3p ; 0
(2) o =V i(px—wpa”)
W (23) - (271’)3 / pre i ° )

wp = y/m? + p?. Therefore, we have

which holds only for z* > 0. Notice that

1 1 [~ e’
—wpzt _ T dp4— , >0 ,
2wy, 21 J_ o = p*+m?

17 The following is taken from [31] which provides an excellent analysis of the analytic continuation.
In particular, see the diagram on p. 220. A rigorous and clear book where the analytic continuation
is discussed is [32]. In particular, see from p. 640 to p. 647. In the article [33] there are three ways
for the calculation of the Feynman propagator. Explicit expressions of various propagators can be
found at https://en.wikipedia.org/wiki/Propagator.
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with p = (p', p%, p*, p*) and p? = 31(p*)?, from which it follows

4 ipT -2 -1 .
5(@:/ dp e :{ (2m)2mlz| " Ky (mla]) | ifm >0,

Qi +m2 | (21) 22| 2, ifm=0,

where pr = S1p*2*, |2| = Va2 and K, is the modified Bessel function. There is a
significant similarity between the Schwinger function, which is the two point function

in the Euclidean space, and the Feynman propagator

—ipx

d*p e

Ap(x) =lim .
F( ) <10 (271')4]72 — m2 + e
In fact, the squared Minkowskian momentum p? becomes, under the Wick rotation,
—p?. More precisely, setting

Ptipt=re () 40" = [pP(1 40" = (0%

we can see that the Wick rotation corresponds to the variation of the angle from 0" to
/2, so that
(p0€i0+>2 N (poem/2)2 _ _(p0>2 ‘

Therefore, we have that the Fourier transforms Ag(p) and —S(p) = —(p? + m?)~!

are connected through analytic continuation with respect to the complex variable w =
p° + ip*. Since in the free case all n-points functions are built in terms of the two-
point function, it follows that, at least in that case, there is a strict relation between

Wightman functions and Schwinger functions.

The Wightman and Schwinger functions in coordinate space are connected through
analytic continuation, but only for 2% > 0, that is

1 dgp ; 0

W@ () = L / P ipx—ipa®)
(2m)3 ) 2wy

= lim S(x, z* + iz")

2410

1 d3p ; 44 ;20
— ki ipx—wp (x*+iz?) ] 7.59
2440 (27)3 / 2y (7.59)

Notice that the definition of S(z), differently from the definition of S(x, z* + iz°), can
be extended to the whole axis x*. The only singularity is at the origin where S(z) goes
like 1/22, singularity that is still integrable.

Sometimes in the literature are neglected some singularities when considering analytic
continuations. Let us consider the forced harmonic oscillator. We saw in (6.70) that
this provides the first example of generating functional for a one-dimensional quantum
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field theory .
ZIF] = exp [ = 5 (F() Dt 1) F(12)) ]
where

. +00 dE e—itE 1 it it

D(t) = Elirgi - B i %(Q(t)e +6(—t)e™") . (7.60)
It is sometimes stated that, even in this case, it is possible to change the integration
contour from the real axis to the imaginary axis of the complex plane E. This would
follow from the Cauchy theorem in that, by rotating of an angle 7/2 the contour of
integration counterclockwise, one does not encounter singularities. On the other hand,
to rotate the contour of integration it is necessary to close the contours indefinitely such
that there are no singularities and the Jordan lemma is applicable. Thus, a rotated
integration contour gives the same value of the integral. In the case in question, it
would be necessary to close with a quarter-circumference both in the first and third
quadrants. But this is not possible because e~*¥ whose asymptotic behaviour depends
also on t, cannot go to zero because of ImE > 0 and of ImE < 0. We conclude noticing
that the fact that the rotation of the contour of integration on the complex plane of
the time variable has the opposite sense with respect to the rotation of the contour of
integration on the complex plane of the energy, can be also deduced from the heuristic
relation!®

61’0 Zo

7.9 TGP =1

In this section we show that the two-point 1PI function

0’ g[¢c]
(7, 7) = < :
2 ) = S o) |, o
is the inverse of the connected two-point function
?Wgl[J]
G(Q) S N S A O e R .
R F CATH R
18 Tn quantum mechanics
5 _ind
p=-—1 oz’

corresponds to the expression of the momentum in coordinate space, where & = x. However, ¢,
differently from x, is a parameter. In quantum field theory all the four coordinates are parameters.
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The effective Euclidean action is

mwﬂ:waﬂ—/k%ﬂ@?ﬁy, (7.61)
where
pa(a) = — L] (7.62)
e\t 5J(z) '

In the following we show that the choice of the sign of I'g[¢pq] in (7.61) is the right
one. This also offers the opportunity to comment on some signs in the text of Ramond.
In this regard, notice that, consistently with (3.4.7) and (3.4.32) in the Ramond book,
J(z) in Eq.(3.4.31) must be substituted with —J(z). Apparently, even the effective
action in Eq.(3.4.33) should have the opposite sign. However, (3.4.33) follows from
(3.4.31) using (3.3.9) ”
oL@l

7 = " 54u@)
On the other hand, this relationship is valid in the Minkowskian. As in the case of the
definition of ¢, which changes sign on the Euclidean (¢ = 6,W[J] in the Minkowskian
and ¢, = —0,;,Wg[J] in the Euclidean), consistently with ¢ = (£2|¢|2) s, one expects
that in the Euclidean

_ l'g[¢q]

@ =55 (7.64)

To see that (7.64) is the right choice notice that in the classical limit the effective action

. (7.63)

must correspond to the classical action calculated on the classical solution, both in the
Minkowskian and in the Euclidean. From this it follows that the right choice is indeed
(7.64). In fact, the (7.64), and not the (3.3.9) in the Ramond book, together with
(3.4.31) with the opposite sign, imply (3.4.33).

It is straightforward to verify that (7.61) implies (7.64).

SUple] [ s OWeld) 8JG) [0 OWelD) 8J()
&%@)‘/d 57(z) sga@ 7@ Ja 57) sga@
By deriving (7.62) with respect to ¢«(7) one has
W [ PWel] Telod
) = [t T (7.65)

On the other hand, the left-hand side shows that this expression is independent of .J
and of ¢.. By computing it for J = 0 one has

2
/ d*z G%)(z, 2) 0T gl el

el S B —_ 5@ T—7) .
56a(Z)30a(y) @ =9)

J=0
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Notice that for J = 0 one has ¢q[J = 0] = (Q|¢|2) -0 that, in most of the treated
cases, is vanishing. When ¢q[J = 0] = 0 one has the following relation

JEEc-ERVICH R RERE R
which is the Fourier transform of
~ (2 ~(2
IY(pGAp) =1

The analogous relation in Minkowski space reads

L& MGP(p) =i,
which is a consequence of (7.63), ¢q = 0W/dJ and

32 W[J]

. 2 o 52F[¢c1]
ST (y) r(e,y)

) _ ST NS (o
G (w,y) =  pa()édaly)
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Chapter 8

Perturbation Theory

In this chapter we introduce the main techniques to investigate the physical effects of
interactions for small perturbation of a free quantum field theory. This leads to a power
expansion in the coupling strength. We start by considering such an expansion in the
classical approximation, given in terms of Feynman diagrams in the tree approximation.
Although the analysis is focused on the scalar theory with potential density ¢1, the
methods and many of the results extend to other theories.

We will then investigate the quantum corrections by studying the effective action. To
this end, we will introduce some mathematical tools, such as the (-function method
to compute and regularise functional determinants. The analysis will show some inter-
esting quantum phenomena, such as the quantum corrections to the effective potential
density and the scaling properties of determinants.

Another topic concerns the Feynman rules to construct the loop expansion. We will then
investigate the ultraviolet divergences due to the integration over the loop momenta,
by giving a classification of renormalisable theories. Finally, we will prove that the
effective action is the generating functional of the amputated one-particle irreducible
functions, which are the building blocks of perturbation theory.

8.1 Saddle point approximation!

The saddle point approximation is a useful approximation method to evaluate integrals

I = /dx e

If the exponent a(z) has a sharp minimum (say at xg), then the idea is that the greatest

of the form

and dominant contribution to the integral comes from the region where this sharp

I Luca Teodori

167



168 CHAPTER 8

minimum lies. Therefore, we expand a(z) near xy up to the second order (the first

order is null since we are dealing with a minimum)

a(z) ~ a(zy) + %a"(xo)(x —x0)?,

where a”(xy) > 0 since we are at a minimum. We then have

I =~ emalw0) /dx e_a”(;m(“?—on — e—alxo) 4
a//(xo) ?

where in the last step we recognised the gaussian integral.

Now we apply these ideas to the path integral. We will make this discussion in the
Euclidean, that is, we will use

ZplJ] =N / D e eloI]

where 1 1
Selon ] = [ '3 (39,006 + gm** + V(o) - Jo)

To make the saddle point approximation we must consider the expansion near the

minimum ¢q. To find it we evaluate?

% = —quo -+ m2¢0 + V/(¢0) — J = 0 s (82)

p=¢o

2 We made the integration by parts [d*zd,¢0,¢ = — [ d*Z ¢, where, as usual, we dropped the
boundary terms. To evaluate its functional derivative with respect to ¢, one may first consider

/ 47 $(2) 0z (7) = / 417 4% () 056D (2 — 2)6(2) |

so that in the integrand appears only ¢ and not its derivatives. In this way one gets

6(;55(1/) /d4i d*z ¢(z)0z6 (2 — 2)9(2)
= /d4f d*z6W (5 — 2)0:6(z — 2)0(2) + /d4f A4z ¢(z)0z6W (2 — 2)0W (z — 7)
=2059() (8.1)
which is equivalent to
1

—— [ *T¢(2)z0(F) = | d*76W (5 — 7)Tz0(z 47 () 0200 (5 — 7) = 2050(7)
5 [ 7@ = [ a6 - 200 + [ 4t o@D @ - ) = 2050(0)

As already clear by its definition, this shows that the functional derivative filters the standard
derivative.
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that is
(=0,0, +m*) o = J — V() - (8.3)

Let us consider the expansion of the action near® ¢

- 1/ 8Sp

(¢ — do)1(0 — <Z50)2> :

p=do 12

To compute the right-hand side, note that

0 o 0@ L wye -
6 (72) Do $(3) = e, Sp(T1) Uz, 0°(21 — 7o)
so that s
E — (-9 A 2 " ) (= =
5¢15¢2 bi=¢o(Ts) ( a“a# me 4 (¢ ))51 0 ('1:1 IZ) ) (84)

i =1,2. We then have?

2
Zg[J] ~ e~ 58lé0]] /D¢ exp (—1 < 05k

2\ 0¢10s (¢ — ¢0)1(9 — ¢0)2>12) . (8.5)

p=do

To evaluate this, we must first see how to compute Gaussian integrals of the form

n

G(A) = /R dek e X Ax

" k=1

where A is a positive-definite real symmetric matrix. We can diagonalise A with a

certain R € SO(n),
A=R'DR . D = diag(dy, ... ,d,) .
Now note that by det R = 1, it follows that the Jacobian of the transformation
Ty — Y = Ryxj

is 1, so that

G(A) = /R dek e_yTDy — /R dek e—yidk _ 7Tn/2 <H dk:) _ W”/Q(det A)_% .
k=1

" k=1 " k=1

For a positive definite Hermitian matrix C', the steps are similar but the integration is

3 The notation used here is ¢; = ¢(%;) and (...),, means integration over z; and zs.
4 Notice that this result is exact for a quadratic Lagrangian density.
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over a 2n dimensional real space, so that we have
/ H dzpdzfe % = 1(det €)1
k=1

Let us go back to the Gaussian integral G(A). If there are m zero modes, i.e. eigenvalues
of A that are zero, so that A is positive semidefinite,”, we can restrict G(A) to n —m
non-zero eigenvalues,

G(A) = Grest(A) ~ / dyy . .. dyp_m e W@ (8.6)

then one inserts a Dirac delta function instead of the variables vy,, 11, ..., y, that are
contributing to the zero mode in the integral. Therefore, one can modify a little bit
(8.6) as

Grest(A) = /dy1 o QW W1 -+ - AYn O(Yn—m1) - ~(5(yn)e’xT(y)Ax(y)

I odwe™ . (8.7)

k=n—m+1

The problem here consists in the choice of the “smart” y.
The above formalism extends to the case where the indices are continuous ones. In
particular, (8.5) is equivalent to
Zp[J] ~ e~ 5E[¢0.7] Jet [(—D +m? 4+ V”(¢o))§:5(4) (z — @)] —-1/2 7 (8.8)
so that, recalling that
det M = exp(Trlog M) ,

we have

Zsl) = exp { — Silo. J] - %Tr logl(~0 -+ m” + V' (0)0P @~ )]} . (89)

We now have an approximate expression for Zg[J] which is given in terms of J and
of the solution ¢ of the classical equation of motion. The strategy is to first solve
this equation in order to express ¢ in terms of J and then replace it in (8.9). In the
following we solve this problem of the classical theory expressing, perturbatively in A,
the classical action Sg[dg, J] in terms of J.

Let us then consider the classical equation of motion in the case of V(¢) = \¢*/4!, so

5 This can happen for example in the discussion of Faddeev-Popov ghosts in covariant gauges.
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that (8.3) becomes

_ A
(—ﬁuau + m2)¢0 =J - §¢8 , (810)
and by exploiting it one can expand ¢, in powers of A
= 1 d*¢
— k b k] k] — = 2 %0
o= N, M= 5w
k=0 =

in this way equation (8.10) becomes

(=00, +m?) (1 + Al + N268) )= — %(W + M+ A202 )3 (8.11)

Set

N

O=(-0,0,+m?) .
At order zero, equation (8.11) implies®
O =g, ¢%z) = (G Jy), -

At first order in A we have ]

0ol = (o0

To find ¢!, note that
3
(0°2))" = (Gzada)s)” = (Graa)s (Gap )y (Gaee)e

so that )
oll(z) = 3 (Ga3GaGyGedaTy Je)

abey
It is clear that any ¢! can be obtained by such a recursive method.

To find Sg[po, J], note that, integrating by parts the kinetic term, yields
a- (1 54 L9
Selpo,J) = | 4% (50000t + 5mP6E + V(o) = Jbo ) -
Replacing (—0,0,, + m?)¢y by the right-hand side of (8.10), yields
Selon,J) = [ @'z (5700 - 6! (3.12)

Finally, replacing ¢o by ¢/ + A¢l!l, we get, up to order A2, Sp[dy, J] expressed only in

6 In the following we will often indicate the dependence on the variables by subscripts, for example
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terms of J
1
SE[¢O[J]7 ] <J nyj 2y + <G$?IGWG GQ@J’?J‘E‘JB‘] > abezy
)\2
T <GmemenyGdeyeGy 7Jati o3 JeIt) aerey + O\ .
(8.13)
Since at the classical level we have
WE[J] = SE[¢0[J]> J] )
it follows that the connected Green functions at order A are
5*"*2Sp(¢olJ], J]
G (1 2k +2)=— B0 . 8.14
cw ) 61 0okya | g (8.14)

It is easy to see that ¢ is always expressed in terms of the product of 2k + 1 factors
J. Since ¢*l is the contribution at order A* to ¢y, it follows by (8.12) that

Sg(o[J], J] :/d49‘c (——J¢0[ ] — ) Z)\’“Fk : (8.15)

with F.[J] a homogeneous functional of J of degree 2k 4 2, that is
Fylad] = o** P2 F[J] .

It then follows that, at order A*, Sglgo[J],J] contributes only to ng+2). This is a
particular property due to the classical approximation. One may also check that in

terms of the 2-point function, the action has the structure

Skl J], Z/\kG G JJ).

k=1 3k+1 terms 2k+2 terms
In order to compute the connected Green functions in the saddle point approximation
at the classical level, i.e. without quantum corrections, we only need (8.13) and (8.14).

Let us write down the explicit expressions for some connected Green functions in con-

figuration space. In the case of the 2- and 4-point functions, we have

d*p exp(ip(Ty — 71))
@z =) — (e ) — D expip(X2 1
Gep(T1,T2) = G(T2 — T1) —/(%)4 B2 + m?2 '
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and
GO (Fy, . Ta) = A / 45 G(21,5)G (@2, )G (20, §)C(Z0, )

respectively.

The explicit expression of the 6-point function is a bit more elaborated
GO, ..., 7)) = N / d'y 'z G(z,7) Y G(2,7,)G(T, %) G(T, 2)G(§, 1) G(§, Tm) G(F, Tn) ,

where (Imn) are the complementary of (ijk) (for example if (ijk) = (1,3,5), (Imn) =
(2,4,6,)).
Using the definitions just introduced, at the order h° we have

~ 1
G5 5 — O(h
2 (D) = Zs + Oh)
4 1 3
=(4) (- p) = —A]] p p
GCE(p17 ,p)——/\k 1p%+m2+o(h)vp4__;pka
6 1 1 °
0(6)_, D :)\2 +Oh7_:_ p
or(P1 Pe) klzll P2+ m? o (i +Pj + Di)? + m? (h) , Pe k;m

8.2 Tree level Feynman diagrams’

A key step in perturbation theory is due to Feynman who associated a line to the two-
point function of the free theory, also called propagator, and a vertex to the coupling
constant. Then the perturbation series is recovered by gluing in all possible ways lines

and vertexes, together with some rules.
Let us show how this works in the case of the ¢} theory at order h°.

(i) The connected Green function @g) is associated to a “blob” diagram with N legs

G b1y py) = ———O

(ii) The free propagator is associated to a line

1
p2+m2 '

(8.16)

— =

7 Luca Teodori
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(iii) Each factor —\/4! is associated to a vertex

2 (8.17)

With such rules, the 2-; 4- and 6-point connected Green functions in momentum space
are diagrammatically represented by

:T+O(h),

p1 Ps _ p Ps + Ok
%) b2

p1 D4 D1 Pa
P2 Ps = P2 Ps + permutations + O(h) ,
p3 Ds D3 Ds

where for permutations we mean all the other possible rearrangement of the momenta
(using the notation (initial; final), the other diagrams are (1,2,4; 3,5,6), (1,2,5; 3.4,6),
(1,2,6; 3,4,5), (1,34; 2,5,6), (1,3,5; 2,4,6), (1,3,6; 2,4,5), (1,4,5; 2,3,6), (1,4,6; 2,3,5),
(1,5,6; 2,3,4).

Summarising, the expression of the connected Green function at order i is given by the
sum of all the possible topologically different diagrams with all the possible arrange-
ments of (8.16) and (8.17), without loops, and each one multiplied by their topological
factor (i.e. the number of possible topologically equivalent graphs). The diagrams built
in this way are the so-called tree diagrams, whereas loop diagrams will appear when
considering quantum corrections.

We conclude this section with the discussion of some properties of Feynman diagrams.
Let us set

> FE: number of external lines;
> I: number of internal lines;

> Vy: number of vertexes with N lines.



PERTURBATION THEORY 175

Now since the internal lines do not have free ends, each one is attached to two vertex,
whereas the external lines have a free end so they are attached to one vertex only.
Therefore, we have

NVy =2[+FE . (8.18)

We saw that, at order h° for ¢} theory, the contribution at the order A in the expansion
is due to only to the G®*+2) connected Green functions. Therefore, to this order

E = 2k + 2 and since order \* means that the corresponding diagram has k vertexes,
by (8.18), we have

AVy =2 =F —= 4k -2 =2k+2 —= I =k—1,

that implies
I=V,—1.

This last equation is valid only at the order i, i.e. for diagrams at the tree level (so
it does not hold for diagrams with loops) and that, in addition, are connected. An
example for which the relation I =V, — 1 does not hold is in the case of two vertexes
with a loop and four external lines. In this case we have Vy = 2, [ = 2, ' = 4 and
L =1, with L the number of loops. Another example is given by three disconnected
vertexes. In a vertex the legs are glued by an internal line in pair. The other two
vertexes having all legs attached to external lines. In this case we have V; = 3, [ = 2,
E=8 L=2.

8.3 [I'[y] at the order h

Let us consider the effective action in the Minkowskian. We saw that at the order A°
this coincides with the classical action. In the following we determine the contribute of
order h to I'. Note that the equation of motion satisfied by ¢, i.e. the Schwinger-Dyson
equation, fixes the relation with the source J. In particular, one may consider J as a
functional of ¢, that is we can consider ¢ as independent variable, so that we set

Y= gbcl )
with the warning that J is a functional of ¢. Notice that

i

exp (5T1¢1) = ZWexp (~1 (79) = [ Doexp [1(518)+ (16— )]
Let us define a new field ¢ setting

0=0+p.
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Since D¢ = D¢, one has

eXp /ngexp ¢+<p] <5§—y¢>)} . (8.19)

If the potential density is a polynomial of degree n, then

Slo+ ¢l = +Zk,5k :

where

Sk[SOWk = <5<p(9015) S[S?sp(xk)f/ﬁ(m) T ¢(xk)> .

8

Let us consider the power series expansion

¢l = ZFth’“

Next, recall that

so that, moving the term S[p] on the left-hand side of (8.19) and noticing that

le k[e)o" — <51(;—S[;4¢> = kzi; %Sk[@]ﬁbk - <<h51:51—£0] + O(h2)>¢> 7

n

we have
expli(T'1[¢] /ng exp Z k:'Sk - <(h521—£0] + (’)(h2)> ¢> } } .

(8.20)

Before proceeding we consider the dimensional analysis of the scalar theories, in D
dimension, with potential density

Vig)= 2o

- nl

in the presence of an external source J. The convention for the metric in Minkowski
space is (+,—,...,—). Moreover, 2 = (2% 2',...,2P71), 2° = ¢t, 9, = (0, V), where
V=0 =0/0r'=—-0"=0/0x;,i=1,...,D—1, is the (D — 1) gradient, whereas the

8 As we will see, the meaning of this expansion must be specified, aspect that requires a dimensional
analysis.
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D momentum operator is p* = iho* = (ihd°, —ihV). The equation of motion is

A
2 o 2.2 _ . n—1
(h*0,0" + m*c*)p = J = 1)!¢ : (8.21)
In the following we will consider the most general form
m2c? A
19,0 o=~ nl 22
( R == L e VA (822)

Va € R, which differs with respect to (8.21) by a rescaling of the right-hand side.
Eq.(8.22) implies

=L, el =17, (e = LA (8.23)

The Lagrangian density associated to (8.22) is

he 1m2c?

- By _ —
£ 2 k90" 2 h2—e

iy (8.24)
n.

A crucial aspect of the path integral formulation is the presence of the term h that
divides the action. We must require that S = [d”z £ has indeed the dimension of an
action. However, note that the equations of motion remain unchanged if one multiplies
L by an arbitrary constant, that is

S=K / dPz L .
By Eq.(8.24) it follows that the condition [K [dPz L] = [A], implies
(K] = L*P[A) (g . (8.25)
Together with (8.23), this relation implies

n(2—D)+2D n(l—a)—2 2

(K] = L™ [p)" e [\ (8.26)

If we require K to be dimensionless, then

P‘] _ Lg(D—Q)—D[h]g(a—l)—i-l ’ [¢] — L(2—D)/2[h](1—a)/2 ’ [J] — L—(D+2)/2[h](1+a)/2 )
(8.27)
By reabsorbing the dimensions in [%] of A, ¢ and J

N s pala=DHiy .9 — h(l—a)/2¢ . J = h(H'o‘)/QJ , (828)
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the Lagrangian density becomes

1m2c?

2 h

L= E POt ) — »? — hiqﬁ” +hJo . (8.29)
2 n!

Note that such an expression of £ immediately follows also by (8.24), by requiring

([ao) =g,

and, in addition, that the dimensions of ¢ and J correspond to powers of L only.

Let us go back to Eq.(8.27). Note that for D =4 and n = 4 it gives
N =[Pt o] = LT RO ] = L8Rt (8.30)
that for a = 1 reads
M=, lel=L7", [J=L7[1], (8.31)
whereas, for a = 0,
N =" Gl=L7Y, =L (8.32)

Since usually in the Lagrangian density one sets h = 1, there are no obvious reasons to
make a choice of the value of a. However, the canonical way to treat the contributions
in powers of h to the effective action is equivalent, even if not always explicitly declared,
to choose @ = 0. For example, on p. 288 of the Itzykson and Zuber’s book [7], it is
considered, for n = 4, the choice (8.24) with o = 0. Such a choice suggests to rescale ¢
and .J by a factor h'/2, that is to substitute in the Lagrangian density the field ¢ with
h'2¢ and J with h'/2J. Therefore, after this rescaling Eq.(8.24) becomes, for o = 0
and n = 4,

h 1 m2c? A
L= 50,00"6 — S0 — 56"+ R (8.33)
where
N=[",  fel=L", [J=L". (8.34)

In this respect, it is worth stressing that the fact that the coupling constant has the
dimension of A~ does not imply that it must have a term A~! in it.

Let us go back to I'y, that denotes the contribution to I' at order A. Consider the

Lagrangian density

1 1 m2c? A
— oo T g2 4
L= 50,000 — S0t~ S+ o, (8.35)
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which is (8.24) with aw = 0. In this case the dimensions of A\, ¢ and .J, are the ones
reported in Eq.(8.32). We have seen that, except the term (J¢), the action correspond-
ing to (8.35) disappears from (8.20). At this point one chooses to rescale the “quantum
fluctuation” ¢, removing its dimensionality in A. In this regard, note that the rescaling
of J is fixed by the equation of motion J = —dI'[¢]|/dp. It follows that the dependence
of J on h is completely fixed by the functional structure of I', and therefore by the

series expansion of I' in powers of A.

Doing the rescaling ¢ — h'/2¢, Eq.(8.20) becomes

[wk<@W§£ﬁ+omwﬁﬁﬂ}

(8.36)
Note that the exponent in the integrand has a quadratic term given by iS5[p]¢?/2. For

exp[i(T[¢] / D¢ eXp

our purpose it is useful to keep this term in the exponent and expand the exponential

of the remaining polynomial into a power series in ¢. Such an expansion has the form

‘/D¢Mp(5ﬂ]ﬁ)1+hm<yShﬁﬁ—<&%?%>>+fxm

Now recall that the odd part of any functional G[¢] does not contribute to the integral,

that is
| pociol =5 [ DoGlel + Gl-e)

expli(T¢] + O(h))] = / Doexp (L5201 (14 O(h) (8.37)

Therefore, we have’

that is ;
Fifg] = —ilog / Doesp (552[¢16?) (3.38)

This is the contribution to order A to the effective action.!® Such a path integral is just

the Minkowskian analogue of the one computed in (8.9) for the i contribution in the

9 Note that in the case where ¢ is replaced by a constant, the term S[p]¢? /2 would coincide with the
action Sy of a free particle with square mass m? + V" (constant). One would then have, according
to Wick’s theorem,

/wwl (@2 1)e’0 =0,

whereas

Il?p2 AF(xPanl - ‘rPQn) .

/D¢¢ (21) - P(wap)e™ =

perm

10 Recall that the h factor multiplying iT'y [¢] simplified by the A~! multiplying iI'[¢].
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saddle point approximation. We then have
1
[ifp] = 5 Trlog[(—8,0" + m? 4+ V" ()0 (x —y)] . (8.39)

As shown by the previous dimensional analysis, the fields and parameters in the La-
grangian density depend on A. Such a dependence has not been considered in deriving
the expression of T';[p]. This is of interest when considering perturbation theory!! and,
in particular, in the renormalisation group equation that depends on a mass scale.

Let us further investigate such a point by anticipating the explicit expression of the
effective potential density at order h. As we will see, it turns out that, in the Euclidean
space,

m? A 3

h A L)\2 m? + \p? /2
Ve(p) = Dot St s (mP 4 S6?) (=S 410 )+ 0(?) (840
()= 59"+ 539 T g\ + 59 R +O(I7) , (8.40)
where p is a mass scale we will introduce for dimensional reasons in solving a differential
equation. As an example of the role of & in (8.40), we consider the case o = 0, that
is Eq.(8.35). To take into account the h? term that divides m?, we rewrite (8.40) with

the substitution'? ) 9

m 1
m2—>§7 N2—>ﬁy
that is
1m? A m2 A N2/ 3 m?/h? + \p?/2
Ve(p) = =L 24 2 (— 2 2) (—— 1 ) (841
(0) =37+ 0% Toum\ 7 T 2% ptloe—— g )+ (B4

Note that by (8.30) with a = 0, we have that the dimension of ¢ is [A]*/2L~!, and the
one of A is [R]™!. Since [m] = [A]L", one can check that (8.41) is dimensionally correct.

Such a result shows that the h expansion is subtle. As a matter of fact, the analysis of
the contribution up to order A to the effective potential density, and therefore even to
['[¢], has been done in the following way. Consider the Lagrangian density in Minkowski
space (8.35) with ¢ =1 and set

Vm :=m/h |

as parameter independent of A. We then have

1 1 A
_ w2 42 0 4
L= 50,00"6 = Sva8* = 56" + T

1 As already mentioned, the loop expansion corresponds to an expansion in .
12 Here we use ¢ = 1.
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Then rescale the pu parameter in (8.41) by setting

UM::ILL/FL7

that now should be seen as a parameter independent of 4. Then, expanding the effective
action in power series of A, one gets

F[(pv Vmayu] = thFk[Qpa Vmal/,u] .

k=0

Since I'[p] = I'[¢; v, v,,], one has

Fk[(p] = Fk[@; Vm, V/,L] .

8.4 (-function evaluation of determinants!

We want to go beyond the order h°. Let us then consider again (8.8). In order to
evaluate such a determinant, we consider the case of a positive definite operator A such
that!

Afp=anfn, a, >0, Vn,

where the a,,’s are the positive definite eigenvalues and the f,,’s the corresponding eigen-
functions. A frequent problem in quantum field theory is that the relevant determinants
diverge. A powerful method to regularise such determinants is to use the so-called (-
function regularisation. The starting point is to consider the (4(s)-function, defined

by

o0

) =3

n

for the values of Re(s) for which it converges, and by analytic continuation elsewhere.

A famous example of such a regularisation by analytic continuation is the Riemann

(-function, corresponding to a, = n, that is

o0

1

ns
n=1

For s = —1 it corresponds to ) -, n = co. However, by analytic continuation we can
substitute ) >°, n by ((—1) = —1/12. It is remarkable that such a result has been first
obtained by Euler without using complex analysis, unavailable at that time. Such a

13 Luca Teodori

14 The problem of zero modes, that is zero eigenvalues that would give a vanishing determinant can be
treated by a suitable application to the present method of the strategy leading to (8.7).
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result is used in several research fields besides number theory. For example, it can be
used to prove that the bosonic string critical dimension is 26.

Other values of the Riemann (-function are

1
] — ==
— analytic cont. C(O) 2 ’
and .
n? 5 ((~2)=0.
- analytic cont.

More generally

n® —— ((—s)=—
— analytic cont. C( ) s+ 1

with Bj, the kth Bernoulli number.

The connection between the (4(s) and determinants follows by

dda(s) _ io: 105% = — i log ane t1o8an = —log H Qn
n=1 n n=1 ® "

ds

s=0 s=0 =0

that is
det A = =40

The key observation is that the (4 function can be evaluated by using the heat equa-
tion. The consequence is that the problem of finding the determinant of an operator is
equivalent to solve a partial differential equation. To show this, we consider the heat
function

G(E,5,7) =Y e (@) fu(D) , (8.42)

n

called in this way because it satisfies the heat equation'®

AEG(‘%7Q7T) = _gG(f7y77—) . (843)

Note that by (8.42) it follows that the solution of (8.43) must satisfy the initial condition

G(z,7,0) =6 (z —7) . (8.44)

It is easy to check that

Cals) = Fl /0 T et / 4z (7,7, 7) | (8.45)

15 Az means that the operator acts only on the Z variable.
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where

I'(s) :/ dt t*te
0

is the Euler I'-function. To prove (8.45), note that, exploiting the fact that the f,’s are

orthonormal eigenfunctions, we have

S drrtee farn@r =Yg [Ca et > =G0,
=1
where in the first equality it has been used the change of variable t = a,,7.
Let us summarise the above strategy to find the determinant of an operator.
(i) Find the solutions to the heat equation (8.43) satisfying the initial condition (8.44).
(ii) Insert the solution G(Z,7,7) in (8.45).
(iii) Use det A = e=¢a(0),

Needless to say, the very hard step is the first one.

8.5 Effective potential density!"

In this section we compute the effective potential density in Euclidean space at order
h. Let us first consider the Euclidean version of the determinant in (8.39)

det [(=0,0, +m* +V"(p))_ 6W (T — To)] . (8.46)

1

Before using the (-function treatment of determinants, it is instructive to extends the
treatment of Gaussian integrals to quantum field path integrals. Let us then consider

[ poe (- [ d'ao@osoia)

with Oz some differential operator. Let {1, } be the set of orthonormal eigenfunctions
of Oj;

where we assume positive definiteness of the eigenvalues, that is A, > 0, Vn. Considering

the expansion

¢=> crt . (8.47)
k

16 T,uca Teodori
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we have

[ dzo@osota) = 3

k
Let us now consider the following qualitative argument concerning the measure De.
The idea is that any element in the space ® on which is defined the measure can be
expanded as in (8.47). In this way, any element ¢ € ® corresponds to a point the
C := {cx}. We then consider the map ¢ € ® — C, and set

der

Do =
¢ 2

This leads to an infinite product of Gaussian integrals, and therefore to (det Oz)~/2.

More precisely, we have

[ poess (= [ dzo@osota) = [T] 52 ew(~ 3w

where the infinite constant 1
N = —_—,
15
needs to be regularised. A possible method is just the use of the (-function we have seen
in the previous section. As we said, such a receipt is also called (-function regularisation.

Let us comment on the role of 6¥(Z; — Z) in the operator (8.46). Note that this
is analogue of the J,; in the diagonal matrix A;; = A;d;;. So that the analogous of
the multiplication of a vector v by A, that is >, Ajpvp = Ajv;, is, in the case of the
operator in (8.46),

1

/d‘*@ (0,0, +m* + V() 6W(T) — T2)p(To) = (=0,0,, + m* + V() ¢(a1) -

However, note that this does not mean that we have diagonalised the differential oper-
ator. Let us show this by considering the massless case and with ¢ = v, where v is a
constant.!” Consider

O@ = —3#3u + —v s

and let {¢»} be the set of orthonormalised eigenfunctions of O; of four momentum p,

17 This is what we will do later to compute V.
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so that \
Ost5(7) = (1* + 50 ) us(@) .
with
[ @ =5 -5

For any function'® F' of Oz, consider
[ 50 F (O (@) = F + 30212) [ dtaBin (@) = 5901 — p) G + X0?)2).
Note that p; and py are the continuous indices of the matrix

My, =6 (p1 — Do) F (D] + \?/2)

so that its trace reads [ d*pM;p, that is
Tr F(Oz) = §@(0) /d4]3F(]32 + M?/2) .

The integral representation of the d-function shows that §*(0) can be interpreted as
the space-time volume divided by (27)%. Later we will show a method to treat such an

infrared singularity.

In the case F is the log function, we get an expression for the effective potential density
that needs to be regularised. Instead of considering such an analysis, we now follow the
related (-function method to compute V°.

Let us start by considering the i contribution to the effective action. We saw that

1

Tiple] = _§€f—é,@+m2+g¢2}(0> . (8.48)

Following our three steps, we should now find the solution of the heat equation

0G(2,7,7)

= (8.49)

- = A
<_8#aﬂ + m2 + §¢2(j:)) G<j7 y7 T) - -

This is very hard to be solved for an arbitrary ¢, what we can do is to consider the
effective action, that we saw has the form

1 - =
Lgle] = /d4:Tc (Ve(go) + éF(gp)aﬂgoaugo + higher order derivatives> : (8.50)

We are interested to the contribution at order A to V¢ and this can be obtained by using
a constant field configuration, that is ¢ = v, with v constant, so that the derivative

18 Recall that functions of operators are defined by their formal power expansion.
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terms in (8.50) cancel, and the effective action reads

Tgv] = VE(v) / d*z .

The space-time integral should be infinite, nevertheless we can perform a standard trick.
Suppose our Euclidean space is S* rather than R*. In this case we can consider S* as
the surface of a five dimensional sphere, so that we obtain a finite result and avoid this
infrared divergence. It follows that (8.48)

. o A _h,
1% (v)/d4 = <§m202 + IU4> /d4x - §C[—5u5u+m2+%v2}(0) + O(h?) . (8.51)

Now with a constant v we can integrate (8.49) and find
2

a7 Iu —p2(z—7)? 7) —(m2+202)71/pu2
G<x7y’7-):m€#( 7)2/(47) p=(m?+ 327/

)

where p is a scale that we introduced for dimensional reasons. Then, by (8.45), we get'?

1 o0 4
¢(s) = _/ drr /d4f—u e~ (M X071/
0

167272

P m? 4 4v? 2_81“(8—2)/(14&_:
1672 p? I(s) ’

so that
2—s
4 2 2
, ptod 1 m? + \v?/2 / -
—_ - == 5 d
C[78u6M+m2+%1}2]<0) 1672 ds [(S —2)(s—1) < G | '
s=0

1 5 A o\2/ 3 m? + \v?/2 i

Finally, by (8.51) we get the following expression for the Euclidean effective potential
density

. 1 A h A \°/ 3 m2 + 22
Vv (90) = §m2§02 + @@4 + @ (m2 -+ 5(,02) <—§ + log T) + O(FLQ) . (853)

However, as (8.41) shows, a complete dimensional analysis should include the La-
grangian density £. We saw that this leads to the insertion of A factors. There are

19 The integration in 7 is defined only for s > 2, nevertheless, the result can be extended by analytic
continuation.
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many possibilities, parameterised by «. Eq.(8.41) corresponds to the choice o = 0.

Let us consider the p-dependence of V¢. Note that until now the parameters m? and
A have been introduced by hand in the Lagrangian density. On the other hand, it is
natural to define the mass squared as the coefficients of the ¢? term in V¢(¢). Let us
consider the case m? = 0. It is immediate to check that in this case we have, at order
h, V¢"(0) = 0. Therefore, the squared mass is zero if it is zero classically.

Let us now consider the coupling constant \. We can define it as the coefficient of the

¢! term in V¢(¢), that is
_d'Ve(9)

)\ = - d¢4 |¢:M ) (854)

with M some non-zero constant. Note that M = 0 cannot be a choice because this
leads to a logarithmic divergence. This is an infrared divergence, which is a typical

property of theories which are classically massless.

Let us compute (8.54), with V¢ given by (8.53) in the case m? = 0

A=A+ 24A<B + % + log M2> , (8.55)
with 2 . \
A:W’ B:—§+log2—#2.
Therefore, we have ,
log )\2]\52 = —g : (8.56)

We can then express the term \/(2u%) in (8.53) in terms of M?, that is,

3 Ap? 25 2
S 4 loe 2 — 2T 4 oo ——
2—|—0g2,u2 6+ogM2,
so that \ A2t ) .
e ' '4 2
1% =t log — — = ) + O(K?) . 8.57

Such a result, due to Coleman and Weinberg,?’ shows a key property, related to the
renormalisation group equation that will be discussed in great detail later. Namely, if
we now change the scale, from M to M’, then the physical content does not change. In
other words, this is just a reparametrisation of the same function, to the order in which

we are working. As such, it is a change of definition, not a change of physics. To see

205, Coleman and E. Weinberg, Phys. Rev. D7 (1973) 1888.
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this, set?!
V(9 )
)\/ = -\ — A . .
o |p=n1 (8.58)
Note that now Eq.(8.55) becomes
3hN? /8 A 9
! - T !/
N =+ 55 (5 + o 5 oM ). (8.59)
that, by
A 8
= —— —log M*?
52 = 3 log
gives
3N . M’
[ -
N=A+ 6.2 log 7 (8.60)

To express A in terms of A" one may solve the algebraic equation using the expansion

2

\/1+x:1+g—%—|—... ,

leading to

3RN? . M 5
log — "y .61
67 08 3 + O(\") (8.61)

Replacing A in (8.57) with the right-hand side of (8.61), yields

A=XN+

. N BNt ©* 25
Ve(p) = 5304 M (logm - E) + O\ . (8.62)

Denoting by V¢(A, M) and V¢(N, M’) the effective potential densities in (8.57) and
(8.62), respectively, one may check that, at the order A\?, we in fact have

Ve, M) = VE(\, M)

that is, we have the same physics.

8.6 Scaling of determinants?

In this section we consider the scaling properties of determinants.?® Suppose to imple-

ment the transformation

Ao A=A

21 Here we add \ in the argument of V¢, to stress that we are still using the same V¢ in (8.54), and
therefore with the same A.

22 Luca Teodori

23 This can be useful also for the discussion of a conformal quantum field theory.
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where d is the (natural) dimension of A and a a parameter. We have

o0

() =3 e = e ()

(eadan)s
so that

det (eadA) = e = exp (_di
5

<€_adSCA(3))) _ 6adCA(0)€—qu(0) )
s=0

Therefore, we have
Car(0) = ¢4(0) — ad4(0) , (8.63)

and
det A’ = ¢2%a0) det, A |

Let us now consider the effective action at order A° for the massless A\¢* theory. We
saw that at order h° the effective action coincides with the classical action. We then
have

[ = = A
Lople] = — /d4$ <906u8u90 - ESO4> .
Such an action is invariant under the rescaling

ot — M = et o — ¢ =e. (8.64)

However, such a dilatation symmetry is broken by quantum effects. Namely, the effec-
tive action is not invariant under such a transformation. To see this, we consider (8.48)

in the massless case

1
Tiple] = =5 5,5,4a02/2(0) - (8.65)
Under the rescaling (8.64) we have
== A oal= m A
0ud— 5¢* — (0,0, — 54°) .

On the other hand, by (8.63),

C{E_Q“(—7M5u+/\902/2)](0> - gf_5#5u+>\w2/2]<0) + 2a<[—5u5u+)\<p2/2]<0) )

that is
Telpl — Tylel = Tele] = ali€_5,5, 10279 (0) + O(R?) .
In particular, it turns out that [34]

/\2
a
12872

Iyfe] = Tule] — / 5 T) + OR?)
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This means that at the order h the effect is just the following shift of the coupling

constant

3ha?
167w2
This is another signal of a general property of quantum field theory: the coupling

A — N =A— (8.66)

constants must be defined at some scale because even if they may be classically scale
independent, this is no more true at the quantum level.

We note that the above result is consistent with the scale dependence of A we found in
the previous section. This can be explicitly seen by setting

a = log M .
Actually, by (8.54) and (8.58), we see that the effect of the rescaling of ¢ by e~ is that
the original M maps to M’ = e~ *M. Then, by (8.60), we recover (8.66).

As we will see in the framework of the renormalisation group, the running of the coupling
constant is describe in terms of the so-called S-function. Let us then consider (8.61),

with M and M’ as reference values. We then have

dA 3h\?

A) = = )
AN dlog M? 3272

We see then that, in the case of the theory ¢}, the 3-function is positive definite. As we
will discuss later, in the case of QCD, the S-function is negative definite, meaning that
at high momenta the theory is essentially a free theory. Such a phenomenon is called

asymptotic freedom.

8.7 Feynman rules for the ¢} theory?*!

In this section we will consider the perturbative expansion of the 2- and 4-point func-
tions, in the case of the ¢} theory.

In the following, to simplify the notation, we will omit the corresponding subscripts and
superscripts of the Euclidean formulation. The use of the Minkowskian or Euclidean
formulation is clear from the context.

Let start by expressing Z[.J] in the form

Z[J] = Ne~WolleWolle~{V(57) = Wol) |

24 Luca Teodori
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and note that
W[J] = —log N + Wy[J] — log [1 + eWol] (e—<V%>> - 1)6—%”1} . (8.67)
Such an expression leads to a convenient expansion of Z[.J] in terms of
d[J] := eWO[J](e%V(%)) — 1)eWoll (8.68)

Actually, by

0 (_1>k+1
log(l—i—x)zz " for —1<2<1,

k
k=1
we have ]
WI[J] = —log N + Wy[J] = 6[J] + 552[J] +.... (8.69)
Expanding of 6[J] in power series of A
OLT) = Sk[JIA"
k=1

we get
W] = —log N + WolJ] — A1 [J] — A2(6:].7] — %5?[J]) o

4

To find the expression of the d;x[J]’s, we expand the term exp (% <56?>) in the right-
hand side of (8.68)

A/ ot A2/t /ot
_ WolJl({ _ 2 —WolJ]
o] = el ( 4!<5J4>+2(4!><6J4><5J4>—|—...>e . (8.70)

. /

g

A6 ] A263[J]

Therefore, performing the fourth derivative and using

1
WolJ] = =5 {J(2)Ar(z =) (4))s, -
we get
1
0[] = = (BB AscDaa oy T i) = 6 (DarDaalap Juily) +3 (AL)

and one can compute similarly any other term. An important remark is that, in the
computation of the dx[J], one can notice that the disconnected part (i.e. the contribu-
tion that can be written as a product of functional of J, for example a possible §7[J]
term in the computation of do[.J]) drops out. This is a consequence of the linked cluster
theorem that we proved, and stating that all the disconnected contributions in the ex-
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pansion drop out order by order, confirming that W |[.J] generates only and all connected

Green functions.

We can thus plug the expressions of dx[/] in W/[J]| and then use

SNW ]

GM(zy,... xn) = T P
L 0TN

Let us consider the case of the 2-point function. We have,

A

GO (w1, 22) =A(wy —21) = 5 /d4y Az — y)A(y — y)Aly — z2)

)\2
+ E/d“:zc d'y Azy — 2) A%z — y) Ay — x3)

2

+ Az/d‘lq; d4y A(l‘l — I‘)A2<x — y)A(y — y)A(qj — xQ)
+ %z/d‘lx d4y A($1 — l‘)A(l’ — .T)A(:L’ — y)A(y — y)A(y _ 3:'2) + O()\:S) :

and similarly other rather cumbersome expressions for the higher Green functions. In
momentum space this reads

. 1 A1 dq 1
Gf)(p,—p)z 2 2 5 (2 2 2/ 12 2
p*+m?  2(p2+m?)? ) @2m)t¢*+m

o1 d'qy d'qy d'¢s 2m)*%W(p— a1 — ¢ — s)
6 (p2+m?)? / (2m)* (2m)* (2m)* (gf +m?)(g5 + m?)(g5 +m?)
A2 1 dq 1 diq; d'qy (2m)*0W(q1 — @)
4 (p? + m2)? / (2m)* ¢* +m? / (2m)* (2m)* (g7 +m?) (g5 + m?)

A2 1 d* 1 d4l 1
g 15 / oM.
4 (p24+m2)? ) 2m)*q¢>+m? ) (2m)* (12 4+ m?)
(8.71)

Needless to say, we should find another way to find these expressions at any order, and
here is where Feynman diagrams can greatly help in simplifying things by applying
simple rules. Such rules generate all the possible contributions to the Green’s function,
including the disconnected ones.

As we will see the prescription to recover the perturbative expansion is to draw all
possible topologically inequivalent diagrams, by using vertexes and lines, and then
identifying them with the coupling constants and propagators.

In the case of the ¢} theory, the Feynman rules are the following



PERTURBATION THEORY 193

(i) Each line represents a propagator

1
— = S (8.72)
(ii) Each vertex corresponds to —A/4!,
b1 b3 —= _i i
D4 4
D2

(iii) Identify all the external legs and find the topological weight to each graph, i.e. the
number of possible topologically equivalent graphs.

(iv) Attach
4
(2m)*ot (Z Pk) :
k=1

to each vertex and integrate over the internal momenta with

[

With the last rule one gets

(2#)45(4) (

-

pk:)é(N)<p17 s )pN> ;

so that, to get the N-point function, one should remove the overall (27)*5® ( Z,ivzl pk>
term. This is what has been done in (8.71). However, note that in (8.71) there remain
two more §’s, each one multiplied by (27)%. The effect of each one of such ¢’s is to
eliminate an integration, together with a factor (27)?%, and simultaneously reducing the
number of momenta. However, it is faster to do such a simplification by writing at
each vertex only the independent momenta. Therefore, it is worth replacing the forth
Feynman’s rule by

(iv) Use the momentum conservation at each vertex to eliminate the redundant mo-

menta, and then integrate over each unfixed momenta p with

[

In this way one directly gets G (p1,-..,pn) and avoids to perform the trivial integra-
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tions due to the d-functions.

Using the Feynman rules we can diagrammatically express (8.71) as

= &
& 873

Now we see how to recover the analytical expressions for the Green function thanks to
these rules. Take the so-called tadpole (the second diagram in the right-hand side of
(8.73)): it has one vertex and three propagators, and one of these three corresponds to

an internal momenta. Using then the rules 1, 2 and 4, we can write

4 45(4) (0 _ o i
&:T:_MA 1 1 /dq(27r)5 (p—p'+4q q)’ (8.74)

P p/ 4! p2 + m2 p/2 + m2 (271')4 q2 + m2

where M is the topological factor. Note that the right-hand side of (8.74) is a contri-
bution to the two-point function times (27)*0(p — p’). As we said, the above expression
could be directly obtained using as forth Feynman’s rule the faster alternative of writing
directly the independent momenta. In other words, one may directly write

o MA_ 1 / dtg 1
4 (P2 Em2)?2 ) 2r)r R+ m?

To find the value of M one decomposes the diagram in the following way

1 —- — 2

i.e on the two propagators and the vertex; then one can see that there are 4 ways
to attach one “vertex leg” to the propagator 1 and then 3 ways to attach one of the
remaining three vertex legs to the propagator 2; then to close the loop there remains
only one choice, so M =4 x 3 x1=12.

For the setting sun (the third diagram in the left-hand side of (8.73)), we need two
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external legs, two vertices and two loops; again using Feynman rules we can write

pCp’

5 M [ g d'e dgs (20)00(p — Q)3 (Q — )
(A2 (2 + m2) (2 + ) | ()t (2m)E (2m)1 (B mi?) (6 + mi?) (@ + )

where () = ¢1 + @2 + g3 is the sum of the right going internal propagators momenta.
Note that

0 (p = Q)8 (Q —p) =W (p - Q)W - p) .

In this respect, as in the case of the tadpole, recognising the independent momenta
directly at the vertexes avoids both the use of the d’s, and therefore a superfluous
integration, and the overall (2m)*5(p’ — p). In particular, a direct application of the
simplified Feynman’s rules leads to

pCp’

22 M / d*qr d*q 1
(42 (P +m?)% J (2m)* (2m)Y) (67 +m?)(g3 +m?)[(p — 1 — q2)? +m?]

To determine M, again divide the diagram in the two external legs and the two vertices

- ><>< -

now there are 4 ways to attach one vertex leg of the first vertex to the propagator 1,
4 ways to attach one vertex leg of the second vertex to the propagator 2, then 3 ways
to attach one of the remaining three vertex leg on the first vertex to the second vertex
and other 2 ways to attach the third vertex leg to the second vertex; then there remains
only one choice, so M =4 x4 x 3 x2x1=96.

Now we use a diagrammatic representation to write the 4 point Green function:
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In general we have for G™)(py, ..., py) the multiplicative factor

corresponding to the external free propagators. It is simpler to restrict the analysis to
the diagrams which are 1PI and that, in addition, are also amputated.?’> As we will
see, these are the diagrams generated by the effective action. Therefore, I'¥ contains
only the following diagrams

and these must be computed without considering the contributions due to the external
propagators. As an example let us see the Feynman rules for the so-called fish diagram
(the second one in the right-hand side of the previous equation); first of all let us try to
find out the topological factor, again with the usual decomposition in vertices and legs

1 — —3

2— —A4

now there are four ways to attach one vertex leg of the first vertex to the propagator

1, three ways to attach one of the remaining three vertex legs of the first vertex to

25 Recall that these are the connected Feynman diagrams that cannot be disconnected by cutting only
one internal line and with the external legs removed. Also recall that, in a generic theory, ™) with
N > 3, is said proper vertex function.
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the propagator 2, then again the same reasoning applies for the second vertex and
propagator 3 and 4, then two ways to attach one of the remaining two vertex leg on

the first vertex to the second vertex; then there remains only one choice, so that
M=4x4x3x3x2x1=288.

We then get
= 5 102 2 2 57 ~logq .
P1 Pa 2 J @2m)* (¢ +m?)[(q — p1 — p2)* + m?]

Note that here we reported the contribution to the proper vertex function I'¥| so that

the external free propagators have been omitted.

To resume, W[J] is the generating functional of the connected diagrams, whereas I' is
the generating functional of the 1PI amputated (or truncated) diagrams. As we will
soon see, the T™)’s can be considered as building blocks of quantum field theory.

8.8 A combinatorial proof of the Feynman rules?

In this section, we give a combinatorial proof of the validity of Feynman rules in position
space for the ¢} theory. The same methods can be applied in a scalar theory with generic
potential V(o).

We begin with the generating functional for a scalar theory with potential V(¢) in
Minkowski space

N = [ Doesp[; 5+ o] = [Doen[; (Gianditesta - V(o) + (U6))]

where A™!(z,y) is the free propagator. Using the Schwinger trick one gets

Z[J] = exp {—% <v (—zh(s]> >1 ZolJ] = exp {—% <V (—zh;J) >] exp [—ﬁulAlzJQ)u} ,

(we have assumed Zy[0] = 1) now we expand both exponentials in series

Z[J] = 2% (—% <v (—zh(;” >> ;% ( 2h<J1A12J2>12)p .

26 Elia de Sabbata
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The N-point Green function G (1, ..., xy) is given by

1 ) )
G (xy,...,zN) = N 57 (1) §J(xN)Z[J]

Y

J=0

if we insert the expansion of Z[J] in the previous equation, the generic term of the

double sum reads

mlp! iiN(SJ?xl) o 5J(ZN) (_% <V <_m%> >> (‘2%<J1A12‘]2>12>p

Now we use V(¢) = 4¢*

(=P8 5 i ARY S \\" /1 P
I — (A
olpl 6J(x1)  6J(zn) ho4l 64 <2h<‘]1 12‘]2>12)

we label the v variables of the 4v functional derivatives in the middle by 1, ..., y,, we

J=0

Y

J=0

carry out their integrations and we collect A factors

vlp! 4 0J(x1)  6J(zn) 6 (1) 0J(yy)? 2

J=0

Note that, since at the end of the calculation J is set to be equal to 0, in order for
the term to be non-vanishing the 4v + N functional derivatives must cancel exactly
the 2p external currents. This means the only non-vanishing terms are those for which
4v+N = 2p (so N must be even). Using the latter relation we have (—i)N = (—i)?~ =
(—1)P, thus it follows (—i)P™™ = i?. We can bring this factor inside the integral, in the

term which is elevated to the p

L (22 U/d‘*yl...d“yv 6 0 & O (ithAukiey’
vlpl 4 0J(z1)  0J(zn)0J(y1)*  0J(yy)? 2

Thanks to the Leibniz rule, the problem of finding the generic term of the N-point Green

J=0

function is then reduced to sum all the possible ways in which the 4v + N functional

(%)

derivatives act on " and then multiply by the right combinatorial factor.

Moreover, for each of those ways, there are v! p! equivalent ways obtained by permuting
Y1, ..., Yy and the p equal terms %.

Thus if we remove the v! p! in the denominator of the previous equation we can consider
i(J1A12J2)12
2
We further note that when two functional derivatives act on

Y1, ---, Yp and the p terms as ordered.

i(J1A12J2)12 :
—==5222 the result is

1) ) i<J1A12J2>12
0J(x) 6 J(y) 2

= 1A(x,y).

Therefore, to calculate the generic term of the N-point Green function we proceed as
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follows:

(i) We draw N arrows and we write near them xy, ..., z)y. Each arrow represents the

action of a functional derivative #, k=1,..n.
)

(i) We draw v 4-vertices with 4 arrows each and we write near them —% [ d*y;, k =
1,...,v. Each arrow represents the action of a functional derivative %, the

variable y; being the same as the integration variable of the vertex.

. . . . il J1 Ao
(iii) We connect pairs of arrows with lines. Each line represents a factor MTQM

which has to be derived by the arrows. The result of the derivation is simply
iA(z,y), where the variables are those of the arrows (since A(z,y) is symmetric,
we do not care about the order).

(iv) We multiply each of the inequivalent diagrams obtained using the previous tree rules
by a symmetry factor given by the possible different ways to draw an equivalent
diagram (this symmetry factor comes from the fact that the 4 arrows of each vertex
are not ordered, while as said before we have to consider the v vertices and the
N external arrows as ordered). We then sum the contributions of all the possible

inequivalent diagrams.

(v) Finally we multiply the result by i3"P. We set I := p — N (the number of lines
which are connected only to vertices, i.e. the internal lines) we have 3v — p =
dv—v—I—-N=2I+N)—N—-v—1—N =1—wv, which is equal to L+ 1, where
L is the number of loops of the diagram. Hence we can as well multiply the result
by hEtL,

Notice that the previous rules, which basically are diagrammatic rules for computing
the action of some derivatives on a certain product according to the Leibniz rule, are

exactly the Feynman rules in the position space.

To get the full N-point Green function we observe that, since N is fixed, given v then
p is fully determined by 4v + n = 2p, hence we just need to sum all the diagrams with
all possible number of vertices. Obviously, by rule (ii), if a diagram has v vertices then

the contribution it gives is proportional to A\".

8.9 Divergences of Feynman diagrams?’

In doing the dimensional analysis of the terms in the Lagrangian density, we saw that
a natural choice is (8.24) with a = 0. In this case, as reported in (8.32), the dimension
of ¢ is

[¢] = L[R2 .

27 Luca Teodori
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In the following we will connect the loop expansion of Green functions with the ex-
pansion in powers of A. The same argument holds for the expansion of the generating
functional Z[J] and W[J]. Even in this case, the expansion in powers of /i should ignore
the factor 7% in the Lagrangian density due to the mass term, that is m?c?/h?¢?/2. As
previously showed, we should set v,,, = mc/h and then consider the loop expansion with
v treated as independent parameter, showing its correspondence with the A expansion,
and finally substitute v, by mc/h. So we take for granted this passage, leaving out the
c¢/h term in mc/h.

Let us consider the Minkowskian free propagator

d4]€ eik(x—y)
(2m)* k2 —m? +ie

T o(ow)0) = ih [ .75
which is just the free propagator one would get using the Lagrangian density (8.24) by
taking into account the insertion of A in the right places. It is useful to make some
observation, that also helps in checking the signs.

(i) Note that the integration variable in (8.75) is k = p/h. In this respect, recall
that in the path integral representation of Z[.J] one should add the term A~!
that multiplies both the action and the external source. In addition, A~! factors

arise when considering the Fourier transform,?® so that d*p should be replaced by
d*p/h* = d*k. This means that

Z6l) = Zof0] exp = 5z (T @OIT@OW0 W) ) . (8.76)
As a check, note that since the dimension of J is [J] = L73[R]'/? (see (8.32)), it
follows that the exponent in the right-hand side of (8.76) is in fact dimensionless.

Also note that

(B 2L _ (oirstmpowlo)

i) 6J(x)6J(y)
where the factor (//7)? is due to the fact that in the generating functional the source

appears in the form exp(i (J¢) /h). It follows that to get ¢(x) in the numerator of
the path integral, one should take the functional derivative with respect to iJ(z)/h.

(i) The appearance of k? in the denominator of the integrand in (8.75) is a consequence
of the absence of the i? factor in the kinetic term of (8.24).

(iii) As we said, it is understood that m? should be replaced by v = m?c?/h?. This
explains the dimensional discrepancy between k? and m? in (8.75).

(iv) The factor A multiplying the integral in (8.75) can be also obtained by observing

28 Recall that, as done to derive (7.16), a way to get the expression of the Feynman propagator includes
the Fourier transform of both J(z) and ¢(x).
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that the dimension of the first member is L™2[h].

Let us now determine, in a scalar theory with a potential density A¢"™ /N!, the relation

between

L : number of loops ,
I : number of internal propagators (internal lines) ,
E : number of external propagators (external lines) ,

Vy : number of vertexes with N legs .

Note that the number of loops is the number of independent internal momenta, unfixed
by momentum conservation. On the other hand, the number of internal momenta is
just the number of internal lines. However, as we now show, such /-momenta satisfy
Vn — 1 conditions, so that the independent momenta are L =1 — (Vy — 1).

Let us first observe that there are Vy conditions concerning the momentum conserva-
tion, implemented by the distribution

—z— 27r S <Zpk) ,

associated to each vertex. However, these Vi conditions are redundant. In fact, Feyn-
man’s prescription requires the integration over all independent internal momenta. Af-
ter such integrations there is still one -function assuring the conservation of the external
momentum, that is

E

@m)'s D (D) -

k=1
Since such a condition concerns the external momenta, it is clear that it has not direct
influence on the number of independent internal momenta. It follows that the number
of internal independent momenta, i.e. the number of loops, is

L=I—(Vy—1). (8.77)

At each vertex is associated a factor A™!, coming from the term exp(—i (V(¢)) /h) in
the path integral. Moreover, to each line, i.e. to each free propagator, it corresponds,

according to (8.75), a h factor. Therefore, each diagram has a factor
hI‘FE*VN — hE+L71 ) (878)

Since the expansion of each G the value of E is fixed, it follows that for every Green
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function the expansion in loops corresponds to the expansion in powers of A, that is

GE) = pE-1 Z cpht .
L=0

As we have seen, the fish diagram has a divergence growing logarithmically with the
momentum. In general, a divergence which arises when the momentum goes to infinity
is called ultraviolet divergence. The ultraviolet divergences in Feynman diagrams are
associated to the presence of loops.

Let us consider the criteria to distinguish the divergent diagrams from the finite ones.
To this end note that in a Feynman diagram there are L integrations over loop momenta
;. In d-dimension each d%¢;, contributes by a factor d to the total dimension in momenta
of a given Feynman’s diagram. Since there are L integrations, it follows that the total
dimension in momenta due to such integrations is dL. On the other hand, each internal
line corresponds to a factor i/(q*> — m? + i€), where ¢ is a linear combination external
momenta p; and loop momenta ¢;. Each internal line gives a contribution —2 to
the total dimension in momenta. This suggests introducing the superficial degree of

(ultraviolet) divergence®

D:=dL—2I . (8.79)

On general grounds (but this is not always valid) we can say that a diagram converges
it D <0.

We now extend the analysis of the topological relations between E, I and Vi, dis-
cussed at the end of section 8.1, to the case with loops. It is clear that, as in the A°

approximation, even in this case we have
NV =2[+FE . (8.80)

Therefore, by (8.77), (8.79) and (8.80) we get

1 N -2
D:d—g(d—Z)E+VN( . d—N). (8.81)

A useful analysis is to relate D to the dimension of the coupling constant in a Lagrangian
density. Let us consider the general scalar theory

1 1 A
_ = w242 AN N
L 5 L PO! P 2m¢ N!¢ : (8.82)

29 Lowering the number of dimensions can make the integral convergent. Such an observation will be
exploited in considering the dimensional regularisation method in the next chapter.
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The diagram expansion for the E-point proper vertex function, ['®), starts with the
vertex with N = E legs®
AE

FOpr,.opp) = =2+ (8.83)

Set

(X) = momentum dimension of X .

By (8.83) we have
() = (Ag) -

(E)

On the other hand, since all the contributions to I'® must have the same dimension,

we have

(TP =dL—2I+> Vi(\y),

N=3

that, together with D = dL — 2I and (I'®)) = (\g), gives

D = (Ap) - i Vn(An) - (8.84)

This shows that if Ay has negative momentum dimension, then D grows with the
addition of such vertex. On the other hand, since (0,¢0"¢) = d, we have

d—2
(4)= =
so that J_9
(Ay) =d— NT ,
that is
2d

Let us go back to (8.81). In the case d = 4 it reads
D(d=4)=4—E+(N—4)Vy .
In the case of ¢}, that is N = 4, we have

D(¢p")=4—-F .

30 Note that, at the tree level, the Green function G) may have other contributions coming by gluing
legs of different vertexes —An/N!. For example, besides a terms proportional to Ag, G©) has tree
level contributions containing the product of more Ay’s, such as A3\4, whose vertexes are connected
by internal lines. On the other hand, since our analysis concerns the tree level, such internal lines
are not part of loops, so that, all but the contribution Ag only contribute to 1PR Green’s functions
and not to I'(©).
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As we will see, such a property of the ¢} theory is crucial for its renormalisability. In
particular, note that the 2- and 4-point interactions! are already present in the initial
Lagrangian density £. On the other hand, a key point of renormalisation concerns the
addition to £ of a Lagrangian density L., containing counterterms, which has the
same functional structure of £. The fact that D is non-negative only for £ = 2 and F =
4, means that the ¢ theory satisfies such a necessary condition for its renormalisability.

It should be also stressed that the superficial, or apparent, degree of divergence, only
provides a dimensional analysis of the total dimension in momentum of a given dia-
gram. As such it cannot be considered as a warranty of convergence or divergence of
a Feynman’s diagram. For example, in the case of the vertex with the four external
momenta, the superficial degree of divergence is zero, so that, apparently, it would be
logarithmic divergent. It is also true the opposite, namely the fact that D = 4 — F

2k+2) are convergent for k > 3.

cannot be considered a proof that the Green functions G
It is easy to see that this cannot be the case. The reason is that one may construct a
Feynman diagram starting from G and/or G and then attach to their legs other

2k+2) with k > 3. A simple example is

Feynman’s diagrams to get a Green function G
the 2-point function with each one of the two legs attached to tree level 4-point func-
tion, resulting in a divergent 6-point function. Nevertheless, despite such remarks, one
may easily verify by a topological analysis that all the possible divergences of G(2#+2)

with k£ > 3 are always due to sub-diagrams which are 2- and/or 4-point functions.

We have seen that in the ¢} theory all the ultraviolet divergences are due to the 2-
and 4-point functions. Therefore, taking care of such divergent Green functions will
guarantee that even all other Green functions will be finite. For such a reason G® and
GW are called primitively divergent graphs. More generally, we have

A Feynman diagram is called primitively divergent if it becomes convergent by cutting

any internal line, so that such a line transforms in two external lines.

It is clear by its definition that a primitively divergent graph has the following proper-
ties.

(i) It does not contain any divergent subgraph. The reason is that any subgraph could
be separated by cutting lines. this would mean that one could cut at least one line
of the original graph without making it convergent.

(ii) It must be a proper graph, that is, it cannot be disconnected in two sub-graphs

31 As we will see, the propagator also follows by considering the kinetic term, that provides the p?
term, together with 2-leg vertex due to the term m2¢?/2. This is not surprising, since ¢ is a
self-interaction and can be seen as the functional analogue of the harmonic oscillator potential.
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by cutting an internal line. The reason is that divergences come from loop inte-
grations, so that to get a convergent diagram one should cut at least a line of a
divergent loop. On the other hand, if the diagram would disconnect by cutting an
internal line, then such a line cannot be part of a loop.

As we will see the fact that the primitively divergent diagrams of the ¢ theory are
only G (D = 2) and G (D = 0), allows a systematic strategy for removing the
ultraviolet divergences. A theory admitting the removal of ultraviolet divergences is
called renormalisable.

Quantum field theories can be classified according to their kind of divergences. In
particular, we have the following standard definitions.

(i) Super-Renormalisable: the theory has a finite number of superficially divergent
Feynman diagrams and divergences do not occur at all orders in perturbation
theory.

(ii) Renormalisable: the theory has a finite number of superficially divergent Feynman

diagrams, but divergences occur at all orders in perturbation theory.

(iii) Non-renormalisable: all Feynman diagrams are divergent at a sufficiently high
order in perturbation theory. According to (8.84) we have that if the theory has
any \y with negative mass dimension, then it is non-renormalisable. Nevertheless,
it is important to note that even if the number of counterterms to subtract the
divergences is needed, a non-renormalisable theory may provide useful predictions
at energy below some ultraviolet cutoff. In this respect, it is worth mentioning
that in recent years non-renormalisable theories have been widely investigated.

We now consider (8.81) and (8.85) to comment on some of the scalar theories admitting

a finite number of primitively divergent graphs.

(i) In the case d = 4 we have
D=4—E+(N—-4)Vy,

so that for N > 4, D grows with the number of vertexes V. This means that the
A¢"™ /N! theories with N > 5 have infinitely many primitively divergent diagrams.
This also follows by (8.85) that, for d = 4, reads

(Ay) <0 for N >4,

implying infinitely many counterterms.

(ii) In the case d = 2 we have
D=2—2Vy,
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which is independent of N and E. In particular, the convergence improves with
the number of vertexes. Divergences are due only to the graphs with Viy = 0 and
Vy = 1 vertexes. Such theories are super-renormalisable. Since divergences arise
only from loop integration, and since the maximum number of vertexes a divergent
diagram may contain is one, it follows that the only possible divergences are due
to a diagram in which two legs of the same vertex are glued by a propagator. Such
a kind of divergences are removable by normal ordering the interaction term in the
Lagrangian density
o — o™

so that, renormalisation is essentially trivial in these cases.

(iii) The highest dimension for which there exists a renormalisable scalar theory? is
d = 6 where the \¢?/6! theory has a dimensionless A. In this case

D=6-2F,

so that the primitively divergent graphs are the 1-, 2- and 3-point functions, having
D =4, D =2and D = 0, respectively. Although such a theory has a potential
density unbounded below, so that it seems unphysical, it posses several interesting
properties. In particular, it provides a scalar model with the property of asymptotic

freedom, which is a phenomenon that usually appears in some gauge theories.

(iv) It turns out that theories with spin 0 and spin 1/2 whose couplings have non-
negative momentum dimension are renormalisable. Four-dimensional theories with
a field of spin 1 are renormalisable if and only such a field is associated with a gauge

symmetry. Theories with spin greater than one are not renormalisable for d > 4.

We conclude this section by stating the Weinberg theorem, that says that a sufficient,
but not necessary, condition for a Feynman diagram to be convergent is that D < 0 is
satisfied also by all its subdiagrams.

8.10 LSZ reduction formula and truncated functions

As it is known, in the computation of the scattering amplitudes one assumes that both

at the far away past and at the far away future the interacting field ¢ corresponds to a
free field ¢y, and @ouy

lim _¢(x) = Z'2¢in(z) lim ¢(z) = 2 pou () ,

To—>—00 To—+00

32 Note that for d > 7 all the scalar theories have infinitely many primitively divergent graphs.
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where Z is the normalisation factor in

(0]¢()]1) = Z2 (0|¢in(x)[1) = Z7 (0] dous ()]1) .

Let us denote by |a,in) (Ja,out)) a state that at the time t = —oo (¢t = +00) is in the
state |a). Let us consider the unitary operator S defined by the relation

(f,outli,in) = (f,in|S|i,in) ,
where |i) (|f)) is the initial (final) state. One has

¢in(x) = S(bout(z)sil )
li,in) = S[i, out) ,
(f,in|Si,in) = (f, out|S|i, out) .

Now consider the reduction formula, already introduced during the lectures, derived by
Lehmann, Symanzik and Zimmermann, connects on-shell transition amplitudes with

Green functions (in the following we will omit the shift m? — m? — i)

<p17 tee >PnaOUt’(J1> cee 7Qm7in> = <p17 s 7pnain|SIQl> s an>in>

= disconnected terms

+ (Z'Zl/2)”+m/d4y1. Lm exp[ (ijyj quxk>]
X (Oy, +m?) .o (O, +m2) QT (y1) - - G(2)|) - (8.86)

The disconnected terms do not contribute in the case that none of the initial momenta
coincides with one of the final momenta. This means that the disconnected part contains
terms in which at least one particle is not affected by the collision. Notice that as we are
dealing with on-shell transitions, in the previous formula we have p? =m? j=1,...,n
e q; =m? j=1,...,m. In particular, by expressing the correlators in terms of the
Green functions in momentum space, the connected part of the transition amplitude is

(p1y .. PryOUL|GL, - . ., G, iD)e = (27)%6@ < ij - Z Qk> (—i)mtrz - (mtm/2
1 1

X lim (pJQ - m2) H (qz - m2)é(m+n) (pla ceesPny =41, - e _Qm) .
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This shows that the S matrix is proportional to the product of the residues of the Green
function® G (py, ... pn, —qu, ..., —qm). Notice that since for p? ~ m? the inverse

of the exact propagator goes like

1/GP(p) ~ (i2)7'(p* = m?) |

we can replace p? —m? by iZ/G®(p), so that

m

<p17 <y Pn, Ouﬂ‘]h coo 5 Qqm, 1H> 27T 45 (Zp] Z Qk) (_1)m+nz(m+n)/2

1

X Gtrunc <p17 ceeyPny —q1, -0y _qm)|p?=qz:m2 s (887)

where
N

Gtrunc(pla"'>pN> = G(N)(phapN)/Hé(Q)(pk) ) N >2 )

k=1
is the truncated Green function, i.e. with the exact external propagators removed.
Feynman diagrams in the diagrammatic expansion of Green truncated functions are
also called truncated diagrams.

It is interesting to note the similarity between éﬁﬁ}m (p1,...,pn) and the 1PI truncated
functions
N
T (py, ... pw) = |G (py, .. ¢ )| 8.88
(plv 7pN) c (pla 7PN)]£[1( c (pk)) 1p1 ( )

where the subscript 1PI denotes the selection of the 1PI graphs. To prove such a
relation, note that

N
G(N)(pl,...,pN):F()pl,...,pNH 2 o
k=1

where the remanent part contains the terms T™=% &k € [1,N — 3]. Eq.(8.88) then
follows by observing that none of such terms can correspond to a 1PI graph, because

33 From what has been said it follows that in some ways the physically relevant quantity of Green’s func-
tions is constituted by the product of its residues. This aspect is of considerable importance because
it implies that by performing a diffeomorphism of the fields the amplitudes remain unchanged. In
this respect note that a field redefinition may imply a change of the transition amplitude between the
vacuum and the one-particle states, (1]¢|2), which can be done by a wave function renormalisation
of the Lehmann-Symanzik-Zimmermann formula to give the same results.

The fact that the S-matrix is independent of such field redefinitions is not entirely surprising, since
fields do not appear directly on the cross sections. See the discussion on page 68 in [35], and p.
447-448 of [7]. We also suggest the comments athttp://physics.stackexchange.com/questions/
69828/equivalence-theorem-of-the-s-matrix.


http://physics.stackexchange.com/questions/69828/equivalence-theorem-of-the-s-matrix
http://physics.stackexchange.com/questions/69828/equivalence-theorem-of-the-s-matrix
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this would be a doubling of a graph already included in T'™) (p1,---,PN) Hszl G (pr)-
We also stress that the Green functions involved in the LSZ formula are the finite
ones. Furthermore, we note that in considering the LSZ formula it is assumed that
(Q]o(2)|Q) = 0, so that3!

G (p) =GP (p) .

The 1PI functions are the fundamental building blocks of the perturbative formula-
tion. The reason is that the integration on internal momenta of a given diagram can
be performed independently in each sub-diagram corresponding to a perturbative con-
tribution to the proper vertex function. In fact, if by cutting the internal line the
diagram disconnects in two parts, this means that such a line corresponds to a factor
(p* —m?)~!, where p, is not a loop momenta. It follows that such a line cannot generate

singularities.

This property of the proper vertex functions is of particular relevance in the renormali-
sation procedure since, to make finite a divergent diagram, it is necessary and sufficient
to make finite all the 1PI sub-diagrams.

We conclude by observing that since a term in the expansion of Green functions with L
loops has, by (8.78), an overall factor h¥+L~1 it follows that the corresponding factor
for T is just AL~

8.11 Comments on the proper vertex functions®

In this section we make some comments concerning the relations between the connected
Green’s functions and the proper vertex functions. Before starting let us remember the

definitions of the Green’s functions. In Minkowski space we have

1 NZ[J]
G (fl,--'va) ,LNZ[O] §J(m1)5J(l‘N) J=0 ’
1 NWJ]
G (xy, ... xN) iNTVST (1) ... 6T (en) | =g
while in the Euclidean space
(V) (= _ ! 0" 2l
Gy (T1,...,Zn) = Zg[0] 5J(§;1),._(5J(5N)’J:0’
o™ (log Zg[J])
(N) (- o) = — =
Gy (T1,...,2Tn) = 5](51),..5J(iN)‘J—0 '

34Tn section 6 of the Itzykson-Zuber book there are some typos exchanging the connected with the
total Green’s functions.
35 Matteo Turco
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In theories with even potential density, that is such that V(—¢) = V(¢), all the 2k + 1-
point functions vanish. It is clear that since the only possible non-connected components
of the 2-point function is given by the product of two 1-point functions, it follows that
in the case of even potential densities the two-point Green’s function and the connected
two-point Green’s function coincide. Equivalently,

6°(log Z[J])

GP(w.y) =~ 5.7 (2)37(y) ’J:O
1

_ 0 ( 5Z[J]>‘
0J(x)\Z[J]|6J(y) ) ls=0
1oz ezl 1 822Z[J
~ Z200]6J(z) ‘J:O&](y) ‘J:o — Z[0]6J ()60 (y) l1=0
1 82zl
T Z[0]6J(x)0J (y) ‘J:o

=G%(z,y) .

In momentum space, the exact propagator of the ¢} theory is

é(Q)(p): + Q + O +M+&+“_.

Let us introduce, in Minkowski space, the proper self-energy ¥ (p). It is defined to be
iG@ (p) with the external legs amputated, and from which are excluded the 1-particle
reducible graphs. This means that ¥(p)/i corresponds to the following diagrammatic

expansion

2(29):: O n O + 8 +o

i

We can expand diagrammatically G®)(p) using the usual line (corresponding to the free

propagator) and the self-energy as 2-legs vertex
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GO = 4 + +o

= &)+ AP0 2P 6) + 600 PP ) PP ) +
- > /1 - k
-0y (200 w)
k=0

2 )

where we have defined the physical mass m?, . = m? + X(p). Note that by the above

expansion it follows that the self-energy also admits the equivalent definition

GA(p) — G (p)
(G2 w)

We also note that, since G® (p)I'®(p) = i, we have that in Minkowski space

(p) =i

1PI

I®(p) = p* —m* — S(p)

— it =il
-((@)" - D)
—i(c) (—-——)

In Euclidean space we define the self-energy as

so that
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and

; (5;62))2 (_) | (8.89)

The case of T, with N > 2, is slightly different. For example,

P@ — ) >< + ><>< + Q + <>< +0O(\?)

where no external propagators are included.®® We can construct every GV, N > 2,
by using the usual Feynman rules with the simple vertex replaced by I'® and the free
propagator replaced by the exact propagator. Vice versa, as shown in (8.88), we get
the proper vertex functions from the connected Green’s functions by truncating them

and selecting only the 1PI graphs.

It is interesting to note that I'®(p) admits essentially the same representation of the
one of T™) (p1,--.,pn). To see this note that in the Euclidean space we have

@ (p) = (G ()" =GP PGP (p) 2. (8.90)

On the other hand, since T® (p) = m? + p* + X(p) and X(p) is 1P1, it follows that even
(é@ (p))~! — p? — m? corresponds to a sum of 1PI graphs.>” We then have

-1

@ (p) = p4m+ | (GO () i

—prm?| = g+ [ GO ) (GO )

—pz—mQ} .
1PI

It follows that if we interpret the inverse of the free propagator as an irreducible graph,
then

M) = (G2 )G m) ]

: (8.91)

1PI

36 The proper vertexes do not have the external exact propagators. It is clear that attaching the exact
propagators we will get a subset of the 4-point function, corresponding to an infinite series in power
of A\. This is the reason why, sometimes in literature, it is mentioned that the free propagators,
rather than the exact propagators, are removed. The right statement depends on the context. In
the present case we are considering the contributions up to order A? to the 4-point function. We
should then say that by '™ one may reproduce part of the 4-point function, up to order A2, once
I is multiplied by [T} (p? +m2)~, X1 pr = 0.

37 Until now we omitted the subscript of éf?) (p) because, as we said, for ¢3, as in the case of any even
potential densities, we have @9(1)) =G® (p).
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that, as we said, is (8.88) with N = 2.

8.12 Jona-Lasinio theorem: I'|¢| as generating func-

tional of ')

In the following we demonstrate an important result, due to Giovanni Jona-Lasinio, i.e.
that the effective action

D] = W] — / 4Pz J(2)da(r) (8.92)

is the generating functional of the®® T'™)’s. The demonstration, considered in the
Minkowskian, fits the one shown in section 21 of Srednicki’s text and contains some

additional comments.

Let us start by considering some simple aspects concerning I'[¢.]. First of all we observe

that in the free case ]
Wo[J] == —E <JAF<]> y

and
WolJ]

dalz) = m = —/dDy J(y)Ap(y —x) .

The corresponding effective action reads
1
Lofiu] = Wold) = [P0 J(@)6ale) = 5 (Gadi'oa) =—Wals) . (599
where AL'(y — z) denotes the inverse Feynman propagator, defined by

/dDz ANz — 2)Ap(z —y) = 6Pz —y) ,

so that

A_l _ de 2 2 -\ _ip(y—x)
Fly—z)= W(p —m” +ie)e :

Notice that this expression is equivalent to
Ay —2) = (=0,0" —m® +ie)d P (y — z) .

As known, the inverse of the Feynman propagator also appears in the expression of

38 Recall that for N > 3 such functions are called proper vertex functions.
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So[¢], corresponding to the free part of the action of the scalar theory

Solé] = / APz [8,0(2)0"¢(x) — (m? — i€)¢?(x)

2
- %/ A% / A%y ¢(y)(=0,0" — m* + i)W (y — x)(x)
= % / dPz / 4Py ¢(y) AL (y — 2)o(z) . (8.94)

Recall that in the classical approximation the effective and classical actions coincide,
that is

In particular, in the free case

[[p] = To[¢] = Sol¢] -

The fact that I'g[¢] matches the classical action suggests investigating which type of
generating functional would we get if S[¢] is replaced by I'[¢]. As we will see in a
moment, this new generating functional is used to show that I'[¢] is the generating
functional of the 1PI amputated functions. In this respect, note that until now we just
claimed that the I'™)’s are the 1PI amputated functions, but we did not give any proof
that they have such a property.

The idea of the proof is to first construct a generating functional I"[¢] for the N-point
functions which are really the amputated 1PI functions, let us denote such functions
by I™'. Our aim is to show that

which, in turn, would imply
™ — p)

Let us consider the exact connected 2-point Green function in Minkowski space

dPp etP(y—1)
GOy —x)=i / :
c (y .I') ¢ (27.‘_)Dp2 —mQ—Z(p)"—ZE

Note that in the free case, where the self-energy $(p) is null, A, (y —z) := —z'G,(f)(y —x)
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reduces to the Feynman propagator. Let us define the functional
1 N
ol =5 [ 4% [ 0o A =)ot
1
+ Z ﬁ /del .. ~/dD£UNF(N)’(x1, .. ,:L’N)(b(;pl) o (b(xN) ’ (8.95)
N=3

where
Ay -0 = [ Sl —m? Sl +ie)eo
‘ (2m)P '

The key point is to consider a new generating functional with action I''[¢]
Zp|J] = exp(iWp[J]) = /Dgzﬁ exp [Z(F/[¢] + /de J(a:)qb(x))} .

Let us note that

(i) the perturbative expansion of the generating functional Wy [J] corresponds to the

infinite sum of all connected Feynman diagrams with source.

(ii) The propagator is now the exact one of the original theory Ac(y — x). For every

N, TW )/ corresponds to a vertex that contributes with the factor —ﬁF(N ),

(iii) In a diagram that contributes to Wr/[J], the propagator ends can be connected to

vertices and/or to the J source.

(iv) An analysis of the diagrammatic expansion shows that, using the exact propagator
and the vertex functions, the original generating functional W{[J] corresponds to
the tree contribution to W/ [J].

(v) The effective action does not describe a local quantum field theory.??

(vi) It is useful to bear in mind that if the term ¢” is absent in the Lagrangian density,
then, at the tree level, ™) is null. Thus, for example, in the ¢} theory, the I'V)’s,
N > 4, are null at the tree level.

In the following we determine the tree contribution to Wi+[J]. To this end, we introduce

a dimensionless parameter, A/, in the following way
. . o i / D
Zrw[J] = exp(iWr w[J]) = | Dpexp [ﬁ U'[g] + [d”z J(x)p(x) )| -

Using Schwinger’s formalism, we can express Zp y[J] in the form?® (the normalisation

39 Note that this is not in contradiction with the fact that the tree level reproduces the generating
functional of a local quantum field theory.
40 Observe that the —i/’ multiplying the functional derivative in the vertex functions is necessary to
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constant is omitted)

Zpo [ J] = exp (i, 3 <F<N>’ [—m’aj]> > exp(iWorw[J]) | (8.96)
where
World] = 3 ( Sna e -9 22 (5.97)
and

(P [g]) o= (P (2, o)) - dlaw) )
Note that in Wy [ J]
(i) J is divided by //,
(ii) the exact propagator is multiplied by A’
The perturbative series is obtained by power expanding both exponentials in (8.96)
Zrall =32 gy (3 2 (0 ) ) Sy (<5 { G =52 )

Analysing the action of the functional derivatives in such an expansion, one may easily

check that each diagram, connected or disconnected, satisfies the following properties
(i) each vertex and each external source .J contributes with a factor &/,

(ii) each propagator contributes with a factor A’

(iii) If P is the number of propagators in a given diagram, £ the number of sources?!

and V the number of vertices, then such a diagram has a factor &7V,

(iv) If the sources are removed, then E matches the number of external legs of a given
diagram.

(v) Since the number of loops L in a diagram with sources is the same as that of a
diagram with the sources removed, we can conclude that, in the case of connected
diagrams, the relation

P-FE-V=L-1,

already derived in the case of connected diagrams with external legs,*? is still valid.

cancel the i/ factor in i(J¢) /R, so that its effect is to replace —il'd; by ¢.

41 Note that the source arises in the form iJ(x)/h integrated together with the variable z of a propa-
gator.

42In (8.78) we derived the relation I — Vy = L — 1. On the other hand, the number of internal
lines (propagators) is equal to the total number of propagators minus the number of the external
propagators.
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Consider the expansion

WF’,E’[J] - Z h/L_IWFIVL[J] .
L=0

Now recall that the generating functional W[J] corresponds to the tree contribution to
WF’,ﬁ’[‘”? that is
WIJ] = Wr —o[J] . (8.98)

On the other hand, the above analysis showed that the tree approximation is just the
one of order &/ *, that is

Zold) = e [ (Vo + [P i) +00™] 899

where ¢ is the solution to the equation of motion

T[]

50(2) =—J(z) . (8.100)
Comparing (8.98) with (8.99) one has
WU =)+ [aPe J(@)oo) (s.101)

implying that

00(y)
6J(x)

da(z) =

IW1J] _ /dD oL [¢4] 69, (y)

5.() Y5ouly) 5a() Tt / ¢z J()

Since ¢ is solution of the equation of motion (8.100), this relation reduces to

¢cl = ¢J .

By (8.101) it follows that I evaluated at ¢ = ¢ is the Legendre transform of W/[.J],
Le.

ga] = W[J) - / 4Pz J(x)galz) |

and by (8.92) it follows that

which also implies that, as promised, I'[¢] is the generating functional of the amputated
1PI N-point functions, that is
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Chapter 9

Renormalisation

We have seen that integration over internal loops in Feynman diagrams gives divergent
results. The approach to solve this problem is to proceed, order by order in the per-
turbative expansion, and show that, at each order, the quantities of physical interest
(masses, coupling constants, Green’s functions) can be renormalised to finite values.

A key step in renormalisation is to regularise the divergent quantities to get finite
quantities. One then add, at each order of the perturbative expansion, counterterms to
the Lagrangian densities in such a way that after that one gets finite Green’s functions

even when the regulator is removed.

There are several regularisation methods. A fundamental regularisation concerns the
formulation on the lattice, which has been discussed in Chapter 1. Another example
concerns a cutoff A on the momenta. For example, using the polar coordinates, one
may check that with such a cutoff, the loop integral of the tadpole diagram reads

dp 1 m? /A2 A2 e
/A(27r)4p2 +m2 1672 (ﬁ ~log W) +OlA)T-

A problem with such a regularisation method is that it explicitly breaks translational
invariance. As we will see, this is in fact useful when combining several propagators
into a single one using the Feynman parameters. Another problem with the momentum
cutoff is that it is difficult to maintain gauge invariance.

Another regularisation method is the one introduced by Pauli and Villars. It consists

in subtracting off the same loop integral with a much larger mass

1 1 1 M? —m?

-~ — = .
p2+m2 p2+m2 p2_|_M2 <p2+m2)(p2+M2)

Such a regularisation maintains translational invariance. It also possible to maintain

219
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gauge invariance by considering the new propagator as the one associated to a scalar
field but with the fermionic statistics. However, this does not satisfy the spin-statistics

theorem and then violates causality and/or positivity of the energy.

In our investigation we will use the dimensional regularisation. It has two main prop-
erties are

(i) preserves translational invariance,
(ii) preserves gauge invariance.

The main drawback is that one must consider space-time in non-integer dimensions.
In this sense, apparently, dimensional regularisation seems only a formal powerful tool
to manipulate divergences. Furthermore, as we will see, dimensional regularisation
concerns the regularisation of Feynman diagrams, so that it is just a perturbative reg-
ularisation scheme.

Another problem with dimensional regularisation is that it is difficult to extend the

gamma’s matrices to non-integer dimensions. Particularly interesting is the case of ~s.

9.1 Dimensional regularisation of Feynman integrals

We start by evaluating, in the Euclidean space, divergent Feynman integrals, whose
general form is

Li(k) = /_m A F(l, k) , (9.1)

o
where, for large [, I behaves either as =2 or 4.
The basic idea behind the technique of dimensional regularisation is that by lowering
the number of dimensions over which one integrates, the divergences trivially disappear.

Let us introduce the function
I(w, k) = / L F(LE) 9.2)

regarded as a function of a (complex) variable w.
Dimensional regularisation is based on the use of analytic continuation of a complex
function. A nice example is the analytic continuation of the I'-function.

For a complex number z with Re z > 0, the Euler representation of the I'-function is

[(z) = /OOO dt =~ et . (9.3)

The integral diverges when Rez < 0, because as t approaches zero, the integrand

behaves as dt/t'TRe#l which leads to an infinity. Starting from (9.3) we can split up
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the troublesome integration limit

0 —1)" e 0
F(z)zz ( n!> /0 dtt”*z—1+/ dtt*le ™, (9.4)

n=0

where « is totally arbitrary and we used the Taylor expansion for the exponential, valid
for any ¢. The second integral is well-defined even when Rez < 0 as long as a > 0.

Moreover, if Re z > 0 the first integral can be rewritten in the following form

I'(z) = i (_1')” oo /OO dtt* et . (9.5)

Note that (9.5) makes sense even for Rez < 0, except when z is a negative integer
or zero, and it defines a holomorphic function with simple poles. Furthermore, (9.5)
generalises (9.4) in the sense that they are equivalent whenever z € {w € C | Rew > 0}
(which is obviously a set that contains an accumulation point), therefore (9.5) must be
the unique analytic continuation of (9.4). Finally, (9.5) does not depend on the arbitrary
coefficient o (this is also a consequence of the unicity of the analytic continuation),
indeed

A" — o e =0.

dl'(» (=) -1 P — i (5D
() _§~ U s S )

e Y=
do n! n!

For a =1, (9.5) is the Weierstrass representation of the I'-function.

Still, to isolate the singularities we did introduce an arbitrary scale in the process,
although the final result is independent of it. We want to find the equivalent of the
Weierstrass’ representation for the (9.2).

Our procedure is as follows

(i) establish a finite domain of convergence for the loop integral in the w plane. For
divergent integrals, it will typically lie to the left of the w = 2 line.

(ii) construct a new function which overlaps with the loop integral in its domain of

convergence, but is defined in a larger domain which encloses the point w = 2.
(iii) take the limit w — 2.

We now follow 't Hooft and Veltman to show how this is done in the case of the integral

I(w) ::/dw L (9.6)

12+ m?2

Let us split up the domain of integration as

d? — dY 1?1 .
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Next in the 2w — 4 space, introduce polar coordinate,' and set

L*=10,0,.
The integral (9.6) now reads
I(w) = / d*l / A4 /0 dL szm : (9.7)
Doing the integration over the angles (see the Appendix), we get
I(w) = ZW—H/d‘*z/OO AL 1 (9.8)
MNw—2) 0 L2 412+ m?

To study the convergence of I(w) with respect to w we set

L=azvI?+m?, (9.9)

so that

272 47 (12 vz [ w—p L

It is now easy to see the divergences in the integral, in fact the integration over x
converges in the line 2 < w < 3, and over [ for w < 1.2

One may check that the IR divergence is an artifact of the splitting of the measure.

Consider the identity
1 d

— w—2
L2076 = mm(LQ) : (9.11)
so that a2 p
dLLQw—S — _ L2 w—2 )
2(w — 2) dLQ( )

Then, integrating (9.8) by parts over L?, and throwing away the surface term,?

T2 4 2 o2 d 1
W—m/‘“/o A (= ) e (9.12)

where we used I'(w — 1) = (w — 2)['(w — 2). Using again (9.9) one may check how by

(9.11) we have moved the region of the IR divergence of a unit and now the integral is
IR divergent for w < 1. However, the region of UV divergence is still w > 1.

Therefore, neither (9.12) has an overlapping region of convergence. However, we have

1 See the Appendix.

2 Note that the IR divergence is due only to the term z%~~>.

3 The surface term is singular at the extremum L? = 0. A more detailed analysis shows that canceling
such a term balances the fictitious IR singularity introduced by the splitting of the measure.
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learned how to shift the IR problem. We then reconsider the same trick, and obtain

d4

—2
s
I(w) = o

2 2\w—1
L), 4D <_dL2> L2+ +m?’ (9-13)

an expression which is well-defined for 0 < w < 1. Note that we had to move the IR
convergence region two units to obtain a non-zero region of convergence. Had the loop
been logarithmically divergent, one such step would have sufficed. Having obtained an
expression for I(w) convergent in a finite domain, we reached the first task in the list
above. Now, we should continue by finding a region of definiteness for I(w) in (9.13)
that includes the physical point w = 2 as an isolated singularity.

The above procedure did not remove the UV divergence, to get the continuation up to
the physical point w = 2 we must in some way to fix the position of the IR divergence
(determined by the power in L at the numerator) and increase the power of the de-
nominator, so that moving the region where the integral is UV divergent to the right
of w = 1. We will repeat such a procedure until we get a domain that includes w = 2.

In place of (4.3.11) in Ramond’s book, we use the analogous identity

1:1<28L2 o 1) (9.14)

o2 o

Inserting such an identity in (9.13), gives

T 2 /d4 / dL2 aL2 %_ ) <L2)w—1
2917 T aun (L2412 +m?)3

that, after integrating by parts, corresponds to

I(w) = G /d4 / dL? 2L2— + z”i +1 (L
5F 0L? alr (L2 + 124+ m?)3
—6L M (L) 203 (w — 1)(L2)« 2
(LQ + l2 +m2)4 (L2 + l2 _|_m2)3
6L2(L2>w—1 (LQ)w—l
(L2+12 +m2)4 (L2412 +m?)3

_ o g [Tar

5N (w)

Noticing the relation

I(w) = g;?wj / d* /0 T ar

6([2 + L2 +m?— m2) T S_ng):_ m2)4] — %(Qw —I(w),
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we get

20—1—-06 Tw—2 1 ) (L2)~~1
) = =2 =R —om i [t [Car B

that is

 3m?2 27¢? (L2)«
I(w) = d4 dL? 1
(w) w—1T(w / / (L2 + 12+ m?)*”’ (9.15)

which is (4.3.13) of Ramond book. The result is interesting because what was a diver-
gence extended to the whole plane for w > 1, now is reduced to a simple pole at w = 1.

We have therefore analytically continued our function, in fact now the integral is UV
finite in the region w < 2. Using again the identity (9.14) by inserting it in (9.15), we

I(w) = —m / a4 / arz (9.16)

(w—1)(w—=2)T (L% 412 + m?)>

get

This is the desired result. The key pomt is that there is a common region which is both
IR and UV finite, namely
O<w<3,

except for the ultraviolet divergence at
w=2.

As we will see, we now have an expression that can be treated by analytical methods.

Let us summarise. We first define a finite integral in the w plane to be what we mean by
(9.2): in this case it is the expression given by (9.13), and constitutes our starting point.
Then if the region of convergence does not include w = 2, we continue analytically by

iterating the tricky insertion of 1 in the integrand, as done above.

It would be nice to show that for a convergent integral, the procedure that leads to
(9.13) indeed gives the right answer. Take as an example the convergent integral

% 1
°’<“’>:/d L E T

It is easy to see that the same procedure leads to the expression

J(w) = %/dq/jdy (Lz)w—2<_ dCLl2)(L2+l21+m2)6 :

5

4 Convergent in 4 dimension.
® The only change is the power in the denominator in the initial function F.
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which is finite at w = 2. We find

-1 > 1
J(2)= [ d4 = [d—
@) / (L2 + 2+ m2)5 / (2 +m2)s ’

as desired. Therefore, the procedure is entirely consistent.

If we were to blindly plug in (A.11), we would obtain

I(w) = /d?wz 1 _rili-w) (9.17)

12 + m2 (m2)17w

We now show how to go from (9.16) to (9.17).

Setting L = /x(I> +m?) in (9.16) yields
I(w) = C/d4l (l2+m2)”5/ o -
0

r+4+1)° 7

w—1

where
4lm* w2

S (w1 (w—-2)T(w)
Using the definition of the Beta function we get

D(w)l'(5 —w) 47 (12 2\w—5
T/dl(l—i—m) :

Let us split the measure in the “time” and “space” components

/ d* (P +m?)“ " = / d?l / dly (15 + 12 +m?*)“ > .

Iw)y=C

Next, setting lo = lov/IZ + m?

/ &’ / dly (2 + 12 + m2) ™ = / B2 + m2)“—3 / (2 + 1)+

[e.o]

0o _1
= [ P11+ “3/ de o
R A e

where in the second equality we used the fact the integrand is an even function of
lop. The second integral in the right-hand side can be expressed in terms of the Beta
function. For the spatial integral, we note that the function depends only on the radius,
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so passing in polar coordinates we obtain
2

/d31 (12 4+ m?)* % = 4ﬂ(m2)w3/ dr r2(r—2 + 1>w_
0 m

fe'e) 1
= 27Tm2“’_6/ do —— T
o i

N

that can be easily computed. Putting together all the pieces leads to

) = Al ™2 T(W)T(5 —w) TG —w) F(%)I;(B — w)27rm2”*6 .
(w—1)(w—=2)T(w) r'(5) ['b5—w) (5 —w)
Making the various simplifications and remembering the values for the I'-function we
get
I'3—w) 202
[ w w
W)= D=2 ’
which is equivalent to (9.17).
Set
Ee=2—-w,
and consider the following expansion® of I'(—n + ¢€) for n = 0,1,2, ... around € = 0
(=11 e(m o : 2
D(n+e) === +u(n+1) + §(§+w (n+1) = (n+1)) +0()] , (918)
where | | dlog(T(s))
og(I'(s
H=1+-+...4+4—— = —" 9.19
furthermore
2 n 1 7.‘_2
1) =-S5 = ‘(1) = = 9.20
Wn+1) =% ’;k w1) =5, (9.20)
and g being the Euler-Mascheroni constant
(1) = —yp = —0.5772... | (9.21)
The result is
lim [ d*] L —’m? (L + %U(Q)) +0(2—-w) (9.22)
w—2 12 +m? 2 —w ' '

In appendix A we investigate some of the above formulas.

6 See the Appendix for a derivation of such an expansion.
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9.2 Evaluation of Feynman integrals

We have seen in the previous section how to calculate integrals in arbitrary dimensions
and thanks to this we are able to calculate the Feynman diagrams for the A¢? theory.
In 2w dimensions in general the coupling constant A is no longer dimensionless. We
find it convenient to redefine it in terms of a dimensionless coupling constant by the
artifact

)\old - )\new (H2)2_w >

where A, is dimensionless and p, called 't Hooft mass parameter, is an arbitrary pa-
rameter that will play the role of mass scale.

We note how the introduction of this parameter is mandatory if we want to maintain
the coupling constant dimensionless.

In the following we suppress the subscript in A,.,,. Therefore, the action in 2w dimension
reads

A
Sulo] = [ 0 [50,00,0 + 3mte? + S0 (9.23)

The Feynman rules for this theory are the same as the ones for the theory in four-

dimensions with three exceptions
(i) the scalar product between vectors is summed over their 2w components,

(ii) the loop integrals are now in 2w-dimension, that is

/ dx ¢
(27T)2w ’
(iii) the vertex strength —\/4! is replaced by (u?)>=«(=\/4!).

Let us evaluate the lowest order diagrams for this theory. We start with the “tadpole”

diagram”
Q—T— Lo 2)2‘“/ SN (9.24)
=T W 222 +m?’ '
that by (9.17) corresponds to
Am?  Amp?\ 2w
=———0|— ' — 9.25
2(47?)2< m? > (1-w), (9:25)

where we kept m? in front because the diagram has dimension of mass squared.

7 In the following, except for particular cases, we will omit the external free propagators.
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By expanding around w = 2, we get by (9.18)

2

[1+(2—w)1og47”‘ +...](—L—¢(2)+...), (9.26)

m2 2 —w

Am?

T=—
3272

where we used (9.18) and the relation 22 = e(2~)198% We can rewrite (9.26) in the

following way

_am?

. @<L L) — log T +0@2-w) . (9.27)

2—w A7 p?

We observe how the introduction of p allows us to keep track of the dimension, moreover
one of the two terms that survives the w — 2 limit is due to the cancellation of the I'
pole with the zero in the expansion of (4mu?/m?)>=“. We conclude that the divergence
of T appears as a simple pole, and that the finite part of T is totally arbitrary as a
change of u? affects it.

The next diagram is the “fish”

><><=F7 p1+p2+ps+pi=0.

The Feynman rules give

/\2 2\4—2w d2wl 1 1
() / (9.28)

2m)> 2 +m?(l—p)?+m?
Note that there are three possible channels
pP=p1+p2, p=p1+ps, P=p1+Dpa,

corresponding to the s-, t- and u-channel contributions.

When there is more than one propagator taking part in a loop integration, it is conve-
nient to introduce the Feynman parametrisation. Even if the case of (9.28) is trivial,
the Feynman parametrisation plays a key role in several contexts, so that it is worth
considering the general formula

1 ! ! ! 01 —up— ... —upy)
. —(m=11] 4 dus ... | du, . (9.29
A A (m—1) /0 “1/0 Y2 /0 A o+ A (9-29)

Let us illustrate the effect of the Dirac ¢ in such a formula. Let us rewrite (9.29) in the

more general form

1 1 1
/ dul/ duz.../ Aty O(1 —uyp — oo — wp) f(ug, oo Uy) - (9.30)
0 0 0
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Integrating over u,,, the J-function sets
umzl—ul—...—um_l s

in f. Furthermore, note that if the peak of the delta function fall outside of the
integration interval [0, 1], then the integral over w,, is zero, otherwise it is one. This is
expressed by

1
/dumé(l—ul—...—um)f(ul,...,um)
’ 1
:/dumé(l—ul—...—um)f(ul,...,l—ul—...—um_l)
0
:0(1—u1—...—um_l)e(ul+...—|—um_1)f(u1,...,1—u1—...—um_l).

The second step function fixes the condition 0 < u; +. ..+ u,,_1, which is automatically
fulfilled in subsequent integrations, because all integrations starts from 0. The first step
function is non-vanishing for uy + ... + u,,_1 < 1, setting the upper limit for the next

integral (over u,, 1) to 1 —u; — ... — u,;,_o, and so on. A simple example is

1 1 1
/ dul/ dU,Q/ dU35(1 — U1 — Uy — U3)f(U1,U2, U,3)
0 0 0 ) -
:/ dul/ dUQf(Ul,Ug,l—ul —UQ> .
0 0

A variation of (9.29) is®

1 1 1 1
—_— = —1)! d duy. .. duy,—
AlAm (m ) /0 ul/ov U2 /0 Uu 1
o u71n_2...um_2
[Amul o Um—1 + Am_1u1 tee um_2(1 — Um—l) + ...+ Al(]_ - Ul)]m ’

(9.31)

that may be easier to integrate than the standard form (9.29), as all the integration
limits are the same.

It is easy to prove (9.31) directly by induction. The case m = 2, which is the one we
need for (9.28), is trivial

1

AB :/0 M B T AT —w) (9:32)

8 Such a formula has been derived in http://kodu.ut.ee/~kkannike/english/science/physics/
notes/feynman_param.pdf.


http://kodu.ut.ee/~kkannike/english/science/physics/notes/feynman_param.pdf
http://kodu.ut.ee/~kkannike/english/science/physics/notes/feynman_param.pdf
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Therefore, the proof reduces to show that

1 1 1
m!/ dul/ dus - / du,,
0 0 0

X

m—1
ul o Up—1

[Am+1ul U =+ Amul s Um_1<1 — Um) + ...+ Al(l — Ul)]erl

1
= x (9.31) ,

m—+1

assuming that (9.31) holds. Note that the variable u,, appears only in the first two
terms in the denominator. Therefore, regrouping u,, and integrating over it, we get

1 1 1
:m!/ dul/ du2---/ du,,
0 0 0

X

m—1
ul c U1

[(Aerl - Am)ul U+ AUy U o+ A1<1 - Ul)]mH

m! 1 ! ! ! u’ln_l U
= duy dus ... duy,—1 —{
m Am+1 —An 0 0 0 Up - Um—1

+ [(Aerl — Am)u1 s Um—1 + Amu1 o Um—1 4+ ...+ Al(l — ul)]_m

— [Apur - Uy e+ A1 ul)]—m}

1 1 1 1
:(m—l)!A — +1/ dul/ du2.../ dum_lurln_2---um_2{
m m 0 0 0

+ [Apaug Uy + Aty (L= q) + ..+ A1 (1 — u1)]_m
Attt + Apytig o (L= ttr) e AT — )] }

1 ( 1 1 )
Am - Am—i—l Am+1Am—1 o Al AmAm—l T Al

a Am_ll- AA, —1Am+1 <Ai+1 - A_1m>

1
Ay Ay

where the last integral has been evaluated with the help of (9.31).
Another useful formula for the parametrisation of Feynman integrals is the following
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one

1 F(a1 + —i—ak / / d
a1 ar Xy .
Dy - D™ T(a

5(1 U 0 R
(leL‘l + ...+ Dkl'k)aﬁ' +ak

Let us go back to (9.28). As we said, this case is trivial, and it is sufficient to consider
(9.32)

1 ! 1
(12 +m?)[(l — p)? + m?] —/ dx[l2—|—m2—2l p(l—x)+p2(1 —x)]2

The denominator can be rewritten in the form

I +m?+p’z(l —x),

where
I'=1-p(1—2x).
We have d*¢' = d**¢, so that
4 2w d2wl 1
F = d .
/ x/ 2m)2 [12 + m? + p?z(1 — x)]2’ (9.33)
and by (A.11), that is
/le 1 :WN/QF(A—N/Z) 1
(2 + a2)4 T(A) (a2)A-N/2
we have 2( 2)4 ) ) ( )
A ()= 2 —w 1
= d . 9.34
ol A e e (634

The Laurent expansion of the integrand near w = 2, yields to O(2 — w)

B >\2<3’l;2732 /Oldx[Ziw+¢<l) log (m +Z7T$u(21_x)>]
)\2(3,;2732 [2iw+w(1) Oldxlog <m2+iji(21—x)>]
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Again, observe that this time the finite part depends not only on 2, which is arbitrary,
but also on the external momenta. Let us emphasise that this arbitrariness in the finite
part is generic to the method because of the separation of a divergent expression into
a divergence plus a finite part.

There remains to integrate over the Feynman parameter x. Since z(1 — z) is always
positive over the range of integration, the argument of the logarithm is always positive,

making the integral easy to evaluate. We use the following formula

! 4 Vita+1
dx 1 1+ —2(1— =-2 1 1 —_— >0. 9.35
/0 xog[ ~|—a:v( ZB)} +V +aog<\/1+_a_1 , a (9.35)

The result is then

A2 1 47
_ 2\2—w
>©<_(M) 32%2[2—w+w(1>+2+10g m?
/ 4m?
- 1+ﬂ210g L L +02-w)l|.
p V1A
p2

In the evaluation of the four-point function, there will be three such contributions with

P =p1+ p2, p=p1+p3 and p = p; + py4, corresponding to the s—, t— and u—channel
contributions. Note that here all momenta are incoming.

This diagram is computed in the Euclidean domain; continuation to Minkowski space
will entail changing the sign of p? and carefully interpreting the result. As it stands,
however, the finite part has no interesting analytical structure as long as p? > 0.
Using the same techniques, we compute the “double scoop” diagram

&DSAQ(“Z)HW/(CM ! /<d2wq L (936

D D 4 2m)2% [2 + m? 2m)% (¢% + m?)?

The two integrals are independent and can be solved separately using (A.11). By steps
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similar to those carried out in the case of tadpole we obtain

DS — AW{ L <2log4”“2+¢<2>+w<1>)

102474 | 2—w)? ' 2—w m?

+ 21082 2T 1 9106 T ((2) 4 (1)) + 5 [(0(2) + 0(1)?
+ 2%2 —y(2) - ¢’(1)] LO@2 - w)} . (9.37)

Note the appearance of a double pole and the arbitrariness of the residue of the simple
pole and of the finite part.
Finally, we calculate the “setting sun” diagram

5(p) = LU / (dgwl / (deq ! - (9.38)

6 2m)2 ) (2m)% (12 4+ m?)(q* + m?)[(q + p — 1)? + m?]

It is interesting to note that ¥(p, m?) satisfies the scale relation

wW— p
S(p,m?) = (5L 1) (9.39)
Noticing that
) or 9 P k0 P
— m — — — ]{jp’ = — 4
om? ~ om? 9E T 2O 2w Ok mo 040
we have
0% (p, m?) 2\ 2w—4 b 2203 0 p
— = (2w — T N(—,1 T —=3(—,1) . A1
) — o= gt (2 )+ et Lo Ly 9
Also note that by (9.39) we have
i — (232w 2
(£1) = (m)* 2 S(p,m?) (9.42)
so that by (9.41)
2 9y 2 2\2w—3
S(p, m?) = 2’” OXpm7) | P 40 0 sy | (9.43)

w—3 0m? 22w —3)  Ok+

The calculations to find the explicit expression of ¥(p) are very lengthy. However,
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the above scaling property of ¥(p) is very useful to make the calculations shorter. In
particular, in the Appendix are shown two different ways to derive

1 A2 0 [ dI d2g 3m* +p'(p+q—1)
S(p) = — () 2/( / Z

2W—36 2m)% ) (27)% (12 4 m2) (2 + m2) [(p+q—17+ mz]z

(9.44)
which is Eq.(4.4.22) in Ramond’s book. It turns out that the derivation of (9.44) using
the above scaling property is easier than the standard one. To find X(p) requires further
manipulations that we do no report. The final result is”

p2

X(p) = — +— + finite terms } . (9.45)

1 47y
S (1) 41
6(16m)% | 2¢2 y e+ Og( m? )

A2 3m?  3m?
4e

Observe that we now have arbitrariness at the level of the simple pole, due to the mass
scale u, as well as at the level of the finite part. Also note the appearance of a new
kind of pole whose residue is dependent on p?. As we will see later, this term leads to
the renormalisation of ¢. Therefore, in the ¢} theory, the first term that leads to the
wave function renormalisation appears at 2-loop, differently from what happens in the
theory ¢3, where the renormalisation of the wave function already appears at 1-loop.

9.3 Counterterms'’

So far we have just regularised the divergences of the one and two-loops diagrams, i.e.
we have written them in a more treatable way. What we are going to do now is to
cancel them with the procedure of renormalisation. Set

P 2 T
T '

- drp2’

and consider the tadpole

O _ Xgﬂ G +(2) — logm? + O(e)) : (9.46)

€ =2—w — 0. In order to cancel the infinity given by Am? /(2¢) we add the Feynman

rule

Am? (1
x — T (E—i—Fl(e,mQ)) , (9.47)

9 Such calculations are reported in Ramond’s book.
10 Matteo Turco
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where Fj(e,m) is an arbitrary function, finite and analytic as ¢ — 0. By adding
the counterterm, we are adding a contribution which is infinite in the ¢ — 0 limit,
thus nobody forbids us to add an arbitrary term Fj. Adding the counterterm (9.47)
corresponds to modify the mass term in the Lagrangian

2 2 A
mt o omil A1 2 ) | .2
5 P — 5 {1+2<6+F1(e,m>>]¢ :

so that now

o

~

B 1 L 1 Am?
- pz 4+ m2 (p2 —|—m2)2 2

x—  + 00

(¥(2) —logm? — Fy) + O(A\?) , (9.48)

is finite even in the ¢ — 0 limit. In this respect, it is worth stressing the following
mechanism. Namely, we formulated the theory in 2w dimension. This forced us to
introduce a mass scale, that is the 't Hooft parameter u, that, apparently, one would
need only for € # 0. Nevertheless, quantities such as p€, that would disappear in the
e — 0 limit, survive because one first expands p¢ and then takes the ¢ — 0 limit. So,
for example

ut 1
o = E—Flog/L-i-O(E) .
It follows that, after subtracting the singularities by adding counterterms to the La-
grangian density, the Green’s functions still have a u-dependence, even in the € — 0
limit.
As we said, the I'™’s are the building block of quantum field theory. In partic-
ular, renormalisation of T'® and T'® are sufficient to get finite Green’s functions.
We then consider these two functions. Concerning I'®(p), we can use the relation
G (p)I'®(p) = 1. To this end, we first rewrite G (p) in the form

GO (p) = @+ mA) {1+ (02 +m?) [¥ (v(2) —10gi® - F1)| } + 003

so that

~

L& (p) = (0 + m2){1 + (p*4+m?)! [)\mz

(¢(2) — logm® — Fl)} } 4 O(N\?) .

1Tt is interesting to note that since besides i the only parameter with the dimension of a mass is m, it
follows that the only way in which p may appear in the logarithmic terms is through the ratio m/p.
On the other hand, as we will see, the logarithmic terms are, in turn, connected with the so-called
overlapping divergences. This shows an essential property of the renormalisation procedure, as it
relates renormalisability to the singularity structures and the mass scale parameter p.
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1

Finally, using (1 +x)™' =~ 1 — z, we get

~

L (p) = (" + m2>{1 — (P +m?)"! [AZLZ

(V(2) ~ logi® = )] } + O(V)

= p® +m? {1 — %w(z) — logm? — Fl)] +0(\?) .

Let us now consider the 4-point proper vertex function up to 1-loop

X - Pl

3
— A\ —5 —H/J )+2—logm —§Astu +O)\3
with
2

[ am? 1+4m +1
A(s, t,u) Z 1+£log< ,

z=s,t,u 1+4m2 ]_
s=(p+p) . t=(p1+ps)°, U:(p1+p4)2

If we want consider also 2-loop contributions, we have

v O

We modify the ¢* term in the Lagrangian density to get rid of the divergent term

3AA2/(2€)
)\ 2e )\ 2e 3)\
f?ﬁ—*ﬁ[““5<+G“””ﬂ&’

where (7 is an arbitrary dimensionless function of €, analytic as ¢ — 0. This new

counterterm produces the new Feynman rule

3
>< = —2.4#26)\)\( + Gl) , (9.49)
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and, with this new contribution, we have

F) QEA{—SX( Ch + (1) + 2 — log ? — ;A(s,t,u)ﬂ—k(?(/\?’)

(9.50)

which is finite. This conclude the renormalisation up to one loop of I'¥

The counterterms that we have introduced induce new corrections to O(A?) to the

o .0 .0
8 .e. . .0

Here we see that we need to renormalise a theory at a given number of loops before

self-energy

moving on to a larger number of loops. In order to renormalise the two-point function
at two loops we need to add counterterms that take into account the corrections coming
from the counterterms at one-loop.

If we focus on the order A2 we have

6—+—6<F1+3G1+1)+...] : (9.51)

where the dots stand for finite terms that we do not bother to write down. There are
two kinds of infinities we have to deal with
(1) =X 1L 4+ L(F 436G, + 1)},

(2) —%pz, that contains p? coming from the “setting sun” diagram.

To cancel (1) we modify once again the mass term in the Lagrangian density by adding
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the counterterm

m2A2[1 1
— 4+ —(F +3G + 1)+ Fy ¢,
4 e 2

where F, is another arbitrary function of € and m?, which is finite as € — 0. The infinity
(2) instead requires a modification to the kinetic term because of the presence of p?

% P — %8@8% {1 —\2 <i + Hy(e, mQ))] ,

H, being arbitrary, finite and analytic as € — 0.

All of this goes on and on at every order in A\. The very important thing to notice is
that we have not added to the Lagrangian density terms that were absent in the original
Lagrangian density.

An apparently critical situation in computing Feynman diagrams is when two divergent
loops share a propagator. In that case one has the so-called overlapping divergence.
The setting sun diagram is an example. It turns out that higher corrections may
contain singularities with residues log p?. This would imply the addition of highly non-
local terms in the Lagrangian densities. Nevertheless, it turns out that such kind of
divergences cancel each other. A first signal of such a cancellation is the singularity

proportional to
1 -2
—logm?=,
€
in the double-scoop diagram (9.37). In fact, as (9.51) shows, in the total contributions

at order \? there is no trace of log7? in the singular terms.

The analysis of the overlapping divergences is the main point in the proof of the power-
counting renormalisability theorem, due to Bogoliubov, Parasiuk, Hepp and Zimmer-
mann (BPHZ theorem).

9.4 About Feynman rules

Feynman rules follow from Wick’s theorem. They can be obtained by the path integral

formulation too'?

Z[J] :exp<—/deV(%(x)>>/D¢exp(—50+/dD$J<x)¢($)> ;

12Tn the following we omit the normalisation constants.
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Term in Lo Feynman symbols Value
1 1
Su00"0 e >
T(b? _22
23 2 23 2
mA (1 meA (1
(— + Fl) @ ——— — (— + Fl)
4 € 4 €

)\M2€ A )‘/1“26
a? >< o4l
A2 (1 . A2 (1
2.4 <E+G1>¢ >< T e TG

Table 9.1: Feynman rules corresponding to the term in L.q,.

where Sy is the free action. As we have seen, a shift of the field ¢ allows us to rewrite

the free path integral in terms of the Feynman propagator:

210 =esp (- [V fo>)) exp (5 (@) Ar (e~ 1) J0)) )

Previously we expanded exp ( — [dPx V(%(x))) in power series of A and obtained the

Feynman rules

1 1
oMo+ —m?¢p? — =

A, A
Pk —>><a-

The correspondence between the term % and the vertex —% is general: each term c,¢"

1
5#

in the Lagrangian density corresponds to the vertex —c,. In particular, this is true for
the quadratic term as well if we consider as free theory the massless free particle with

Lagrangian density 0,¢0,¢/2. In the case of the massive free particle we have

ZlJ =exp | — ary % exp %U(Sﬂ)AFo(:v—y)J(y» :
-/ oo

where Apg(z — y) is the massless Feynman propagator. This leads to the first two
Feynman rules depicted in table 9.1; the only connected Green’s functions in free theory
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are thus given by

+ —— + —— — —e— — 4 ...

11,1 1,1, 1 R m2\* 1

=t ot et = 5 S () =
(9.52)

where the factors of 1/2 in the vertices are removed by the symmetry factors of 2 due
to the 2 possible ways of attaching two lines to a vertex.

Adding the counterterms, we get a new Lagrangian density giving the Feynman rules
depicted in table 9.1

We now have to expand both in m? and A, but the expansion in m? can easily be
performed to all orders as in (9.52). In this way we get the same Feynman rules as in

the previous section.

To conclude this section we make a comment about the Feynman rules used by Ramond.
There exist in literature a different choice for assigning Feynman rules to vertices. In
our convention we assigned the vertex —c, to the term c¢,¢" in the Lagrangian and
computed the symmetry factor due to different possible ways of attaching lines to a
vertex. The alternative is to assign the vertex —nlc,, instead of —c¢,. As explained in
section 4.4 of [11], with this convention one should consider a slightly different analysis

to find the weight associated to each diagram.'?

9.5 Renormalisation group equation

Adding the counterterms defines a new Lagrangian density that, in the ¢ — 0 limit,
leads to finite results. This is the renormalised Lagrangian density

£ren(¢; m, )‘7 M, E) = £(¢a m, )\olda 6) + ECt(gbﬂ m, )‘a 2 6) )

where
A=A
1 1 2,2 Nold 4
L(d5m, Ao, €) = 5000, + gm°¢" + —=¢" | (9.53)
and . ) \
Lei(d;m, N\ p,€) = EA@qu@ﬂqb + §m23¢2 + @u%Cqﬁ‘l ) (9.54)

B Ramond followed our convention for the vertex, while uses the alternative for the counterterms.
Thus, all the counterterms in the book by Ramond have —nl!c,, as Feynman rule.
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As we said, the term p°, that appears both in the divergent diagrams and in the
counterterms, is expanded according to'? ¢ = exp(elogu) = 1 + elogpu + O(e?). It
follows that some positive power of € in this expansion disappears because it is canceled
by some pole in the divergent diagrams, so that we are left with powers of log ;z which
are not multiplied by any power of €. A consequence of such a mechanism is that the
functional dependence on u, that in the original Lagrangian density arises only through
Aold = (€, it is not maintained in the case of L. Another obvious reason for this is
that the coefficients A, B and C' of the counterterms in L. depend on both A and .
This explains why in the case L, and therefore of L,.,, we included in their arguments
A and p separately. Also note that, as stressed above, this also shows that, while the
dependence of L disappears in the limit € — 0, it survives both in the case of L, and
Let.

We explicitly computed the coefficients A, B and C' up to the first orders in A in
section 9.3. Setting

Z¢ =1+A, (9.55)
1+ B
2. 2 _ ~1, 2
14+C
Ao 1= ———— 2 = (1 + OV 22 \u* 9.57
and

¢0 =20, (9.58)

we get

1 m% 2 /\0 4

Eren(¢7 m, )\7 [y 6) = 53;@08;@0 + 7¢0 + E% . (959)

Notice that, whereas A\ = A\jew = Aolaft 2 is dimensionless, \g, like Ayq, has the dimen-
sion of 2.

Eqs.(9.55), (9.56) and (9.57) express Zy, (m/mg)? and A\o/p*, in terms of'® X\, m/p and

141t is clear that, for dimensional reasons, the term log j always arises in the form log(u/m).
15 Since Zg, (m/mg)? and \g/u?¢, like X and €, are dimensionless, it follows that their dependence on
m is only through the ratio m/pu.
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€. Let us consider their Laurent series

Ao = ,u2€<a0()\, %,e) + i%) ;
k=1

mg = m? (b()()\, %,e) + kZ:; bk(i\,; E)> ;

Zy = C@(M%,e) +§: Ck 2‘};%)

Note that ag, by and ¢y are analytic as ¢ — 0, whereas ay, by and ¢, kK € N, are inde-
pendent of e. Furthermore, by (9.55), (9.56) and (9.57), it follows that such coefficients

are determined by the coefficients A, B and C' that define the counterterm Lagrangian
density (9.54). We have

) (s i) o)
bo <)\, % e) — 14 %(Xﬂ FA2E) + A2Hy + OV
Co <)\, %, e> =1—XHy,+ O\ |
() =Egarow.
by ()\, %) = %[/\ + AZz(Fl + 3G, + 1)] + % + 0N,
& ()\, %) - —g O,
bg()\, %) - 5% OO,

A crucial observation is that all the above coefficients are expected to depend on m/u
only through the arbitrary finite part F;, G, ... . This may be seen as a consequence
of the fact that the counterterms are used to eliminate the divergences that occur in
the UV limit, where mass terms should be irrelevant. If we take the arbitrary finite
terms to be zero, then all the coefficients ay, by and ¢, are independent of m/pu.

Eq.(9.59) shows that the renormalised Lagrangian density has the same functional struc-
ture of L(¢;m, Aoq), that is

Lren(¢; m, )‘7 M, 6) - £(¢07 my, )‘07 6) .
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Notice, in particular, that it is Agq and not A = A,e,, Which is replaced by Ag. Let

Srenldi A, 1, €] = / 02 Lo (0, N, i)
be the renormalised action. We then have
Sren[gb;m)Auua E] = S[gbo;mOv)‘an] p (960)

where

S[Qﬁo;mo’)\o?d = /d2w$£(¢0;moa>\o,€) .

As follows by the renormalisation procedure, in order to get the renormalised, that is
finite, Green’s functions, it is necessary to consider the generating functional (in this

case as well we omit the normalisation constant)

Zren|J;mu, A\, p, €] = /Dgzﬁexp(—Sren[gb;m, A, i, €] —i—/dex J(m)gzﬁ(x)) )

In this regard it should be emphasised that the measure is D¢, not D¢y, and the
interaction with the source is via the field ¢, not ¢y. In particular, note that
(1)
Do = ND¢y , (9.61)

with NV a constant that can be reabsorbed by redefining the normalisation constant
of the generating functional,

(ii) there is a substantial difference in the interaction term with the source, because
now it is the field ¢, rather than ¢q, that couples with the source J.

The renormalised Green’s functions are

1 N Zronl I, m, A, s €]

(N) . _ re
Grol (Lokb5m X000 = G Mo rine] 87(an) -0 ) lo=o

ren

Note that, as specified by the arguments of Gﬁf,\fl), we are considering the dependence
of G on the parameters m, A\, u and €. Such a dependence can be made explicit in
Sten, using the expressions for Z,, mg and )¢ in terms of these parameters.

Let us set
Jo=2,""7
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and note that (9.60) and (9.61) imply

= Z[JO; mo, )‘07 6] )

that is the renormalised generating functional is just the original one, but with J, m
and A replaced by Jy, my and \g, respectively. We then have

1 Nz

GO ({ap};m, Ay €) = Z[0] 5J(;pf) . [g?;(xN) ‘J:O
ZN? 5N Z[Jo)]
Z[0] 6Jo(x1)...0Jo(zn)
22N ({ar}; mo, Mose)

Jo=0

that is
M ({xxyimo, Moy €) = Z, G0 ({anyim, A pe) . (9.62)

ren

Note that G™) ({2} }; mo, Ao, €) is the Green’s function, which is divergent in the e — 0
limit, obtained by the initial Lagrangian density £, but now with m and A\yq replaced
by mg and Ag respectively. Eq.(9.62) is a key relation between the renormalised Green’s
functions and the Green’s functions which have the same functional structure of the orig-
inal divergent ones, but now with different arguments. This implies that even in the limit
¢ — 0 and with mg and Ay considered as independent variables, G™)({z}; mo, Ao, €)
has the same divergence structure of the one of G(N)({xk}; m, Aold, €), With m and Agq

treated as independent variables.

The relation (9.62) is stable under Fourier transform and therefore is still true in mo-
mentum space. It is obvious that (9.62) is also satisfied by the connected Green’s
functions.

Observing that the relation T(Y) ~ (é@))*NC?(N ) is stable under renormalisation and
using (9.62), both in the case of generic N and N = 2, we see that

TN ({pi}imo, Ao, €) = 2, P TO) ({prtsm, A e - (9.63)

ren

Note that, once the arbitrary finite parts Fy, G, Hy, Fs, ... , have been fixed, Eqgs.(9.56)
and (9.57) provide, for any fixed value of €, two relations between five parameters. This
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means that we remain with three free parameters, that is

>\O = )\0(m7 )\7“) ;

mo = mo(m, A, i) .

We can fix mg and \g and look for which values of A\, m and p we get the same value
of Ao and myg, that is find X', m/ and g/, such that for any arbitrary but fixed Ay and
mg one has \g(m, A, 1) = Ng(m/, X, 1) and mo(m, A\, u) = mo(m/, X', 1’), that provides
a relation between A\, m and p. It is natural to express such a relation by considering
N and m’ as dependent on the scale ', that is A\g(m, A\, u) = Xo(m/(¢), N(1'), i)
and mo(m, A, 1) = mo(m/ ('), N ('), /). Relabeling X', m’ and u' by A, m and p
respectively, we have

)\0 >\0( ( )7>‘N)7 ) _on(:u)’ (964)
mo = mo(m(u), M), 1) := fino (11) - (9.65)

It follows that the functions m(u) and A(u), defined in such that a variation of u leaves
both A\g and mg invariant, satisfy the equations

d)\o B B O dx9 dm 0 B
du Nd Fro (1) —M(a—‘i‘@a‘i‘a%)/\o(m(ﬂ)ﬂ\(ﬂ),ﬂ) =0, (9.66)
dmo 0o dxo dm 0

g —ud P (11 )=u<a—M+@a—)\+aa—m)mo(m(u),k(u),u)=0- (9.67)

This is the main idea underlying the renormalisation group. Such a strategy can be
implemented also in the case of the 1PI amputated functions, by considering the left-
hand side of (9.63) as independent, even implicitly, of p. Actually, acting on (9.63)
with Zgﬂﬂi |

dp
by keeping Ay and my constant, we get the following differential equation involving only
the renormalised 1PI amputated N-point function

( 0 d\ 0 dm 0 N dlogZ,

“on THFIiax HFapam T 2M T an )ren({pk}mku,) 0.  (9.68)
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Let us introduce the functions

m dA
A\, —,€) =p—
/8< 9 M7€> /"Ldu )
()\ m ) 1 dlog m?
Tm 7,1176 : 2,u d )
m 1 dlogZ,
A ) —
fyd< Y 76 2“ dM )

and note that these are analytic for ¢ — 0. We then get the Callan-Symanzik equation

0 m 0 m 0 m ~
a0 A7_7 >_ m()\7_7 >__N (>\7—7 ) F(N) 9 7)‘7 ) = .
(13 + (0 2.0) 5+ (M 20 6) o = a0 2 ) JE (A ) =0
(9.69)
We now show that such an equation and Euler’s theorem lead to another interesting

equation for NS According to Euler’s theorem, we have

flaxy, ... az,) = a%f(ay, ..., 2,) , a>0,
<
Zxkﬁ_a:k =Gf,

where G € R is called the degree of homogeneity of f. To exploit this theorem we

compute the dimension of T™). Let us first consider the case of G™). Since!®

(2m)*6@) (py + -+ pn) GV (pr, ..., i)
N

= [ (ITa=ae = ) @irow..oni) . @10

k=1

we get
M—Qw[é(N)] — M_2wN[gZ5]N )

Dimensional analysis of the kinetic term in the action gives [¢] = M“~! which implies

[G(N)] _ Mw(Q—N)—N ]

Therefore, recalling that w = 2 — ¢, we have

[F(N)] _ [G(N)(G(Z))—N] _ Mw(2—N)+N _ M4—N+E(N—2) )

This means that T?) is homogeneous in its parameters with dimension M, with degree

16 Note that the Fourier transform of the Green functions is done with the asymmetric normalisation,
that is it uses [dPx... instead of [dPz/(2m)P/2....
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of homogeneity 4 — N + ¢(N — 2)

ren ({Oépk} am, A ) O, € ) 4 N )Pren ({pk} m, A My € ) :

By Euler theorem we then have

(u% + sg + m% —[4—N+¢N - 2)]) WM Lspry,m A\ p,e) =0.  (9.71)
To write this expression we have introduced s, a common scale for the momenta, and
used 5% = Zpk%k, which holds when applied to a function whose dependence on s
and the py’s is only through the set {sp;}. Thanks to (9.71) we can remove the term
ua% from equation (9.69). Actually, this can be done because Eq.(9.69) is invariant
if the momenta {p;} are replaced by any other set {p,}, so that, in particular, even
f‘gé\fl)({spk},m, A, i, €) is solution of (9.69). In this way, comparing (9.69) with (9.71),
we get a differential equation for fgé\fl)({spk}, m, A, i, €) without the differential operator
“a%‘ Furthermore, since all quantities are finite even at ¢ = 0, we take the limit ¢ —
0. The resulting equation is the so-called Gell’Mann-Low equation or renormalisation

group equation

[—sag—i-ﬂ ()\ —) % ( ()\, %) —1)maim—N7d ()\, %) +4—N] fﬁé\fl)({spk}, m, A\, ) =0.
(9.72)

Note that the coefficients of such an equation depend on the choice of the finite parts
in the counterterms.

9.6 Renormalisation prescriptions

A renormalisation prescription corresponds to imposing some conditions to fix the arbi-
trary functions Fiy, G, Hy, Fs, ... . Several prescriptions have been used in literature
to study different aspects of a theory and here we show some of them before focusing

on the ‘t Hooft-Weinberg prescription.

a) We require the following conditions (from now on we omit the label ren)

f‘gzl)l(p)|p2,\,0 ~ p2 + mz ) (9 73)
f‘l(‘izl(plﬁ v ’p4)|pk:0 = _MQE)\Q 5

where m2 and ), are fixed quantities. With some calculations one can find that
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the conditions (9.73) imply

Fit = 1(2) — log

G2 = (1) — log
H3 =0.
Fixing the values of T2 and T8 at null external momenta may be dangerous in
case of massless particles, because infrared divergences may arise.

More in general, to avoid the infrared problem, we can do the same as in a) at an

arbitrary value for the external momenta
(2)
(

I-_‘;en p)|p2~M2 = p2 + mz )

1
—p*N,  at Pj Dk = M? ((5jk — Zl) )

Fl%r)l(pla s >P4)

Note that the p;’s satisfy
(p] +pk’)2 = M2 )

so that s =t = u = M?2. One may check that the above prescriptions imply

Fy =1(2) —logimj ,
2

b -2 ' M
Gl =¢(1) —logm; — | dxlog [1 + —r(l—-2)|,
0 my,

H)=0.

A very convenient choice is the one introduced by ‘t Hooft and Weinberg, also
called minimal subtraction scheme, or MS scheme. The prescription consists in
setting all the arbitrary functions to zero, order by order in A

FeeG=H =F=..=0.

In this way, as previously observed, the renormalisation group coefficients, ay, by
and ¢y, are mass independent and the (3, 74 and ~,, functions are easy to compute.

A widely used prescription is the so-called modified minimal subtraction, or MS-
bar (MS) scheme. The only difference with respect to the MS scheme concerns the
following rescaling of the 't Hooft parameter

G'YE

2
— —
H N47T7
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that cancels a constant that always appears together with the singularities.

In the following we focus on the MS scheme. Note that, in such a prescription, we have
ap = A+ O()\3) .

First of all we will explicitly find the expression for the § function. Consider the Laurent

expansion in € for )\g in this prescription
o ax(M)
o = 2 A+ — .

As we said, we consider Ay as independent variable, so that deriving with respect to u

we get
> ak()\)> dX ( = a;(A)>
0=2e¢ ()\ + — | +tpu—(1+ — ], (9.74)
; ek du kz:; ek
where Da()
, a

k € N. Since 8 = pdA/dp is analytic for € — 0, we can set § = A + Be neglecting
higher orders terms in €. Therefore, in equation (9.74) and get

O:2€<)\+i@)+(/1+86)(1+i@)

/ /
ay, + Ba,ﬁrl

= 2ap41 + A
= (B+2\)e+2a, + A+ By + Y ————

€
k=1

Order by order in € the right-hand side must be zero, so that

€: B+2) =0,
: 2a,+A+Bad, =0,
e ¥ 2ap1 + Adj,+ Baj, =0 .

The first two equations imply

B——2), A:—2<1—>\%)a1 ,

so that, for e — 0,

d
B(N) = —2(1 - )\a)al , (9.75)
and by o2
aq + O()\3) y

- 3272
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we get
3\2 3
B = 155 +O0) . (9.76)

9.7 Scaling property of the coupling constant and

Landau pole

Integrating (9.76)

dA 32
/‘L@ - /B(A) - 167'('2 )

we find the dependence of X on p up to O(A?) of A on

dx 3 du
A2 1672 ]
from which
1 3 i 1
= A= M
) 167 B T (k)
<
As
A = )

In this particular case, starting from g, A increases with i, from the value A\g at p = ps
up to +oo0 when

2
136)7\2 > .

Of course, approaching this point, A grows larger and larger and perturbation theory

u=usexp<

is not trustable anymore. This is the Landau pole.

Let us forget for a moment about ¢* and examine the behaviour of the coupling constant

in a few cases.

(i) B(A) >0, VA: X always increases with p. If 5 diverges for some A, then A itself is
infinite. This is, as in the case of ¢}, the Landau pole.

(ii) B(A) <0, VA: X always decreases with pu, as in the case of QCD and in general of
non-Abelian theories. If A — 0 for ;1 — 400, then we have that at high energy the
theory behaves like a free theory, this is the asymptotic freedom. If A — 400 for
1 — 0, then we have the confinement, but this is a non-perturbative phenomenon.

As an example we can take 3(\) = —AN?, A > 0. Integrating it we obtain

As

AMp) = ——7"———.
(1) 1+A/\slogﬂﬁs
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AR UV A ¥

Figure 9.1: Behaviour of 5(\) and A(u) corresponding to the case (ii).

B(A) ()

Figure 9.2: Behaviour of S(\) and A(u) corresponding to the case (iii).

Observe that, differently from the case of ¢}, we have A — 0 for y — +oo. Instead
1

we have a pole at small scale, u = use” 4%, that is A is larger at big distances.

The behaviour of # and A in this case is depicted in figure 9.1.

(iii) S(A) > 0 for small A and then S(A\) < 0 when A > Ap, for some A\r. We then have
BAR) =0,
and [ is decreasing in a neighbourhood of Ag, that is
B'(Ar) <0 .

The behaviour of g in this case is showed in figure 9.2.

Let us expand [ near \p

BA) = (A= Ar)B'(Ar)
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/ )‘F,IR L // 7777777
AFIR A \‘\
:us lj,
Figure 9.3: Behaviour of 5(A) and A(u) corresponding to the case (iv).
that is

(iv) B(A) < 0 for small A and then positive for A > Ap: the situation is similar to the
case iii, but now the sign of 5'(Ar) is positive. All what happened for ;1 — 400 now

9.8 Prescription dependence of the renormalisation

We can derive a general expression for 5(\) without choosing any prescription. Start
with

A d)\/ ) ud'u/
o) [
/M_AF g0 [

s

equivalent to

A—Ar (I[,L)ﬁ’()\F)
)\s_)\F B Hs .

The sign of f'(Ar) is crucial. In the present 5 (Ar) < 0, so that, both in the case

As < Ap and Ay > Ap we have (see also figure 9.2)

lim A(p) = Ap .

HU—+00

For this reason we say Ap is a UV fixed point. If A\p < 1 and \; < A\p we always

are in the perturbative regime.

happens for ;4 — 0 and we say that Ar is a IR fixed point. All this is represented

in figure 9.3.

group coefficients

€ - Ak
Ao = pi° <a0+26_k) )
k=1
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and take the total derivative with respect to

=1 ay, d\ [,  =aj, d(%) . "
2 — — = — | =0 9.77
E(a0+;€k)+“du(“0+;€k + i 1 a0+kz:;€k , (9.77)
where | dar
A = s
* 7 0(m/u)
k € N. We have

£()-20n

Note that a complete analysis, would require to consider also the relation one gets by
setting to 0 the total derivative of mZ with respect to . This will give another relation
between A\, m and p. Comparing such a relation with (9.77) will lead to A(p) and m(u).

We do not consider such an issue here, and continue to investigate the relation (9.77)
by setting § = A + Be

2@0+BG6 =0 s
2a; + Aag + Ba) + %(vm —1)ap =10,

so that, up to order \?

3\ 3\ -1 3\
B = -2\ (1 + 327T2G1) (1 + 16772G1) ~ =2\ (1 — 32W2G1) ,

3A2 3 3 m 3A2 .
Ady = =5+ 2) (1 - 3%201) —(Ym — 1)

1602 4 3272
In the limit ¢ — 0 we have

1 -

3N m 3\ .

) = —
BN 1602 " 32t

explicitly showing the prescription dependence of # unless the mass can be neglected.
In particular, if m < u

32
B =~ 1672

It is interesting to see what happens if we change prescription. The parameters that

appear in two different prescriptions should be related by a finite renormalisation

N = f()\, %) — A+ 00 .
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Therefore, since

) of m

/ d .
_ or A £ f = B+ 2 = D

i~ Fagan t

FIS

g =
it follows that if we neglect the mass, then

0
FN) = BT
so that

FN)=0 = B =0

Since in the UV, that is for large momentum, it is expected that the mass has no
role, it follows that a UV fixed point in the prescription with X corresponds to a UV
fixed point in the prescription with A. In other words, the presence of a UV fixed
point is prescription independent. It turns out that even the sign of the derivative of
[ is prescription independent, which means that even the kind of the fixed point is
prescription independent.

9.9 fﬁgﬁl scaling and anomalous dimension

As we said, in the MS scheme, the functions 3, 7,, and =, are independent of the mass.
So that, Eq.(9.72) reduces to

5 B+ () Dt = N EE (Espidm, A ) = 0., (079

d, = 4 — n. In the following we show the explicit steps from this equation, which
is Eq.(4.6. 28) of the Ramond book, to equation (4.6.31), that expresses a key scaling
property of Fren

The proof of (4.6.31) uses an adaptation of the method of characteristic curves that
reduces a linear, or quasilinear,!” partial differential equation (PDE) to a system of first
order ordinary differential equations (ODE). An excellent reference for this method is
the text by Courant and Hilbert, Methods of Mathematical Physics II, pp. 28-32.

Consider the linear PDE

Zak X)tg, + b(x)u =0, (9.79)
h
whnere . _@
C ox

17 A quasilinear PDE corresponds to (9.79) with aj and b also depending on u itself, that is Eq.(9.79)
with the substitutions ay(x) = ax(x,u), b(x) — b(x, u).
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Denote the initial condition for w in the form
h(x,u)|xemr = 0, (9.80)

where M is a codimension one subspace of R™. Let us consider the coordinate trans-
formation
(xl,...,xn) — (S,tl,...,tn_l) R

defined by some set of functions fi, kK =1,...,n, that is
T = fk(S,tl,...,tn_l) . (981)

The method of characteristic curves is based on the observation that imposing

d
% = ap(x) | (9.82)
k=1,..., n, it follows that the total derivative of'® u
du  Ou " dxy Ou " dxy Ou
du _ Ou dzy Ju 5~ dog Ou 0.83
ds 0Os * pt ds Oxy, ; ds Oz’ ( )

coincides with the left-hand side of (9.79). We then have that (9.79) is equivalent to
the system of ODE’s (9.82) together with

d

d—z +h(x)u=0. (9.84)
The other key point is to impose that the values of x defining M correspond to s = 0,
that is

.’L‘k‘M = fk(O,tl,...,tn,l) s (985)
k =1,...,n. Such conditions on the f(0,t,...,t,-1)’s fix, together with (9.82), the
coordinate transformation, that is the fx(s,t1,...,t,_1). Equation (9.80) becomes
R({fr(0,t1,... . tn_1)},v(0)) =0, (9.86)
where
v(s) ==u(fi(s,tr, ..oy tno1)s vy fu(s,tr, oo tn1)) - (9.87)
For each fixed set of values of'® t1,...,¢,_1, the solution
gr(s) :== fr(s,tr, .. tn1) , (9.88)
18 Note that, by construction, all the partial derivatives of u with respect to s,t1,...,t,—1 vanish.

Vg t1,...,tn_1 are called characteristic coordinates.
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Wz

Figure 9.4: Depiction of the characteristics for a quasilinear equation.

k =1,...,n of the system (9.82) corresponds to a curve, called characteristic curve,
parameterised by s that, as follows by (9.85), originates in M. Different values of

t1,...,t,—1 correspond to different characteristic curves (see figure 9.4).

A simple example is the PDE

(a(ac,t)% + b(ac,t)% + c(x,t))u(x,t) =0, reR, t>0, (9.89)

with initial condition
u(z,0) = f(z) . (9.90)

Denote by s > 0 and 7 € R the characteristic coordinates, imposing that the coordinate
transformation be invertible. Next, consider the total derivative with respect to s

du 0 dx 0 dt 0 dr 0 dt 0
w_ (L9 29 (&L 89 . 91
5= (5t aae P aan) @0 = (s T 3590) @) (9:91)
Setting
dz dt
= a(x,t) , = b(z,t) (9.92)
implies that the ODE
d
d_z +c(z,thu=0, (9.93)

corresponds, together with (9.92), to (9.89). Both (9.89) and (9.93) are constrained by
the initial condition (9.90). Eq.(9.93) must be interpreted as an ODE for the function

fT(S) = u(I(Sﬂ'),t(S,T)) )

considered at fixed 7. Different values of 7 define different functions f,(s). In other
words, 7 plays the role of modulo of the functional structure of u in (9.93). Therefore,
for each fixed value 7 of 7, the equation (9.93) corresponds to equation (9.89) restricted
to the curve

Yo (8) = {[z(s,70),t(s,7)]|0 < s < 0},
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so that
{7-(s)|T >0},

is the set of characteristic curves associated to (9.89) and (9.90).

As an explicit example we consider the equation

o 0
— 4 = = > .
(8x+8t+2)u 0, z€R, t>0, (9.94)
u(z,0) =sinz . (9.95)
In this case, we have
dz dt
— =1 — =1 .
P ; P : (9.96)
that is
x(s,7) — x(S0,T) = § — S0 t(s,7) —t(s0, T) =8 — So - (9.97)

Each 7 identifies a different characteristic curve. The general form of the solution of
(9.97) is

x(s,7)=s+ f(1),
t(s,7) =s+g(7) . (9.98)

On the other hand, requiring that the coordinate transformation be invertible means
that there no values of s and 7 for which the Jacobian vanishes. This gives f'(7) # ¢'(7)
for all 7. The natural solution is f(7) = 7 and ¢g(7) = 0. Furthermore, choosing sy = 0,
we have

(s, T) =s+T, t(s,7)=s. (9.99)

It follows that the characteristic curves are straight lines
r=t4+T7,

one for each value of 7.

Note that the initial condition for w, that is u(z,0) = sinz, is given at t = 0. On the
other hand, by (9.99) it follows that ¢ = 0 corresponds to s = 0. Therefore, we have
x(0,7) = 7 and u(x(0,7),¢(0,7)) = u(r,0) = sinT. It follows that (9.95) is equivalent
to the ODE

d
d—Z+2u:o, §>0, (9.100)

together with the condition

u(z(0,7),t(0,0)) = u(r,0) =sinT . (9.101)
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The solution of (9.100) is u = ce™2*, with the s-independent function ¢ fixed by (9.101),
that is ¢ = sin 7, so that

fr(s) =u(s,7) = e *sint, (9.102)
where

(s, 1) :==u(z(s,7),t(s,7)) . (9.103)
Finally, by (9.99) and (9.102) it follows that the solution of (9.95) is

u(z,t) = e *sin(z —t) . (9.104)

To check the role of s and 7, it is useful to see how, besides (9.94) and (9.95), u(z,t) =
e ?sin(x — t) also solves Eq.(9.100)

that is d g
x
(@ cos(x —t) + T 2sin(z — t))e’% =0. (9.105)
We now apply a variation of the above method to equation (9.78). We first consider
the general case without assuming any prescription. As such the functions (3, ~,, and

va depend both on A(p) and m(u)/pu.

First of all note that with respect to the method of characteristics curves, in the equation
(9.78) there is the partial derivative with respect to s, variable that we want to use as one
of the characteristic coordinates. On the other hand, noticing that for any differentiable
function f one has

f({spi}) = Zpk—f {spx}) (9.106)

so that

({Spk} s=1 = Zpk_f {pe})

it follows that (9.78) evaluated at s = 1 is equivalent to

0 m\ 0O m 0 m ~
- pee my 9 9 LAR OIS _
( k pkapk—f—ﬁ(/\, u)@)\—i_ém(/\ >m8m+cd<)\, M))Fren({pk},m,/\,u) 0,

(9.107)
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where?®

O ()\, T) = ()\, T) T ()\, T) = d,, — nyg ()\, T) . (9.108)
o o u u

We now consider the following variation of the method of characteristic curves. First,

we introduce two new variables parameterised by s

m=m(s,\,m), A= A(s,\,m) , (9.109)
and consider m e A as the values of the initial conditions for m e X

m(L,Am)=m,  AXLAm)=\. (9.110)

Consider the equation®!

0 <~ m\ 0 - m 0 - m -
S— 40N —)|—=4+0m| A\ — |M=— F+cq| X\, — rea({s™ m(s),\(s),u) =0,
(55 +8(A ) 2t (3 o o (0 20) (s k() o))
(9.111)
and note that for s = 1 it reduces to (9.107). We also note that such an equation has

the same form of the original renormalisation group equation Eq.(9.78), but written in
an arbitrary prescription

0 0 0
R RN () ST () STy

(9.112)
Let us consider the total derivative
d 0 d\ 0 dm 0
el b - A1
SdS S 99 X,m+8 35 X . ds om 5 ) (9 3)
and impose the constraints
d)\ - m dlogm - m
A, — =0m(A\,—) . 9.114
S =A0T) L S, (9.114)

Eqgs.(9.111), (9.113) and (9.114) imply

(55 + cuRls),m(s)/) ) EQU s ki () Als) i) =0 (9.115)

The great simplification due to the 't Hooft and Weinberg prescription, which implies

20 Recall that, in any renormalisation prescription, both A and m always depend on .
21 In the following we will frequently omit to explicitly write the dependence of both 7 and X on s, A
and m, and sometimes will denote only the dependence on s.
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the mass independence of 3, 7, e 74, concerns the solutions of the equations (9.114)
that now reduce to

s dlogm . ~

Since B()) is m-independent, it follows that even $()) is both - and m-independent.
Therefore, by (9.116), it follows that even ) is m-independent. This means that in the
't Hooft and Weinberg prescription we have the map??

m— m(s,\,m) =m fn(s,A), A —A(s,A), (9.117)

for some function f,, (s, \), satisfying the condition f,,(1,\) = 1. Note that in such a
transformation s plays the role of modulus for the functions m and A, that is different
values of s define different variables. In this way one has a parametrisation of coordinate
transformations from (m, ) € R? to (m(s, A), A(s,\)) € R2.

Eq.(9.116) admits the separation of variables
— = — = —0n(A(s,A), 9.118

whose solutions are

S = exp (//\(SA) X ) : (9.119)

and

)= o (062 GE0) oy ([ ax D) o)

221t is worth recalling that under a change of variables x), — yx, k € [1,n],

Z dyj dxk )

J € [1,n]. In particular, the components of each one of the two sets {xx } and {y; } must be considered
as independent variables, that is

dz; dyj
dyr

Txk = Ojk » = Ojk -

It follows that, from the point of view of the differential calculus, the transformation (9.117) cannot
be interpreted as a change of variables from s, \,m to s, \,m. This means that one should first
consider the map from s, \,m to t, \, M, and then, after that the derivatives have been computed,
one can set t = s. The difference arises when one considers each triplet of variables as independent
ones. In particular, a change of variables implies that the derivatives between each distinct pair of
m, A and t are vanishing. On the other hand, d\/ds # 0 and dim/ds # 0. A simple example is

provided by (9.99), where x = s + 7 and t = s, so that 0 = dz/d¢ # da/ds = 1.
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Since .
p_ds 05 dson
AN oA Ao
we have that the total derivative of (9.119) with respect to A yields
dx _ BN
— === 121
XNRETPY (5.121)
Similarly, deriving (9.120) with respect to m and A we have
dm m
— = — 9.122
T (9.122)
" X3 _ 3
dm  dAy, Vi (A 1 -
o AmV - m(A) = Ym(N)) 9.123
B =D 50 B = oy ) ) (9123)
respectively.

Since in the 't Hooft and Weinberg prescription even v, is independent of m, we have

s ds’ _ A(s,\) 'Yd()\,)
—a(A(s :/ dN ——= . 9.124
| S = [ av 2 (0124)

Now note that (9.115) reduces to

(58 + ) ) (s~ ped: (). A(s). )

0,

(9.125)
that is q
sgf(s, S0) =0, (9.126)
where
F(5,50) := exp / 5 ds—‘f'cd<ﬂ<s'>>)f§:3<{slpk}; m(s), \(s), 1) (9.127)

Eq.(9.126) means that f(s,sg) is s-independent. By (9.110) it follows that

f<17 1) = fl(“relr)l({pk}vma )‘mu) )

so that the s-independence implies f(s,1) = f(1,1). Therefore, recalling that

ca(A) =4 =n(l+7() ,
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we have

ds" <, B -

B (pekimo) = s exp (= [ a6 ) ER (s pekim(s). ). )

' (9.128)
An explicit and instructive check of this relation is to verify that the right-hand side
satisfies the same PDE of the left-hand side, which is Eq.(9.107) in the MS scheme.
The additional constraint, concerning the initial condition, is trivially satisfied because
for s =1 Eq.(9.128) is an identity.

In order to check that the right-hand side of (9.128) satisfies equation (9.107) in the 't
Hooft-Weinberg prescription, we first consider the action of the three differential oper-
ators in Eq.(9.107) on both sides of (9.128). Let us start with the action of — ), pi0,,

—ZPkEFren({pk} m, A ) = —g(s,A) Zm—ﬂ?ﬁ ({5 "o} m(s), A(s), )
(9.129)
where
o An ds' = < _ A-n Mo , ya(N)
g(s,\) :==s""exp < - n/l —’yd()\( ))) =s""exp ( - n/}\ dA W> :

Next, we apply B(A)dy to both sides of (9.128). By (9.121), (9.122) and (9.123) we have

BN P peim, A )

7a(d)  7a(d) d/\> +%%+ C(li_T@a_} T ({s™ pr}sm(s), A(s), w)

= g5, [1340) = 7R) + )= + () = i

m

(9.130)

[P ek (), M), 1)
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Finally, we have

(i)~ Dm B (i) m A )

d\ 9 dm 0

= gl ) (X) = D (57 =5+ G JER s i M), As). )

0 ~ B . _
= g(5, \)(ym(N) — 1)"71%F§2?1({8 'pr}im(s), A(s), 1) (9.131)
where we used B
o
dm

that, as proven before, is one of the consequences of the 't Hooft-Weinberg prescription.

Now note that in the sum of (9.130) and (9.131), the term
— 9 r(n) -1 — 3
g<37 )‘)Vm<)\)m%Fren({s pk}? m(s), )\<8)7 lu) )
cancels because it appears with opposite signs.

To get the differential equation satisfied by fﬁgﬁ({pk}; m, A, i) we must add to (9.129),
(9.130) and (9.131), the relation (9.128) multiplied by (4 —n —nvy4(A)). We then proved
that if

[~ S pug + B 55+ (V) = D 4= () + D] F (e A p) =0

(9.132)
then, the relation (9.128) is satisfied if and only if we also have

[—Zpkikwwﬁ+<vm<X>—1>ma%+4—nm@>+1>} D ({5 pui mi(s), A(s), 1) = 0.

(9.133)
To prove that such an equation is satisfied, note that if a function f({zx}) satisfies the
ODE

> s f (o)) = g(find)

then, since for any invertible matrix M we have

0 0
S0t - S

k
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it follows that we also have

Therefore, (9.132) is equivalent to
[ DB S () = D 4 (a0 + 1) P ((Mp) s, A ) = 0
— " Opi ox " am ren T
In particular, (9.132) is equivalent to
- Zpk—w )t (N = Dm - =N+ 1) F (s e A, ) = 0.
B om Fren

which is just Eq.(9.133), the difference only being a matter of notation’s choice, m and
)\, instead of m and \, respectively. In other words, if the PDE

O(m, \)F(m,\) =0 ,
is satisfied, then we also have
O(m, \)F(m,\) =0 .

The s-dependence of A and 77 is irrelevant because there are no s-derivatives in O(7, \).

9.10 Computation of ~,, and vy

As an exercise we can compute 7, and 74 in the ‘t Hooft-Weinberg prescription. For

Ym Wwe start from the Laurent expansion of mZ (by = 1 in the ‘t Hooft-Weinberg pre-

2 _ 2 o i
my=1m 1+Z€_k ,
k=1

and differentiate with respect to u

scription),

Remembering that
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we have
0=2v,(1 — -
(143 5) £

Recalling that 5(\) = A + Be and Eq. (9.75), we get, order by order,

db
0. 2y, — 2\t =
€ 5\ 0,
,db d db
k. k R . k+1:
e 2 by — dA<1 )\d/\>a1 A =0

Thus, using

A5/ A 5
=53~ 31 (1) OO

we find )
db, A 5 A
=\A—= - — O(\?) .
d\ 3272 <167T2> + O
Similarly for 4 we start from
[e'e) i
Z¢:1+Z€—k. (9.134)

The definition of vy is
1 leg Z¢ N 1 dZ¢

so that
_1.dz, 1 dx = ;€
Z = — = — g g —

Using again equation (9.134) and B(\) = A + Be we have, order by order in €

¢ ya= —)\% ;
de de de d
AT = d_Al_d_Ak( Acu)
Since )
a= _5(16);2) +O0
we find )
Va = %(16);2) +O0(\?) .

Finally, we check the behaviour of I'™) if ¢4 has a UV fixed point at A\ = \p. Since
for 4 — 400 (equivalent to s — +00) A\ — Ap, we assume that v,, = v, (Ar) and
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Ya — Ya(Ar). Thus, the second equation in (9.118) becomes

dm
e m(ym(Ar) — 1),

so that (9.120) reduces to
m(s) = msymAr)=1

Similarly
S dsl
/ ?'Yd()\F) = ’Yd(AF) log s,
1

and for large s Eq.(9.128) reads

O ({spr}my A, p) — s N NQR DD ({p}, msm 0= A p )

ren

If 1 — 5, (Ar) > 0, the mass term in the right-hand side can be neglected.



Chapter 10

Fermionic Path Integrall

We saw that scalar quantum fields correspond to commuting classical fields in the path
integral formulation. In the fermion case, from the spin-statistics theorem, we know
that the field obey the anticommutation relations

{t(2), ¥(y)}ao—yo = 0.

We will see that, in the path integral formulation, fermionic quantum fields correspond
to Grassmannian classical fields. Let us start by introducing the Grassmann algebra.
The main references for this chapter are [7, 11, 36, 8, 37].

10.1 Grassmann calculus

The n-dimensional Grassmann algebra G, is the one whose generators 6y, with k =

1,...,n fulfill the following anticommutation relation
{0;,6r} =0,

which, in particular, implies
02 =0.

It follows that the expansion of a function of the #,’s only contains a finite number of
terms. For instance, in the case of a two variables function, we have

f(01,602) = ag + a101 + az0s + az0,6,
=ag+ CL101 + (1292 - a39201 .

I Elia de Sabbata and Pietro Oreglia
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where ag, a1, as and a3 are ordinary c-numbers. The next step is to define the left
deriwative: this is the standard derivative posed on the left of the function and acting
on the right

of  otf

8—01—8—01:@1+CL392, (101)
00y 00, 2 L

Another notation for the left derivative is to use the symbol of derivative with the right
arrow.? We then have the following equivalent symbols for the left derivative

of _ 0 o

00, 00, 00

The right derivative is the is the standard derivative posed on the right of the function
and acting on the left

O
801— 1 3Y2
aR
8—6526124—0/391.

Even in this case we have equivalent notations

%
Jo. _otf
90, 00

Note that

0 0
(eka_ek + a—ekek>f =/,

that can be rewritten as

0 o 0
{gﬁa_@k}:éjk’ {a—ej,g—ek}:o (10.2)

A property, which is crucial in several contexts, such as Poincaré invariance in bosonic
theory, concerns the translation invariance arising in integrations on the full real axis.
Since Grassmann numbers are not taking values in R, we should find the way to get
such a property in Grassmanian integration. As a first step we define the infinitesimal
dd; such that

{0;,d6r} =0, {d6;,db;} =0 . (10.3)

2 We introduced left and right derivatives always in treating fermions, that is in (4.4).
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We then requires translation invariance

/ £(0)d0 = / FO+n)do (10.4)
with 1 any element of the Grassmann algebra. Consider the case
f =a; + a29 .

By (10.4) we get
(a1+a2n)/d9:0 ;

/d&zo.

However, such a property, and therefore translation invariance, is already implicit in the

that is

Grassmann algebra. To see this, note that if we interpret multiple integrals iteratively,
that is, for example

/f(&l,eg)dt% d82:/</f(6’1,92)d6’1) s

</d91>2:/d91/d92:/d91d92 |
:—/d92d01:—(/d01) ,

We are left with the freedom of choosing

/6’d0:1.

/ £ a6, = / (a0 + axfs + ashs + asbr0s) b,

= ao/d91 + aq /91 d91 + a292/d91 + a392/d61 91

=a; + azby .

then, by

we have

We then have

Comparing this with (10.1), we see that differentiation and integration give the same
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result.

The above analysis extends to the case of G,, with arbitrary n. In particular, integration

formulas in the n-dimensional case simply reads
/ 0;d0, = ;i ,

Note that each element of (G,, can be expressed in terms of the 2" monomials

k=1,...,n

1,00, ...,0,,0105,....0, 10, ... 60:05...0,

This implies that any element f(6) € G,, corresponds to an element of the vector space
spanned by such a basis, that is

= +Zfﬁ 0, +— Z £ 6,05, +. +— Z £ 600 (10.5)
Ji1=1 Tnge=1 T g1, =1
Note that

(i) the coefficients fj
dexes.

\jes k= 2, can be chosen completely antisymmetric in its in-

(ii) In particular, by (10.5) it follows that acting with the left derivatives on f(0), we
have

w 0 0
f]l]k = 80Jk e agjl f(9>|911:“':9jk:0 )

(iii) The last term in the right-hand side of (10.5) is equivalent to

™0,

(iv) Eq.(10.5) shows that the elements of the G,,-algebra are polynomials.

(v) f(#) can be decomposed in the form

f0) = f-(0) + f+(0) ,

where f_(0) (f+(0)) is the sum of odd (even) monomials in the ;’s of f(#). If a
function is a sum of odd (even) monomials only, it is said to have definite degree
odd (even).

(vi) Elements of even degree are in the centre of the Grassmann algebra, in fact, they
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commute with all of its generators (it is sufficient to check the result for monomials)
01 ... 00,0, = (—1)*"0,0; ... 0y,

Moreover, the derivative with respect to a generator of an element of odd degree

is an element of even degree and vice versa (provided the derivative is nonzero).

(vii) The Leibniz rule for Grassmann calculus is

9 f dg

(fg)— 9+ (f+ f)a—ek-

This identity can be easily proved when f and g are monomials, the result follows

then by linearity.
(viii) One has

— <—
0 0
8_0,;}0* = —f+a—9k : f = f- aek

Also his identity can be easily checked for monormals, and the result follows then
by linearity.

(ix) Since the maximum power in 6 in the expansion of f(6) is one, from [df =0 it

ofo) ., _
Ly

follows

(x) From (vii) and (ix) it follows

/?fﬁ:(e)ig—éf)dek Z/agj;ie)g(g)dek.

(xi) From (viii) and (x) follows the formula for integration by parts

[ 10220~ [ o) %g (0)d0

Another property of the Grassmann calculus, is that it admits the Fourier transform

f(n) = /e”‘ef(e)dé’n...del :

where 10 := )", nkbg, with {0} U{n;}, the 2n generators of G,. In turn, this defines
the Dirac-Grassmann o0

5(n) = / e”%dp, ... do,
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so that, considering the expansion of the exponential 7’ we get

6n) =Mn-..m ,

and it can be proved that
76)= [ 80— 0)dns ... dn. o)

Let us consider a complex linear combination of Grassmann variables

01+ it . 0 —ib

V2 V2

Since our Grassmann calculus should mimic several properties of the Dirac field, in-

0

cluding the action of Hermitian conjugation, we define the complex conjugation of a
product of Grassmann variables, to reverse the order

This implies that if 6* = 6 and n* = 7, then (6n)* = —0n. Note that
/99*d6*d6 =1,

showing that, like in the case of the complex numbers z = x + iy and 2* = = — 1y,
for which 0,z = 0, even € and 6* can be considered as anticommuting independent
quantities. In other words,

06
06"

Let us consider the Gaussian integral

/ d0*dfe="" " = / d0*do(1 — 0%ab) = a .

Grassmann variables have properties which are analogous to the wedge product for
bosonic variables. For example, in considering the transformation properties of the

volume form under a linear transformation x; = >, Njizi, we have
dey N ... ANdxl, = (det A)dxy A ... ANdx, .

In the case of complex Grassmann variables, we are interested if U is a unitary matrix,

then we have the invariance

/ d97do, ... do%do, f(0') = / do7do; ... dodo, £(9) (10.6)
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where .
0 = Usby .
k=1

To prove this, we first note that both the left-hand side and the right-hand side of
(10.6) are proportional to (][, 6x)(I1, 65)- Next, we consider the identity

1
0.0, = —c g, .6

n!

Then note that the determinant of a matrix A, can be expressed in two equivalent
ways

1
det A = ejl...jnAljl e Anjn = mejlmjneklu-kn‘/\jlkl e A]nkn

We then have
/ / 1 Jl]n
01 P 971 — n'€ Uj1k‘10k1 e U]nknekn

1
= EEJI ]”Ujlklﬁkl ... ankneknG g0,

The proof of (10.6) then follows by observing that
Hek He = (det U)(det U)* H Hek :

and then using (det U)(det U)* = (det U)(det U*)* = (det U)(det U~!) = 1. We can now
use such an invariance to diagonalise a Hermitian matrix A in the Gaussian integral.
Let {ay} the set of eigenvalues of A. We have

(II / at;d; )e 4w — (T / a;do; )e i — Tl =det A, (10.7)
J J k
where in the second equality we used
/ do*dhe=0"" = / do*dh(1 — 6*ah) = / do*do(1 + 06*a) =
A similar analysis, together with
/ do*deegre"" " = / do*dooeo* (1 + 00*a) =

shows that
H / doy dGl O e ImAmnin — det A(A7Y) ), . (10.8)
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As a last thing before applying to the path integral we need to introduce infinite di-

mensional Grassmann algebra using as generator the fields
Y(a) =) tndn(z) |
k

where the ¢;’s are Grassmann variables, while the ¢, (x)’s are a basis of Dirac spinors,
for example the eigenfunctions of the Dirac operator. Note that we used a discrete
index, which is not the case if we work in R%. A possible solution is to work in some
compactification of R*. We have the relations

and
Ja@=0. v -1.
10.2 Path integral for fermions

We now have all the machinery needed to evaluate functional integrals, and hence
correlation functions, involving fermions. For example, the Dirac two point function is

given by?

[DyDip exp [z [1 i p(id — m)wl () (as)

(01 T (21)¥(w2) [0) = lim

T—oo(1—1€)

/DYDY exp [ Sl bz (id — m)zﬁ}

In the following, we use the functional version of the Grassmann calculus exploited in
the previous section. In particular, note that the functional version of (10.7) implies

/Dz_ﬂ?w exp{ — /_OO d*zap[ —i(id — m)]w} = det [— i(id — m)] :

[e.9]

It then follows by (10.8) that

(0] T (1)ib(ws) [0) = {[ = iid —m)] '}, -

3 We write D1 instead of Dy* for convenience; the two are unitarily equivalent.
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Now, in analogy to what we have done in the scalar case, we define the generating
functional for the free Dirac fields. Introducing the Grassmann source fields

Na(®) ,  Halz) == n5(2)7 5

we have!
2l = 37 [PFPvep |1 [ ate @(a)6d - m)vta) + n(a)u(o) + Ton(a)

Our aim is now to express this functional in a form like the one of the bosonic case,
that is

1

Zo[J) = e AR

Let us set
Soti=id—m (10.9)

so that
2l = 57 [PEPvesn i [ ate@sito a4 )]
Let us find the values v, and 1, of ¥ and v, respectively, that minimise
Q) = VSp'+ i + ¥ .
The equation 0() = 0, that is

@+@:0———> @ZQ:O

0 oy 6
has solutions
¢m = _SF77 ) I_bm = _ﬁSF .
We then have
Q = Qm + (@ - &m)sgl(w - wm) 5

where

4 Recall that the complex conjugation acts in the product of Grassmann variables by reversing the
order, this was done to mimic the property of the Hermitian conjugation. In this way, the source
terms in the generating functional have similar properties of the other bilinears, myn) and iyh@ip.
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It follows that the generating functional can be expressed in the form

2l = [PEpsen{i [t [Qu+ @B - st - v}
— Lo ( —i [y ase - y>n<y>) det (— iS5,

where we factorised the exponential (note that the two terms in the exponential are of
even degree and thus they commute), and used (10.7) extended to the functional case.
Note that

N = Z,[0,0] = det ( —iSz") ,

so that
Zo[n, 7] = exp ( — i/d4:v d'y () Sp(x — y)n(y)> :

By (10.9) we see that®
Sp(x) = (id + m)Ar(z) ,

whose check reads
S;laBSF(J})B,Y = (Za — m)aﬁSF(x)57 = (Za — m)"‘ﬁ(ia + m)BWAF(fE)
= —((7")*(+")",0,0, + mé® ) Ap(x)
== _5a'y(|:, + TTL)AF(JJ)
=606 (x) .

Extending the derivation of (10.2) to the functional case, we get

1) )
Fome ="

and

) = 5 = 2)n(y) = 69z~ wynte)

We now show that these rules lead to a factor of —1 for each closed fermion loop. We

h
ave ~ L s 5

O T0()0)10) = 5 s () s Zal il o

where the (—1) comes from the left derivative acting on the source term 7. The third

5 We recall that if O is an operator, O(z) stands for 6(z)O, i.e. the integral kernel whose convolution
with a function ¢ (z) gives (O¢)(z). In fact, one has

/ dy Oz — yyily) = / dy 8(x — )0 (y) = / dy 8(x — 1)(OU(y)) = (0)(x) -
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term in the expansion of Zy[n, 7] reads
1
—5 [ dedtydte dty a@)See - Dnwne)Se6 - Vne)

We can represent the correction to the boson propagator due to a fermion loop like

which corresponds to a term like

52 52
0na(2)015(2) 077 (2')0n5(2')

Applying what we have found before about anticommutation relation of derivative of

Zn, ] .

infinite dimensional Grassmann variables we obtain that this term becomes
+Sras(z — 2')Srqs(2 — 2) .

The overall sign would be — if the fields were scalar, but this is not the case so another
—1 (and so an overall + sign) appears.
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Chapter 11

Gauge theories!

Our aim now is to extend the formalism we have developed so that we can work also
with gauge fields. As we will see, we should also consider non-physical degrees of
freedom. However, despite the difficulties in getting rid of these spurious states, the
path integral formalism displays in gauge theories its whole power. The main references
for this chapter are [7, 11, 36, 8, 37, 36].

11.1 Lie algebras and gauge groups

Even if we already introduced the main properties of Lie algebras and Lie groups, it
is useful to summarise the main features we need to investigate theories which are

invariant under non-Abelian gauge transformations.

Common examples of Lie algebras are so(n), su(n) and sp(2n,R). Let us recall that the
elements of so(n) are skew-symmetric square real matrices, with Lie bracket the com-
mutator. The elements of su(n) correspond to traceless n x n anti-Hermitian matrices,
with Lie bracket the commutator. The elements of sp(2n,R) are square real matrices

A satisfying JA + ATJ = 0 with J is the standard square skew-symmetric matrix

J:(O ]1n>7
-I, O

with I,, the unit matrix of order n.

The above definition of the so(n), su(n) and sp(2n,R) algebras is the one that refers to
the standard normalisation of the generators of the Lie algebra used in the mathematical
literature, that is the one given in (2.6). Usually, in physics literature, there is a
difference of a factor i with respect to (2.6). Namely, the physicist choice is to replace

I Marco Zecchinato
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each T, in (2.6) by —iT}, so that
[T T = ifoeTe . (11.1)
Note that, setting [A, B] = AB — BA is an additional request that also requires the

notion of product.

Let us recall that a Lie algebra is said simple if has no non-trivial ideals,? and semi-
simple if it is the direct sum of simple algebras.

Any element of the Lie Group continuously connected to the identity can be expressed

in the form?

U = exp(—iA*T?) .

The number of generators of the algebras is the dimension of the corresponding Lie
groups. In particular,

SU(n) dim=n?—1 n>2,
-1

SO(n) dim = % n>2,

Sp(2n,R) dim =n(2n+ 1) n>1,

where SU(n) is the group of square complex n X n unitary matrices with unit determi-
nant,* SO(n) denotes the group of square real orthogonal matrices with determinant
1. Finally, Sp(2n,R) is the group of square real symplectic matrices, that is such that
MTJIM = J.

SO(n) is a compact and connected (but not simply connected) group, SU(n) is compact
and simply connected. The symplectic group Sp(2n,R) is connected and not compact.
Other interesting examples of Lie algebras are the exceptional Lie algebras Go(14),
Fy(52), E¢(78), E7(138), F5(248), where the numbers in brackets are the corresponding
dimensions. A theorem by Cartan shows that the algebras so(n), su(n), sp(n) and
the exceptional Lie algebras, are the only finite-dimensional simple Lie algebras. Such

algebras are important in several fields of physics, for example the direct sum su(3) &

2 An ideal is a subalgebra h of g such that [h,g] € h, Vh € b, Vg € g.

3 Note that with the normalisation used in the mathematical literature, the exponential map corre-
sponds to exp(A®T?).

Let us stress that SU(n) is not a complex Lie group. Similarly, su(n) is not a complex Lie algebra.
In this respect, it is worth recalling that a complex Lie group is a complex-analytic manifold that is
also a group in such a way that the map

GxG— G, (x,y)r—>9:y71,

is holomorphic. An example is the general linear group over the complex numbers, denoted GL(n, C).
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su(2) @ u(1) is the Lie algebra of the Standard Model, whose gauge symmetry is given
by the group SU(3) ® SU(2) ® U(1).

For our applications it is useful to consider the relations between the fundamental and
adjoint representations. The adjoint representation corresponds to matrices acting on
the vector space of the Lie algebra, that is the one generated by the T%’s. In all other
representations the corresponding vector spaces are different.

The matrices in the adjoint representation are
(TX)bC — _ifabc

Let X; be an element of the R representation space. This means that under an in-

finitesimal transformation
X; — Xz/ =X, — ’L.Aa<T]%)Z’ij . (112)

Let us now consider the mentioned group action in the adjoint representation on the
vector space of its Lie algebra. In this case the element of the representation vector
space should be denoted by X*. Set

X =XTg ,
and
Ur = exp(—iAgR) € G ,
where A = AT},

The transformation
X = X' =UpXUy', (11.3)

is particularly relevant because it is an automorphism of the Lie algebra; in particular,
it preserves the Lie brackets. Let us show that such a transformation corresponds to
the transformation of X* in the adjoint representation. We have

XOTE s (1 — iA" T X TE (1 4 iA°TE)
~ XOTE — iN* X [TE Th)

— XaT]% 4 fabcAaXbT}%
= (X — f°A°X")T} (11.4)
that is
X s X = X 4 fobepbye (11.5)

that, according to (11.2), means that X is a vector in the adjoint representation space.
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Let us now exponentiate the transformation (11.5)
X9 = 5% XY = exp(—A°f)* XY (11.6)

where

5% = exp(—iA°TS)™ = exp(—A°f)™
which is an element of SO(n), n = dim g.

Note that comparing (11.6) with (11.3), we get the mentioned adjoint action of the Lie
group on its algebra. In fact, we have

UXU™' = (UpTUHX* =T X"
— Tb exp( ACfcba)Xa

with U and T belonging to the same (arbitrary) representation that is

v

exp(—A°f") T} = UpTUS" (11.7)

that can be proved by using the Baker-Campbell-Hausdorft type formula

- 1
exp(A) exp(B) exp(~4) = 3 1[4, [4, [ [4,B]]. ]
k=0
We note again that by (11.6) it follows that the transformation property of X is
independent of the chosen representation. The only condition is that the representation

of Ug, in the transformation rule X’ = URXU]gl, must be the same representation of
T§ that defines X.

An equivalent proof of (11.7) follows by observing that the transformation of a vector
in the adjoint representation is equivalent to a rotation of the T%’s. Such an invariance
can be formulated by introducing the scalar product in the vector space defined by the
Lie algebra
(X|Y) :=Tr(XY) = X°Y"Tr (T*T") = tX°Y" , (11.8)
where
= Tr (T°T°) .

Such a scalar product is clearly invariant under rotations of the basis T or, equivalently,
of the components X, Y of the vectors X and Y. Then, the proof of (11.7) simply
follows by

(X'|Y"Y=Tr (UXYU ') = (X]|Y),

and the observation that rotations correspond to SO(n) transformations.
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11.2 Main features of Yang-Mills theories

Yang-Mills theories are theories which are invariant under non-Abelian gauge transfor-

mations. Let us consider the Lagrangian density
1 T L oa
L= 5((%@) o'd — 3™ ORI

where ® is a scalar-field with n-components. One can easily see that the theory is

invariant under the global transformations

> =UD ,
9,0 — (9,9) = U(9,®)

with U € O(n). By Noether’s theorem, a conserved current corresponds to each one of
the generators

J, =0, TP .

0

To obtain what is properly known as Yang-Mills theory we have to include transforma-

tions which are local, i.e.

U Uz) = exp(—iA(x)) ,

where

Az) := A%(x)T* .

To keep the theory invariant we must introduce covariant derivative is required , i.e.
we have to substitute
Oy — D, =0, —1igA, ,

where A, = AJT“ is the gauge field transforming in the adjoint representation with an

inhomogeneous term?®

_ ? _
A, A =UAU " — E(GMU)U b
whose infinitesimal version reads
a a a aoc C 1 a
Au — AN’ = AM +f b Ab(x)Au(:z:) — g—}&NA (x) . (11.9)

® As shown in section (11.1), the transformation in the adjoint representation, corresponds to (11.3),
with U in an arbitrary representation. The only condition is that U must be in the same repre-
sentation of the T*’s chosen to define X = X®T®. In the case at hand, U and the T*’s should
be in the same representation used to define the transformation of the field ®. This follows by
consistency with the definition of the covariant derivative. More generally, one may have different
representations of the covariant derivative, each one fixed by the representation defining the gauge
transformation of the field interacting with A.
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We have
D,® (Du(I))’ = U(x)(DlL(ID) .

The above shows that to get gauge invariance one should add the gauge field. As a
consequence, the Lagrangian density must be completed to introduce the kinetic part
for Aj. To this end, we introduce the strength-tensor

Fa;w _ 8MAaV o aVAaM + gz fabcAb”Acy ’

b,c

and the kinetic term for AZ

1
Lyn =7 F F

which is called Yang-Mills Lagrangian density. A key difference with respect to the
Abelian case is that now the gauge-fields are self-interacting. In particular, the are the
three- and four-point self-interactions

Setting F,, = Fj, T, we see that Ly is proportional to Tr(F*"F,,, ), that is the kinetic
term is proportional to the invariant length of the vector F},,. For example, in the case

of the Lie algebra su(n), we can choose the standard normalisation
arb 1 ab
Tr (1°T") = 56,

so that ]
Ly = —3 Tr(F’“’FW) )

The associate equations of motion are
(DMF,,)*=0.
The field tensor can be also expressed in terms of commutator of covariant derivatives

1
F,, = ;[Du, D, .
A useful relation is the Bianchi identity

(D“Fl,p)“ + (Dme,)“ + (Dvau)a =0,
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that, by
[Dy, FJ,) = DuF,

vp )

is equivalent to the Jacobi identity
[Du’ [Dw Dp]] + [Dpv [D;u DVH + [Dw [Dpv Du]] =0.

The Bianchi identity can also be written in the form

D, F"™ =0,
where ]
FHv . — §EMVPUFPU ,

is the dual field tensor.

11.3 Gauge-fixing for Abelian gauge theories

As usual we start from the generating functional Z[J], which in case of an Abelian
gauge theory® (we can think for instance at QED) takes the form

Z[J] = /DAM eifd4$(£0+J“Au) , (1110)
with .
‘CO:_Z uVFMV ) F/LV:aMAV_aVAM )

which is invariant under the gauge transformations
Ay — A=A, +0,A(2) .
Since the equations of motion of the theory are

O F" =0 <— (9w —0,0,)A" =0,

6 A more fundamental expression of the path integral is that in terms of the field and its conjugate
momentum, and with ¢m — H instead of £. However, the canonical path integral reduces to the
usual Lagrangian formulation after integration on momenta if the Hamiltonian density is quadratic
in m with constant coefficient, and if there are no constraints. Actually, gauge theories (especially
Non-Abelian ones) have constraints: nevertheless, Faddeev-Popov technique (see below) takes one
out of troubles, paying the prices of a little bit more formalism, so we can keep on using the usual
Lagrangian formulation.
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it follows that integrating by parts and neglecting surface terms, we can rewrite the
Lagrangian density in the form

Lo = %A“(QWD _0,0,)A" | (11.11)

The propagator of the theory is the inverse of the operator

~

O = g —0,0, .

We can see that the propagator is not well-defined. Let D" (x — y) be the inverse of
O, that is such that

(g, 00— aua,,)D”’\(x —y) = (5’\(5(4)(30 —y) .

o

Deriving with respect to x*

(g0 — 0,0,) DM — y) = 0"6),6W(x — y)
= (0, — 8Z,)DD’”\(J: —y) = A (x —y),

showing that /O\;w is singular. For example, applying this operator to 0*A we get zero
(9,,0—0,0,)0"A = (0,0 -00,)A =0 .

Our first attempt to find the propagator of the theory has failed. Let us notice that in
the generating functional (11.10) we are integrating over all fields A, including those
which are related one another by a gauge transformation A, — A/, = A, + J,A(x):
this means an infinite contribution to Z and thus also to the Green’s functions. If we
want to avoid this infinite and redundant contributions we can choose to fix a particular
gauge: for instance we can choose the Lorenz gauge”

0, A" =0 |

so that

where the Lagrangian density is

L— %A“gm,DA” , (11.12)

" Such a condition, frequently mistakenly called the Lorentz gauge, has been introduced by the Danish
physicist and mathematician Ludvig Valentin Lorenz. Presumably, the mistake originated by the
(Hendrikus Albertus) Lorentz invariance property of the Lorenz condition.
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and the integration is performed only over those fields such that J,A* = 0. The
propagator is now the inverse of the operator g,,[], which indeed is not singular. One

can easily show that
D;w(m - y) = _g,U/AF(iE,?ﬁ m = 0) .

The problem of redundant degrees of freedom is also seen in the canonical quantisation.

Consider the canonical commutation relations

[Au(t,x), (L, y] = iguwd® (x —y) (11.13)
[A,(t,x), A, (t,y] =0, (7, (t,x), m,(t,y] =0,
h
where o
T =,
0A,

is the canonical momentum. The problem arises because the Lagrangian density does

not contain the dyAg term, so that
70=0.

This means, in particular, that the Ay commutes with 7, so that the equal time
commutation relations cannot be satisfied. As a consequence, even covariance is lost
because the ggo term in (11.13) is multiplied by zero. Again, one should modify the
Lagrangian density and simultaneously fix a gauge condition. Note that at the level of
the Lagrangian density, Eq.(11.12) is obtained, integrating by parts, adding to (11.11)
the so-called gauge firing term

Lor = —%(@A“)Q .

We then have ] ]
£ = ;C() + »CGF - _ZFNVFHV - 5(8MAM)2 .
The propagators associated to £y and L are the inverse of

90 — 0,0, = —g,uk* + k.k, (11.14)

and
g,uulj = _g,uz/k2 ) (1115)

respectively. One can see that (11.14) has no inverse: if it had inverse, it would be of

the form
Ag, + Bkyk, |
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where A = A(k?) and B = B(k?). Therefore,

(=Ko + k) (Ag™ + BE'EY) = 6)

= —Ak25ﬁ + AkukA = (5;‘ ~ 7 solutions .

On the other hand, in the Lorenz gauge

~ g“”
l/«V<k) = - k2
More generally, we can rewrite
1 w1 e Lo 1 .
L= _Z MVF - %((%A ) = EA gwjlj + a -1 au@V A N (1116)

with o € R finite. In momentum space, the expression in the square brackets reads

1
—k*gu, + (1 — a) kuk,

so that the photon propagator reads

Do) = =5 s+ (e - 152 (11.17)

Common choices of « are

{a =1 : Feynman gauge ,

a =0 : Landau gauge .

By gauge invariance we have

Claim. Physics is unaffected by the value of a.

Equivalent gauge conditions Let us consider a gauge transformation A,
Ay A=A+ 00,

such that
OA = —0,A" .



GAUGE THEORIES 289

In this way we see that imposing A = 0 gives
9 AV — 9 A" =0, A* + OA = 9,A" — 9,A" =0,

which is the Lorenz gauge. This means that rather than constraining the field A, it is
possible to impose some conditions on A(z), obtaining the same result. In particular,

we have seen that

OA = =8, A" «— 9,A" =0 |

11.4 Gauge fixing and the Faddeev-Popov method

We aim to extend what we have discussed up to now also to Yang-Mills theories, trying
to find some general rule for finding the gauge-field propagator. We have seen above
that the generating functional Z is infinite, because we integrate over all possible A,
fields, even over those related by a gauge transformation: therefore we have redundancy.

Schematically we can write each gauge-field as
A, ~ A, Nx)

expressing the idea that a given A, can be reached starting from inequivalent gauge-
fields A, performing a gauge transformation of the parameter A(z). The A, are in-
equivalent because they cannot be related by gauge transformations. We can therefore
split the integral

Z[J,) = / DA™ ~ / DA, / DA . (11.18)

The overcounting lies in the integration [DA: thanks to the Faddeev-Popov method
one can show rigorously that the separation (11.18) holds and that one can forget about

the infinite redundant contribution.

In order to introduce the Faddeev-Popov method, we need some results concerning the
measure on the gauge groups.

In the case of locally compact groups,® it is possible to define a measure, called Haar

measure. We are interested in the case of compact groups G. In this case we have’

(i)
Vol(G) := / dU = finite .

8 A topological space is said locally compact if for each point there exists a neighbourhood whose
closure is a compact set.

9 For a proof, see M. Hamermesh, “Group Theory and its Application to Physical Problems”, page
313.
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(ii) Invariance of the measure
dU = d(U'U) = d(UU")

for all U’ € G.
In the case of gauge transformations, we should use the functional measure
DU = [ dU(),
zER*

leading to infinite volume. Since the group elements are parameterised in the form
U(z) = exp(—iA*(x)T), the independent variables are A®(z). Then, rather than using
DU, it is more appropriate to use DA.

Let us consider the effect of a gauge transformations on the measure of the fields. In
the case of a generic field transforming

¢(x) = ¢ (z) = U(x)o

with U in some representation of GG, we have
D¢ =[] |det U(x)|Dg ,

so that, if, as is the generality of the cases of physical interest, det U = +1, then we
will have
D¢ =Dop .

Let us consider the case of the gauge field measure DAJ. Note that since the inhomo-

geneous term in

A, = AV = UAUT - é(&MU)UT , (11.19)
is independent of Af, we should care only of the term UA,U . In this respect, note
that by (11.6)

a a’ o c c\ab 4b
A3(x) — A% (@) = exp(~A%(2) )" AL (2) + /(@) (11.20)

with f(z) the inhomogeneous term. It follows that

5AZ’ (x)
SA(y)

= exp(—A*(z) )6,/ 6D (x — y) |

and since exp(—A°(z) f)*™ € SO(n), we have that the Jacobian of the transformation
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is the identity. Therefore,
DAY = DA’ .

In the following we denote a gauge fixing condition in the form
F*A,=0.
For example, in the Lorenz gauge
MAL =0 «— F*=0"A7 .

Let us set
ARMA) = /DUa[F[A,{{]] : (11.21)

where

SIF[A]] = [ o(F AL )]) .

TH,a

is the delta functional. This is the product of delta functions at each point of space-time

and for each value of a.

Let us now prove the gauge invariance of Az'[A,]. Since DU = DU”, this implies that,
in the case of compact groups, A,'[A,] is gauge invariant. Indeed, by (11.21)

AFAV] = / DUS[F[AVY]]
and setting U” = U'U, we have

A?Mﬂ%:/DUﬂFMTH:A?MA.

The next step of the Faddeev-Popov construction is the insertion of
1= ArlAJAF 4] = Arld,) [DUSFLAY)
in the expression of Z := Z|[0]
7z /DAM AplA] /DUa[F[Ag]]eiS |

We perform a gauge transformation taking AIZ{ to A, and use the fact that DA, is the
same as DAL]. Furthermore, since the action is gauge invariant and, as we have just
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shown, even Ap[A,] is, we have
7z - / DA, ArlA,] / DUS[F[A, ]
= ( / DU) / DA, Ap[AJ0[FA,]le™ .

Since the integrand does not depend on U, it follows that the contribution of [DU
consists in an overall multiplicative constant and therefore can be ignored.

11.5 Faddeev-Popov determinant

Note that for fixed A, there is at least one A, = AE such that F?[4,] = 0. We use

the invariance on the functional Haar measure, to write
ARMA,] = /DUé[F[Zg]] :

Now note that the argument of the d-functional is vanishing when U is the identity,

that is for A = 0, we then can consider the expansion of F'* at the first order in A

FOAT] ~ F*[A, + D, (A)A")
_ OF® _
_ paj b b

oOF° —
= 67(8#/\0 — fPATAY) (11.22)
17
that is
FOAY] = M™(A,)A"
where _
— . OF°A]] OF®

M®PA,) = ey = T (g, pedbAdy
OAD oA g

We then have
A7 A) = [DASIFIA)
= / DAS|M™(A,)A"]

=det™'M(A,), (11.23)
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where, as explained, we used DA rather than DU. Next, observe that since F[Zl“] =0,
we can express (11.23) in the equivalent form

/DU&[F(Ag)] det M(AT) =1. (11.24)

det M (A,,) is called Faddeev-Popov determinant. Let us stress that the relation Ap[A,] =
det M(A,) shows that for each A, the associated determinant is the one for which

Fe[A,] = 0. We obtained A, by a gauge transformation A, + Ag. Therefore, U
depends on the initial A,,.

Now consider :M instead of M, so that
det(iM) = /DcDé exp ( — z'/d4x é“Mabcb> .

It is worth stressing that the fields ¢ and ¢ are anticommuting scalars. As a consequence
of the spin-statistics theorem, they are unphysical, so that they cannot appear in the
external legs of Feynman diagrams. For this reason these fields are called ghosts.

Next, we modify the gauge fixing term §[F*[A,]]: for example, instead of the Lorenz

gauge condition we may consider
F*=0"AY, +C*,
with C*(x) an arbitrary function. We then have
7= / DA, det(M)3[F[A,] — C] exp(iS) | (11.25)

where

o141 €1 =TT 4y 0] - (e
Note that the C*’a are independent of A, so that, since Ar[A,] depends on the func-
tional derivative of F'* with respect to U, it follows that Ar[A,], and therefore AL'[A,],
remains invariant if in its expression one replaces 6[F'[A,]] by 0[F'[A,]—C]. This implies
that Z is independent of the C*’s. Therefore, we can safely insert in (11.25) the term

exp (- %/d% () |
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where C% = > C*%. Integrating over the C%’s, we get
Z = / DA,DC det(iM)S[F[A,] — C] exp (iS - i / diz c?m)
1
= N/DA“DéDc exp [i/d% <£ — 2—F2 — '“Mabcbﬂ
a
= N/DAMDCDC exp (i/d4x Eeﬁc> )

where the effective Lagrangian density is given by

1
Log =L — —F* Mg (11.26)
2c0

=L+ Ler + Lrpe ,

with Lop the gauge-fixing term we met before, while Lppg is the so-called Faddeev-
Popov ghost term. Therefore, since in the Lorenz gauge the Faddeev-Popov determinant
is independent of A,,, such a determinant can be absorbed in the normalisation constant
of the functional generator.

A related issue concerns the physical degrees of freedom. As we know, the only physical
components of A, are the two transverse ones. Up to now we have imposed only one
condition, which is not enough to get rid of all spurious degrees of freedom. One way

to proceed is to consider the Coulomb or radiation gauge
Ag=0, V-A=0.

Certainly now we deal only with physical degrees of freedom, but in this way we have the
unpleasant consequence that the manifest Lorenz covariance is lost. However, for QED
this is not a problem because photons always couple to conserved currents. In the case
of non-Abelian gauge theories the problem of eliminating unphysical degrees of freedom,
preserving manifest Lorentz covariance, is solved by applying the Becchi-Rouet-Stora
(BRS) quantisation.

As we said, the Lorenz gauge concerns only one condition, so there remains a spurious
degree of freedom. Let us consider the matrix M in the Lorenz gauge, that is

1
M(e,y) = =00z —y) |

which is independent of A, so that it can be absorbed in the overall normalisation
constant of the generating functional. Let us consider the following decomposition of
the gauge field
AT L
A=A, + A,
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where AZ and Aﬁ denote the transverse and longitudinal components of A,,, respectively.
We have

Az(m) =P,A", Aﬁ = (9w — Pw)A",
ith
wi 0,0,
P,ul/ = Guv — 0O

the projection operator. Now note that since we have the identity
AT
oA, =0,

it follows that the functional distribution §[0, A*] has effect on the longitudinal compo-
nents of the gauge fields only. On the other hand, the longitudinal component of A, is
a pure gauge, that is

Aj(@) = 0,M(@)

so that the effect of the §[0,A*] constraint is just
OA=0.

This result is in contradiction with the assumption that F[Ag] has, for any A, a unique
solution. The way out is to observe that such a residual invariance can be removed by
a suitable choice of the boundary conditions. On the other hand, this in fact what
we usually do in perturbation theory, since we usually assume that the fields vanish
at infinity, which is a necessary condition to eliminate such fields once one integrates
by parts. We then remove the residual gauge freedom assuming that A, vanishes at
infinity.

We now may give the QED Feynman rules in the Lorenz gauge

> boson propagator

A 1 k.k,
AAAAN :_ﬁ guu—l—(a_l) 22 )

> vertex

= —ieyh(2m)*0™ (p1 + p2 + ps)
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> fermion propagator!®
P, B i
a3 B p—mtie) 5

> each fermion loop carries an overall minus sign.

11.6 The Becchi-Rouet-Stora transformation

In the previous section, the discussion has been simplified by the fact that in QED
we can ignore the ghost term. Let us now consider the more general situation of non-

Abelian gauge theories.

We continue to denote by Z the generating functional with the external currents for
the gauge and ghost fields, set to zero. We have

Z =N / DA, DeDeel [ oker
where the effective Lagrangian density reads
1 a apy
Leg = _ZF w M+ Lor + Lrp -

If we choose the Lorenz gauge, the gauge-fixing term is

1 a
EGF — —%(8“14 #)2 ;

and one can show that
Lrppg = —c"0"D,c" + total derivative ,

and the total derivative can be ignored because it only contributes with surface terms
to the action, terms that we assume vanish. Our goal is to understand the behaviour
of the effective Lagrangian density under a gauge transformation

i
A =UAU" - ;(GMU)UT :

1 1

OA% = 0"+ JUeAY A = E(DuA)“ .

10 Here we are using a rather symbolic notation, whose definition is

(rvc), ==
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Since we have the freedom to choose any gauge transformation we want, we choose

A(z) = =" ()N,

where A is a Grassmann constant. Therefore,

a 1 a
5A P = —§<D”C ))\ .

We can also fix!!

1

S5c® = _§fabccbcc>\ 7
1
d¢* = ——(0,A")\ .
ag
In the following we show that
0Leg =0 .

(11.27)

(11.28)

(11.29)

The equations (11.27), (11.28) and (11.29) are known as Becchi-Rouet-Stora (BRS)

transformations. Now we have to prove that the effective Lagrangian density is indeed

invariant under BRS transformations. We have

> the free gauge-gauge field term Ly = —iF ., B is trivially invariant

0Ly =0,

> for the gauge fixing term one has
1

1
— (O AC
0Lar a(a “)g

> for the ghost term

5»CFPG == —(5éa)8MDMCa — é“@“(éDuc‘l)

1 a 14 a
—— (0" A",)(@" Dy |

1

L (O AL A D) =

(D)X

where in passing from the first to the second line, we dropped the term ¢*0*(6D,,c*)

since it vanishes.!?

Therefore, the effective Lagrangian density is invariant under BRS transformations.

Using the BRS transformations one gets the Taylor-Slavnov identities, which are the

I Notice that the transformations of ¢® and & are different from each other, which is consistent with

the fact these are independent fields.
12Gee Ryder’s book [36, p. 272] for an explicit proof.
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non-Abelian analogue of QED’s Ward-Takahashi identities.



Chapter 12

Quantum electrodynamics!

We now specialise our discussion about gauge theories to the case of quantum electro-
dynamics. Though at first sight QED seems much simpler than the others theories of
fundamental interactions (and, indeed, it is), it has several interesting features. More-
over, it is a sort of laboratory to see how we can apply the general techniques we have
already discussed. The main references for this chapter are [7, 11, 36, 8, 37].

12.1 Ward-Takahashi identities

The Ward-Takahashi identities are ezxact relations between vertex functions and prop-
agators, thus true at all order of perturbation theory. They are a consequence of gauge
invariance of QED, and are the key to renormalise the theory. As usual, our starting

point is the generating functional
Z[Juyn, 7 = N / DA, DYDip et 4w Lot
where now the effective Lagrangian density (11.26) reads

Lo = L Fu P 00 4 ie AV — miy — 5 (0,A%)" + JL A" 7+ T

and it contains a free photon and fermion (electron) part, the covariant derivative
instead of the usual derivative, the gauge fixing term for the electromagnetic field
and the source term for fermions and electromagnetic field. What is missing is the
Faddeev-Popov term: nevertheless, in the Lorenz gauge the ghosts do not couple with
the electromagnetic field, therefore their contribution is an overall constant which can
be reabsorbed into N.

I Marco Zecchinato
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Before proceeding it is worth mentioning a property of the two-point gauge and fermion
functions. In this respect, recall that since in the scalar theories with even potential
densities the 2k + 1-point functions vanish, and since the only possible non-connected
components of the 2-point function is given by the product of two 1-point functions,
it follows that the two-point Green’s functions are connected. As we will see below,
by Furry theorem, the Green functions in which the only external fields are an odd
number of photon fields vanish (as we will see this does not mean that the single

diagram vanishes). It follows that the photon propagator is connected
(OIT A (2)Au(y)|0) = (0]TAu(x) Au(y)]0)c -

The case of the fermion propagators is more similar to the case of the even scalar
potential densities: the fact that the Lagrangian density is bilinear in the fermion fields
implies that there are no 1-point fermion functions. Therefore, even in this case, we
have

(0174 ()9 (1)10) = (0T () (y)|0). -

We recall that this Lagrangian density is gauge invariant only if we remove the source
terms and the gauge fixing terms. However, this last term (as well as the ghost term)
is necessary if we want to find the propagator. Yet we have to remember that physical
predictions of the theory must be independent from the chosen gauge, hence Z as well
must be gauge invariant. Let us see what this requirement implies. We apply an

infinitesimal gauge transformation?
Ay — AL = A, + 0,0 |

v — ) —ieAy | v — Y +ieAy

where e is the fermion charge. Note that here e = |e|] > 0, so that, following the
standard notation, we have?

positron charge e > 0 , electron charge —e <0,

implying that terms such as e?"*!, that may appears, e.g., in the Feynman diagrams,

2n+1

should correspond to —e if referred to the electron.* As mentioned above, only the

first three terms in L.g are invariant. The other terms instead transform so that the

2 Here we are representing the U(1) group elements by U = e~ instead of U = e~ ™.

3 A more correct notation would be to replace e by ¢q. Furthermore, since e is usually associated to
the charge of the electron, it should be considered negative. Then, one should use e to denote the
electron charge and —e > 0 to denote the positron charge.

4 This notation choice may cause some tricky wrong signs.
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integrand of Z acquires a factor
exp{i/d% {—é(@MA“)DA + JHO,A — ie () — @7;77)] } ,
but since we are considering an infinitesimal transformation, this may be written as
1+ / d'y {—ém(aﬂm) 9T — (i — {pn)] Aw)

after integration by parts to remove derivation from A. We then have

) ) )
— /Jl n p—
{ D@M&] i0,J ( 5_ 05?7)]2[7),77, J, =0,

W

so that, since Z = """, we get
1 ow ow ow
[I " — ) =0. 12.1
8“&] +1i0,J —He( o 77577) 0 (12.1)

Such an identity has several important consequences. Let us start by deriving an
identity for the longitudinal part of the 2-point gauge functions, that follows by differ-
entiating (12.1) with respect to J,,, and then setting the sources to zero

10 w0
0w, 6J0(x)0 ] (y) Oz

which is a Ward identity. In momentum space such an equation reads
LRRC k) = by (12.2)
where CNJW is the Fourier transform of the 2-point photon function
G —y) = (0T Au(x) A, (y)|0) -
As usual, such a function is 7 times the exact propagators D;w (r —vy)
Gu(r —y) =D, (v —y) .

The solution of (12.2) reads

~ .kk:

G (k) = =i 4+ G ()

where C?Zl,(k) is the transverse projection, that is the solution of the homogeneous
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version of (12.2). This is given by

G,k = (g0~ “5) 102)

with f an arbitrary function. The Ward identity (12.2) is an exact one, so that it

provides a constraint to any order of perturbation theory.

As we will see, the renormalisation procedure leads to a bare Lagrangian density which
has the same functional form of the original one. It follows that the Ward identities
extend to the renormalised theory. Now observe that the gauge dependent longitudinal
part is exactly the same of the original one, given in (11.17). This implies that the
renormalisation leave invariant such a term, that is the gauge fixing term in the effective
Lagrangian density does not require any counterterms. This will be explicitly seen in
considering the renormalisation of QED.

Eq.(12.2) implies other interesting identities. Let us consider the effective action

<

000 A = Wi, )~ [ dte 6+ dn+ 274, (12.3)

where

O = <0|O|O>Ju,7y,'ﬁ ’

with O any one of the three field operators A,, 1 and . Note that

ow N oW ~ oW =
= A¥(x) , —— =(x) = —Y(x
5@ = G Y Gy Y
One may also check that
or or or
= = —J’u(flf) s = - 7_7(1') ) =~ = _77(37) .
54,(2) 59() 59(2)
Eq.(12.1) now reads
ST TRRT WLLE LL W LI (12.4)
a 0A, o) 5

Such an equation shows that I' is not gauge invariant, rather, the gauge invariant

functional is® )

Fa[zzz,@_b,Au] = F[;Z;,%,AM] + %/dﬂtx(au/wy .

Gauge invariance of T',[t), 1, A,] rather than of T[1),), A,], can be also argued that in

the classical limit [/, ), A,] is the classical action, whose gauge invariance is broken

° In the following the tilde over the fields is omitted.
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just by the gauge fixing term.

Deriving (12.4) with respect to ¢ and 1, and then putting 1 = = A, = 0, we get

" §3T[0]
" (1) (yr)d Ar ()
oY (1)6¢ (y1) oY (21)0¢ (y1)

As done in ¢} even here it is useful to consider the 1PI amputated functions. Let us
consider the proper vertex function I',(p, ¢,p") by

= 2m)*W (' —p—Tulp, 0.7 .

/d4l’ d4x1 d4y1 ei(p/$1*py1fqgj) _ (53F[0]
5 (x1)0v (y1 )0 A ()

As in the case of ¢}, we have that the amputated 1PI two-point function is proportional

to the inverse of the two-point function, that is

5°T[0]

Sz —y)) (12.6)
oo(x)ly)
where S%.(z — y) is the exact propagator in configuration space. In momentum space
we have 52 0]
@m) N — p)Sy o) = - [ drdly
: 00 () (y)

Multiplying (12.5) by exp[i(p'z1 — py1 — qx)], and then integrating over x, z; and y,
we get the Ward-Takahashi identity

¢'Tulp,ap+q) =elSi ' (p+q9) — S5 ()] (12.7)

which can be pictorially represented as

1
q

¢ Dp-lEesy - (o]

Taking the limit ¢* — 0 we get instead the Ward identity

Sy ' (p)

o I'u(p,0,p) . (12.8)
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This relation holds at all orders in perturbation theory. Let us consider the first orders.
For instance, to first order, S% is just the free propagator Sg, hence
oSt

Spt(p) =y —m — S = (12.9)

Expanding the exact propagator

X Y. X
N -1
=iSp (1 — 7z’SF) ,

Sp'(p) = Sp'(p) = 2(p) ,
where ¥(p)/i is the electron self-energy. By (12.9) it follows that

we see that

85}_1 B 85;1 oY
OpH N Op+ _6p“
ox
~opr

=, (12.10)

Note that the expansion of I',(p, ¢, p + ¢) has the form

ft I
W

q

p+q

p

Let us denote by A,(p, ¢, p + ¢) the function I',(p, ¢, p + ¢) without the zero-loop con-
tribution, that is

Lu(p.q,p+4q) = ey +eMu(p, a0+ q)

Note that A, represents the non-trivial 1PI contributions to I',. The Ward identity

(12.8) and (12.10) imply
9% (p)

B (12.11)

Au(p,0,p) = —
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Now notice that differentiating with respect to p# the identity Sr(p)Sz'(p) = 1 we get

dSp(p) 9Sg' (p)
o —SF(P)a—WSF(p)
= —Sr(P)VuSr(p) ,

which means that the differentiation of the propagator with respect to p* corresponds

to the insertion of a zero momentum photon line into the internal electron line.

12.2 Furry theorem

This is a useful theorem especially in loop calculations, since it ensures that under a
certain condition we can get rid of some loops.

Theorem 12.2.1 (Furry). Any scattering amplitude with no external fermions, and an

odd number of external photons, is zero.
Proof. Such an amplitude would come from a correlation function
(QUT A" (x1) ... AP () [€2)

inserted into the LSZ reduction formula. To see that this vanishes, we insert I = CC™!,
with C the charge conjugation operator, between each pair of fields, and on the far left

and far right. Since the vacuum is unique, it must be invariant under charge conjugation
C'Q)=1Q) and (Q|C=(Q] .

Since the T product of the gauge fields is a linear combination of such fields involving

the Heaviside 6 functions, it follows that 7" and C commute. Using
C 1AMt x)C = —AX(t,x) ,

we see that this correlation function is equal to (—1)" times itself, and so must vanish if
n is odd. Note that this means that the amplitude vanishes even if the photon momenta
are off shell, so it also does not appear as an off-shell Green’s function in some other
more complicated process.

It should be observed that this theorem concerns the Green’s functions and does not
in general imply that a singular diagram vanishes, since in considering the Green’s
functions one has to consider the sum of diagrams rather than a singular contributions.
In particular, adding the contribution due to reversed orientation of each fermionic loop,

gives, each one, an overall minus sign. Note that opposite fermionic loop orientations
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correspond to opposite directions of the charge flow. In other words, the content of
the Furry theorem is that for each Feynman diagram with an odd number of external

photon legs, there is another Feynman diagram with the opposite value.

]

12.3 Superficial degree of divergence

We will see that by applying the same systematic procedures we developed for the
¢3-theory, we can handle also divergent QED integrals.

Let us begin by recalling the Feynman rules for QED

> fermion propagator

LN i ptm
+:p_m :Zp2_m2 )
> photon propagator
k : v
ELE L P
> vertex®
= —ievy, ,

> each fermion loop brings a factor of (—1).
From now on we will use the Feynman gauge, i.e. we will set o = 1.

The general formula for the superficial degree of divergence of a diagram is given by
D =dL—-2P,— FE;

where )
L := number of loops,

P; := number of internal photon lines,

E; := number of internal electron lines,

\ d := dimension.

6 Note that, as done in the case of the Feynman rules for ¢}, we did not include the factor (2%)46(4) (p1+
p2 + p3). On the other hand, momentum conservation is easily implemented at each vertex, so that
it remains to integrate on the unfixed internal momenta. In this way, one avoids the insertion of
several 0’s and trivial integrations.
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In addition, let us introduce

n := number of vertices,
P, := number of external photon lines,

E, := number of external electron lines.

We recall that the number of loops L, i.e. the number of internal independent momenta,
is given by
L=1I—-(n-1),

where I := total number of internal lines = P, + E;: we have to subtract n because
of the d-functions enforcing the momentum conservation at each vertex, whose effect
is to decrease the number of integrations. The +1 is due to the fact that one of this
o-functions enforces the conservation of the external momenta. Each vertex has two
electron legs: if they are internal they count twice, otherwise once, so that

2n = Ee + QEZ .
In the case of photons, instead,
n=PFP,+2PF.

It follows that we can rewrite the superficial degree of divergence in the form

D=(d—1)E;+(d—2)P,—d(n—1)

o) () (52

that in four dimension reads 5
D =4— §Ee — P,

and there is no dependence on n, so that, in particular, D does not increase with n, as

required for any renormalisable theory.
Typical one-loop QED diagrams are

> Electron self-energy

k

—iX(p) == M .

p—k

The diagram has F, = 2 and P, = 0, hence D = 1. Applying the Feynman rules
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we have ‘ ‘
dk i —igh

i) = (-ie)* | G e

and we can see that there are three powers of k£ in the dominator, so that the

diagram diverges linearly, as expected.

> Photon self-energy or vacuum polarisation

il (k) ==
p—k

In this case D = 2; indeed, from the Feynman rules we have

i, (k) = —(—ie)Q/ (;;];4 Tr <’yup _Z i ;_ m> , (12.12)

where the minus sign is due to the fermion loop. We then have that the two-point

function up to one loop reads
- .Guv _Zg a \ rra _igﬂu

:k+W'

> Tadpole and 3-photons vertex

However, by Furry theorem we know that the contribution related to these diagrams
vanish.

> Box diagram

A

\
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Here one has that £, = 0, P, = 4 hence

so that we expect a logarithmic divergence. However, thanks to gauge invariance,
this diagram is convergent. Actually, if it were divergent, then it would be necessary
to add a new term to the Lagrangian density with 4 gauge fields. Since there are no
gauge invariant terms with such a property, it follows that gauge invariance implies

the convergence of this diagram.

Up to now we have seen that only the self-energies are “genuinely” divergent. More
precisely, like in ¢j, they are examples of primitively divergent graphs, i.e. graphs
containing the sources of the divergences that, once regularised all the other Feynman
graphs are finite. Another primitively divergent graph of QED is the vertex graph

—ieN,(p,q,p+q) =

which has D = 0. Applying the Feynman rules we have

d*k —ig i i
3 (4 3 po P
ieAu(p, q,p + q) = (—ie) / o i a2 g —m
1

g

12.4 Renormalisation

In the previous section we have managed to isolate the QED primitively divergent

graphs. We now compute them using dimensional regularisation in Minkowski space.

Let us write down the QED Lagrangian density d dimension. Dimensional analysis
shows that
[1)] = L1=d)/2 : [A] = L2=4)/2 ’

so that in d dimension e,y := e has dimension L %/2. We then have that the La-
grangian density in d dimension, in the Feynman gauge, and without the external

source, is
1 v T - 2—w o 1 2
L = —ZFMVFM + Z¢($ + (7% enewA)w - mw¢ - §(aﬂAu) ’

where w = d/2 and p is the 't Hooft mass parameter, already introduced in the case of
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the ¢j theory. We have

2—w
€old = Cnewlt

In the following by e we mean €, .

Electron self-energy Generalising to d dimensions the expression we have seen be-

fore becomes

ﬁ — X(p) = —2'62(#2)2“)/ (d%k 1 wl

27T)2w%p —F - mfy k2

o222 d*k yu(p — f+m)y"

After introducing the Feynman parametrisation

i—/1dz !
ab  Jo laz +b(1 — 2)]?

and substituting k — k' = k — pz we get

S(p) = MQ/ /d%k' Yulp — pz — K +m)y

2m)2 (k2 — m2z + p?2(1 — 2))2

The term ¥ in the numerator of the integrand can be dropped because it is an odd
term integrated in a symmetric interval. This implies that the integral is not linearly
divergent, but logarithmic divergent. Now, by means of the identity

d?p o wmwr(@—w) 1
/ (p® + 2pg — m?)> (=1) T(a) (- —m2)e—w’ (12.13)

we get

X(p) = u%eQ%/o dz y,[p(1 — 2) + my[—m?z + p*z(1 — 2)]“ 72,

where e =2 —w = (4 —d)/2. By

Yy = 2w, YuYa ¥ = 2(1 — w)Va ,

and ]
D€)== =95 +0(6)

we end up with
2

S(p) = ——
(p) 1672e

(=p + 4m) + finite terms .
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Vacuum polarisation Let us consider the generalisation to d dimension of the vac-
uum polarisation diagram (12.12)

W@W = L (k) = u/(;—)f Tf(%,ﬁ_lm%p - ;él— m)

oo [ 4% Tr[y(p - m)n(p— K+ m)]
o /( K :

2m)% (p2 —m?)[(p — k)? — m?]

As before we use the Feynman parametrisation, then substitute p — p’ = p — kz, so
that

I, (k) = ie*u* / dz/ d2p" Ty (p + Kz +m)y(f — k1 —z) +m)] |

27 )2 [p? —m?+ k?z(1 — 2)]?

(12.14)

Now we have to deal with the trace. The generalisation of gamma matrices in a generic
number of dimensions 2w is not a difficult task.” Given an arbitrary well-behaved
function of the number of dimensions 2w, f(2w), such that f(4) =4, we can define

(el = f(2w) ,
V) = f(2w) gy

Tr(
(/V,U»’YF»J’YV,Y)\) f(2w)(gmigu)\ — Gur e + gu)\gm/) )
| Tr(odd # of v’s) =0 .

(12.15)

Notice also that it is not restrictive to impose f(2w) = 4, Yw. Due to the last identity
n (12.14), and since even this time we can drop the term proportional to p’ in the
numerator N of the integrand in (12.14), we are left with

N = [p"p™ = K"k 2(1 = 2)] Te(yumemm) +m? Tr(yum) |

and after the calculations we end up with

N = fw){2p,p, — 22(1 — 2)(kuky — K*gu) — gu[p® — m? + K2(1 = 2)]} .

7 We have to mention that the generalisation of 7° is all but trivial, because we have defined it as
v? = iv9y19243: we have at our disposal only other four gammas, therefore the extension to d > 4

is problematic. Nevertheless, QED only deals with v*, u = 0,...,3, hence we do not worry about

0.
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Hence
2PuPy
2e 2 / d / K
My () = i€* ™ f (2w : 2m)2 | [p? —m? + k2z(1 — 2)]?
2(1 — 2)[kuk, guka] G (12.16)
[p —m2+k22(1-2)  [pP-mP k21— T
Using the identities (12.13) and
/dz“’p Dubv (1) i 1
(p* + 2pq — m?)° P(a) (=¢* —m?)o
1
< |quallo—w) + Sgu(—a —m)la—1-w)| . (12.17)

with ¢ = 0, we see that the first and third terms in the right-hand side of (12.16) cancel.
Note that the divergence is now logarithmic, and not quadratic. In particular, after
integrating we get by (12.13)

62

—(k.ky, — guk?) l—V—E—/ldzz(l—z)
222 H a e 6 0
—m?2 2 —
xlog{ m? + k*z(1 Z)}—i—O(e)},

4 p?

H;w(k) =

Integrating and keeping the lowest order terms in k% — 0 coming from the finite part,

we get
2 2
e e k
I () = <o (kuk, = gk )( Tt )
2
(& .
= Tﬂae(kuky — gwjk2) + finite . (1218)

Vertex function The last step is to regularise the QED vertex

— —iep A (p,q,p')

iy dQWk: —ig"°

e [ o — ) — )
= ~len) / @n= BE(p— kP —m2|[(p — R —m?)
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where p’ = p + ¢. Using the two parameters Feynman formula

1
=2/ d
abc / x/ a(l —z —y) + bx — cy)?

and making the substitution k — k' = k — px — p'y, we get

4%k
Au(p,q,p') = —2ie” 1™ / dz / dy / oy

(1 —y) —po — k+mly[p(l — ) — p'y — k +m]y”
W m?(z +y) + p*x(l —z) + p?y(1 — y) — 2pp'wy)?

Such an expression is the sum of an ultraviolet divergent part, AS), and of an ultraviolet
convergent one AE?). In particular, the part of the numerator which is quadratic in k is
divergent, while the rest is ultraviolet convergent; therefore we write

A, =AY AP

Z p p

By (12.17) it follows that the ultraviolet divergent part A&l) can be integrated to

1—x
1 [Lar [ay
Yo Yo YuYP Y

[ m?(z +y) + p?z(l — x) + p?y(1 —y) — 2pp'xyl*

AV (p,q.p) =

and using the identity

WYY = (2 — d)* v, = A1 =€)y,

we get
2

(1) A € .
A (P4, 9') = {37 + finite .

For the ultraviolet convergent part we can already set d = 4. Then, integrating over k,
which is easily performed because there is no k£ in the numerator of the integrand, we
get by (12.13)

11—z

AP (p,q, 1)

—y) — px +mly[p(l — x) — Py + mly”

mQ(Ier) 20(1 —x) —p?y(1 —y) +2pp'zy (12.19)

Summarising, we have seen that there are three ultraviolet divergent terms and one
ultraviolet convergent term. Now we are ready to see how we can renormalise the
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theory.

12.4.1 1-loop renormalisation

Let us recall the ultraviolet divergent expressions we found

2
e :
X(p) = —167T26<_’¢ + 4m) + finite ,

62

1272¢
2

(1) N = _© -
ALY (pq,p) = Tor2e + finite .

I, (k) = (kuk, — g, k%) + finite

The above expressions show that the divergent parts of ¥ and A satisfy the Ward
identity (12.11). As anticipated, preserving gauge invariance is a general key property

of dimensional regularisation.

Let us see which counterterms we should add to £ to make the above quantities finite.

Consider (12.6) in momentum space

r®(p) = 55" (p) -

Using the relation between the exact fermionic propagator and the self-energy

Swt(p) = Sp'(p) — X(p) ,

we have

=pom- 1671'26(_¢+ 4m)

e? e?
=»(1 — 1 .
p( - 167’(’26) m( - 471'26)

Notice that the finite corrections have been neglected. Since the coefficients of p and

m are not equal, we need two different counterterms: one for the overall magnitude of
the propagator, which contributes to the electron wave function normalisations, then
another for the electron mass. It is then clear that in this case the counterterms to add
at the Lagrangian density concern only the purely fermionic part, that is

Ly :=ipPp — mypy)
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We then have

(L1)p = L1+ (L1)er
= (b — mibp) + (i B — Ap)
— i(1+ B)ddp — (m + A |

where A and B are chosen so that we get a finite propagator (to order e?). Diagram-
matically

M
/

+ —

—iX(p) —A iBp

Therefore,
2

ﬁ<—p+ 4771) +A-— Bp = finite s

and ignoring the finite terms we get

We can define the quantity

e
Jo=1+B=1-—
2 + 16m2¢ ’

so that, if we define the bare wave function as

Y = ZoH%)

we can rewrite (£1)p in the form

(51)3 = i@zB$¢B - mBl_DB@/)B )

where we have defined the bare mass as

Now let us turn to the vacuum polarisation tensor: it gives rise to a modification of the
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photon propagator

Dl (K) = Dy (k) — Dy (k) D () + ..

5 2 2 k‘2 2 1]{}]61,
= (1 c__° ) ‘ W (12.20)

k2 1272 60m2m2 )  12m2ek? k2

We notice that
> the first term in (12.20) contains both an infinite part and a finite part,

> even if we have chosen a = 1, i.e. the Feynman gauge, the resultant propagator
(12.20) is not in the Feynman gauge, because of the presence of the term k,k,.

Observables are gauge invariant, hence they are not affected by gauge terms. Never-
theless, the infinite term in D], must be removed by the addition of counterterms in
the Lagrangian

(L2)p = Lo+ (L2)er

1 1 E
= |:—ZFW/F'LW - é(auAu)Z] + {_%FMVF#V - E(aHA#y

1+C
=— (L) F,, F" 4 gauge terms

4
Z.
= —fF;wFW + gauge terms ,
where
Zi—1-_©
T 1on2e

so that we have obtained a finite propagator to order e2. We have seen before that
the electron self-energy gives rise to a bare mass which is different from the physical
one. Luckily enough this does not happen for the photon, which is to say that its mass
remains zero also after the renormalisation. Indeed, Eq.(12.18) shows that the structure

of the vacuum-polarisation tensor is
M8 (k) = (k°kP — g (K?) . (12.21)

On the other hand, as shown in the analysis subsequent to (11.14), this is just the most

general covariant structure which is consistent with the requirement of gauge invariance
ko JI*P (k) =0 .

In other words, the fact that k%k® — g®?k? has no inverse is just a consequence of gauge
invariance.
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Substituting (12.21) in (12.20) we get, to one loop,
D} (k) = Dy (k) = Dya (k) (kK" = g* k") T1(k*) Dy (k)

:émwwu—mﬁn—%?mﬁﬂ

1 kuky o
~ ey (o )

The divergence is carried by II(k?). By dimensional regularisation

%) = 155 (3 + 57 ) = 1o + 0

T 1272 \e " Bm2)  12n%

2
where II;(k?) F2% 0 and for any generic k is finite. We may write the complete

propagator as

~ g v
D, (k) = —m + gauge terms

Juv
= — + gauge terms
K2(1+ 12 + 15 (K2))
Juv
=—Z t .
3k2(1 I (R2) + gauge terms

This indicates that the bare gauge field is
n 1/2 44
AB = Z3/ A ,

so that, the photon mass remains zero after renormalisation. Furthermore, we succeeded
in getting rid of the infinite terms in the propagator, while the finite corrections are still
there, and thus give rise to physical effects. Ignoring the gauge terms the renormalised
propagator is

_ 5 2 L2
D (k) = _%(1 c +(’)(k4)) .

 60m2 m?
The correction, known as Uehling term, modifies the Coulomb potential between two

charges e at distance r apart, and in the coordinate space we have

e? et

Vi) = -2 _
()=~ ~ Gomem2

B (r) .

This extra terms modifies the hydrogen atom energy levels, giving a significant contri-
bution to the Lamb shift, which splits the degeneracy of the 25/, and 2Py, levels. The
agreement between theory and experiment is great, hence we have a nice confirmation

of QED.
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As far as the vertex function is concerned, in particular its divergent part AE}), we have
to add to the Lagrangian the counterterm

(L3)er = —Depp Ay

with
p___ ¢
1672€
so that
(Ls)p = —(1 4 D)ep Arpy, o
= —Zyepf A"y,
where
o2
Z1=1-— .
! 1672¢

Summarising, we have the following bare Lagrangian density

Lp = iZp7 " Outb — (m+ A — Zyep A"y
- %(@Ay —0,A,)* + gauge terms ,

where
2
e
1 =Fo=1—
! 2 1672e
2
e
Zy=1—
3 1272¢ ’
2
me
A=— )
472e

As already seen in the case of ¢j, even in this case, starting with this Lagrangian
density, one gets, at one-loop, finite self-energy and vertex, with e, m corresponding to
the finite experimental physical values.

The bare Lagrangian density, can be also expressed in the same functional form of the
original one, in which the initial quantities are replaced by the bare ones. To this end,
we set

ep = e’ = e,ueZL;l/2 .

1
7273

So that

Lp=ipdp — mpbplp — eptpdptp — i(aﬂABy —0,Ap,)* , (12.22)
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where

ep = e;fZS_I/2 ,
mp = Zy '(m+ A)
v = 2",

Al =z A

Note that we did not consider the gauge fixing term in L. As explained in considering
the Ward-Takahashi identities, such a term does not need counterterms, that is the
gauge fixing term does renormalise. The fact that we can absorb the infinities in the
bare quantities, keeping the Lagrangian in the same form of the original one means
that, to all order, QED is renormalisable.

12.4.2 7, =7,

We saw that at one-loop we have Z; = Z,. Let us show that this is not a numerical
coincidence. To this end it is worth writing the bare Lagrangian density in terms of the
renormalised quantities, that is in terms of the finite quantities e, m, ¢ and A,. We
have 7
Lo =~ DB P+ 0 — (2o Zo) AV~ Zymiby . (12:23)
h
where A
ZO = 1 —f- — .
m

Let us first give an argument for the finiteness of the ratio Z;/Z;. Note that Lp is

invariant under the gauge transformations
V(@) — P(x) = ey ()

Ap(x) — Au(z) + 0, M () -

Since such transformations concern finite quantities, it follows that the ratio Z;/Z,
must be finite, that is
71 = Zy + finite terms .

It turns out that in many renormalisation scheme we in fact have Z; = Z,.

A more stringent argument to show that Z; /7, is finite follows from the Ward-Takahashi
identities. Applying the same construction leading to (12.7), but now using the La-
grangian density (12.23), we get

Z 1— /—
¢"Tu(p.q.p+q) = 7;(SF Yp+q) — S () . (12.24)
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Since such an identity now involves finite quantities, it follows that Z;/Z; must be
finite. Let us now start with £p expressed in terms of bare parameters and fields, that

is the one given in (12.22). We can make the natural renormalisation scheme
Lup.ap+a) — 27", asqg— 0.

On the other hand Z, is the residue of the pole in S%(p)
Zy
p-m-

Expanding (12.7) near ¢ = 0 with p near the mass shell, we get

Sr(p) ~

77 = Zy ¢

that is
1 =15 .

Asymptotic behaviour
Combining the last expression of the bare charge we gave, and the definition of Z3, we

62

o
_Map’

in the same way as done, around Eq.(9.74), in the case of A(x) in ¢}. We consider eg

have

We can now find

ple)

as independent variable, so that deriving with respect to u we get
e3 e?

247T26> * ,u%(e)(l + 87’(’26) '

Since f(e) is analytic in the limit € — 0, we can set, at order €

0= e;f(e%—

ple) = A+ Be .
Therefore,
Be? el
Ble+ (A+ )e =
(e + B)e + +87T2+247T2 € :

where we did not consider the Ae?/(87%¢) term because it would match with higher
loop contributions to eg. Therefore, we have

e3

T 1272
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so that, in the limit € — 0,
3

(&
Ble) = 9.2
that is )
)= )
1— 66%‘20) log M—"O

from which we see that the coupling increases with the scale, as expected. We can also
see the presence of the so-called Landau pole at

(o)
=poexp| 5 — | »
= OS2 (o)

which can be seen as the limit of validity of a perturbative description of QED.

12.4.3 Anomalous magnetic moment of the electron

A consequence of the presence of the finite contribution A,(f) to the vertex function, is
that a Dirac particle has an anomalous magnetic moment. Basically we have to study
the interaction of a Dirac particle with an external electromagnetic field A, (z). The
simplest way to reproduce such a system is by means of the minimal coupling, i.e. the
substitution

Oy — Oy +1ieA, ,

where e denotes the charge of the particle, and it is taken to be negative: e = —|e|.

The Dirac equation now reads®
(i — eAd —m)Y(z) =0 . (12.25)
We can rewrite equation (12.25) in a “Schrédinger-like” form as

286_1? = {a- (—iV — eA) —I—mﬁ—}—eAO}@/J

= (@ p+pmp+ (—ea- A+eA%) . (12.26)

To study the physical implications of this equation we can consider the non-relativistic

=)

8 Notice that the equation is invariant under the gauge transformation

{w(x) s eiea(x)¢($> ,
Au(z) = Au(z) — dualz) .

limit. Therefore, we write
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and use the representation

Equation (12.26) leads to

i%:a-ﬂ')(%—eflogb—l—mqb,

0
ia—fza-ﬂ'¢+erx—mx,

where we have introduced the canonical momentum 7 := p—eA. In the non-relativistic
limit the driving term is the large energy m. We introduce the slowly varying fields

®(t) and X (t)

¢ — efimtq) 7
X =e ™mX |

which satisfy
0P
i— =0 -7X +eA'D |

ot
0X
i— =0 - 7P +eA°X —2mX .
ot
Assuming eA® < 2m, the second equation above is (approximately) solved as
x~Z T :
2m

while the other one is the Pauli equation

0 [(o-m)? 0

One has that

(0 -m)?=o0;n'n! =7 + 4[ai, ojlln', 7'l =7*—eo-B,

thus the Pauli equation can be rewritten as

0P (p—eA)? e 0
I _ (AT € o Bted|d .
"ot 2m m’ e
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In particular, we can see that the only spin dependence is through the magnetic inter-
action o - B, and restoring the A and ¢ factor

H,=——o0c-B.
2mca

The canonical form of the Hamiltonian of interaction between spin and magnetic field
is H. = —p - B, we get that the magnetic moment p is defined as

e ho e
=——=2—8S,
H mc 2 (2mc)

where the spin operator S = ho /2. Remembering that the gyromagnetic ratio g is
defined through the relation pu = geS/(2mc), we see that Dirac equation predicts

g=2.

It is instructive to derive the same result in the following way. First, consider the
positive energy solution of the Dirac equation given by the plane wave

v = rup)

This gives
pu(p) = mu(p) , (12.27)
and
u(p' )y =mu(p') . (12.28)
Let us rewrite (12.27) in the form
1 v
Wtlp) = " u(p)
1 o
= (g — 10, )0 ulp)
1 o
= by — iowp”)ulp) , (12.29)

where we used the identity
YuVv = Guv — iguu .

Similarly, (12.28) is equivalent to
w(p))(p), +iouwp”’) . (12.30)

_ 1
U(p')vu = E
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The identities (12.29) and (12.30) imply the Gordon identity

1

T a(p) = S8 uu(p) + 5 @0l
= 00+ 1)+ 0 () (12:31)

where ¢ = p — p/. This means that the electromagnetic current @(p’)y,u(p) describes
a particle with ¢ = 2. We then should consider the effect on g once one considers the

renormalised current

a(p)Upu(p) = (') (v + Ap)up) = @) (v + AP )ulp) | (12.32)
where, as done for all the ultraviolet divergent parts, we posed the finite part of A,(}) to
ZETO.

Let us now compute Aff)

/ / —y) = pr +mly[p(l — x) — p'y +m]y”

A(2) : ]
(p.0.7) m2 (z + y) p?r(l —z) —p?y(l —y) + 2pp'zy

162

Since our interest is to compute (12.32), we can use some identities the fact that A,(f) is
sandwiched between @(p’) and u(p) to simplify the calculations. Let us first consider the
various terms in the numerator in the integrand of A,(LZ). In doing this we will perform
the substitution, justified by (12.27) and (12.28),

P —m,
when g is on the left of the expression, and
p—m,

when p is on the right of the expression.

(i) The first term is®

Yl vy’ = (20, — P )20 =7 p) = (20, — my)7. (207 — 7" m)
= 4p' Py — 2P,y m — 2mpyt — 2my,
= (4p'p + 2m*)y, — 4m(p), + py)

where we used the identities

PV =200 = W (12.33)

9 In the following calculation we omit the factors (1 — ), (1 —y), = and y.
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and
VoYY = =27, - (12.34)
(ii) The second term reads
v v, !
Wl NPV = =W DD = 2Py = 2mey = 2m(2p), — my) |
where we used (12.33) and the identity
MY VY87 = =298V Ve - (12.35)
(iii) The third term is
m%,’?l’m’YV = 4mp;¢ )
where we used the identity
Y Yo VY = 4Gap - (12.36)

(iv) By (12.35) the forth term reads
=W Prupy” = 2m(2p, — my,)
(v) The fifth term can again be computed using (12.35)
VP = —2m*y, .
(vi) The sixth, seventh and eighth terms can be computed by (12.36)

—mY Py’ = —4mpy, .
(vii)
my, Yupy” = dmp, .

(viii)

—my, 'y = —dmp), .
(ix) Finally, the ninth and last term follows by (12.34)

mzvl,%ﬁ” = —2m27“ )
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Summarising, we proved the following relation

a(p )P (1 —y) — pr +mly[p(l — x) — p'y + m]y"u(p)
= 4ma(p')[(z — zy — y*)p, + (y — 2y — 2%)]pu(p)
+a(p){4r'p(1 — =)(1 — y) + 2m*[2(2* + y*) — 3(z + y)]}y.u(p) -

We are interested in the o, term, so we omit the 7, term, that should be regularised
because it is infrared divergent. On mass shell we have p? = p?> = m? and ¢ = 0. Since
¢* = (p—p')?, we also have pp’ = 0, and the denominator of the integrand reduces to
m?(z + y)?. Finally, neglecting all terms in v, we get

_ et [t =e (y —ay — ) a(p)puu(p) + (@ — zy — y?)u(p')p,u(p)
(p )Au () A2 /0 d /0 dy (z +y)?
=~ Joa 1)+ p),ul)

By the Gordon identity we get

a(p')(p + p)uul(p) = w(p")(2my, — iouwq”)u(p) .

It turns out that the term in v, cancels the one we neglected above, so the total vertex

T () = af) | P (14 2 ) T ).

18

where a = €?/(47). The lowest order correction to the magnetic moment of the electron
is a/(2m), therefore it turns out that the gyromagnetic ratio is

)

o
Z=1+—+0(?.
g = 1+o; T0@)

This was first computed by Schwinger in 1948 and agreed greatly with the contemporary
experimental results. The theoretical prediction have been determined analytically up

to order o and have been calculated up to order o

1
Qg = §(g —2) = 1159652.181643(764) x 1079
in remarkable agreement with the experimentally measured value, which is

Qexp = 1159652180 73(28) x 1077 .



Chapter 13

The Wilsonian Renormalisation

Group!

Nowadays, in Physics there are a lot of powerful theories which allow us to describe the
Universe even at very high energy regimes. This is a natural outcome for the search of
a unified theory of all the fundamental interactions.

Still, sometimes we do not require the most powerful tools in order to describe phe-
nomena at standard regimes. For example, in order to study the basic structure of the
Hydrogen atom energy levels we can exploit Quantum Mechanics instead of Quantum
Field Theory (QFT); we will surely miss the finest details, but it will be sufficient if we
are not interested in highlighting them.

In QFT, an Effective Field Theory (EFT) is the simplest theory which can successfully
describe a given phenomenon with an arbitrary precision. In order to build an EFT,

we have to determine
> the relevant degrees of freedom;
> the symmetries of the theory.

Given a theory described by a lagrangian £, the Wilsonian approach consists in in-
troducing a physical cutoff A. Examples of physical cutoffs in Physics are the atomic
spacing £ in a crystal lattice, or the length of the strings [, in a string theory. The in-
troduction of the cutoff is obtained by means of integrating out the high energy degrees
of freedom of the theory in the Z functional

Z[J] = /D¢ 6%(5[¢]+fd4xu7¢) _ /D¢A>k e%(seff[¢71\]+fd4xj¢)) ’

L Enrico Marchetto
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where | |
et SerrloA] _ /D¢A<|kz ensSll

Integrating out the high energy momenta induces a A dependence in the couplings of
the theory: £ = L[A]. The Wilson approach is based upon the following assumption:
if we integrate out an infinitesimal shell of high energy momenta A’ < |k| < A, we
will have a transition in the space of the theories described by £ (i.e. the space whose
elements are the theories with the same formal structure of £ but without necessarily
the same values for the couplings) from L[A] to L[A’]. The descriptions of low-energy
physics given by L[A] and L][A’] are imposed to be equal. Thus, a flow is generated in
such space. Our purpose will be to write and study a Renormalisation Group Equation
which describes that flow. Finally, note that the theory, once the cutoff A has been
introduced, is well-defined because all loops are finite.

13.1 Operators ranking

In the Wilsonian approach to renormalisation we can rank the operators composing
our theory L[A] by means of three categories: irrelevant, marginal, relevant. These
definitions are tied to the mass dimensions of the operators. In order to clarify the last
statement, we introduce a generic lagrangian density, composed of a finite or an infinite

set of operators 4, where d represents their mass dimensions?

LA = Cy(N) A0, .

In the expression above we have introduced the adimensional coefficients C,; (A); in
order to write terms of mass dimension 4, we have multiplied each term for the correct
power of A, which has mass dimension 1. The Cy(A) numbers can be large and they
could be even impossible to compute. However, this is not our aim: in fact, not all
Cq (A) contribute to the low energy Physics.

Let us consider the following example: the (spinor) operator Ay = 1)), for a theory
with a A cutoff. Following the building rule for the operators in a lagrangian density
given above, the dimensional correct operator is, actually, Ay = %W&w. If A~ 10%
GeV, much bigger than the other energy scales (masses, for example) considered in
our theory, then we immediately realise that the operator A, is negligible for a theory
at low energies. If this is the case, we say that A, is irrelevant. Following the same
reasoning, heuristically

> Oy is irrelevant if d > 4;

2 Some examples: if ¢, 1, A are respectively a scalar, a spinor and a vector field, then ¥ = Os,

¢* = Oz, YA = Oy
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> O, is marginal if d = 4;

> Oy is relevant if d < 4.

13.2 Changing the cutoff

We assume to have a theory with a large physical cutoff Ag. In a theory placed on an
atomic lattice, A could be thought, as we already said, as the inter-atomic distance £1.
However, when we perform computations at low energies Fj,,, we could also consider
a lower cutoff Fj,, < A < Apg and the physics wouldn’t change, being the high
energy contributions suppressed by powers of % For example, if we are working at
the electroweak energy scale £ =~ 100 GeV, the physical cutoff is represented by the
Planck energy scale Ay ~ 10'® GeV; still, a much lower cutoff A ~ 10'° GeV would
do the work. Changing the cutoff, we also change our theory

LA = Ca(Ay) A7 Oq = LIAL] = Ca(AL) A0, .

We require the physical observables computed through L[Ag] and L[A] to be the
same (we stress: at low energy). This constraint requires the coefficients Cy (Ar) to be
functions of the original coefficients Cy (Ag). The crucial point, which follows from the
Wilsonian approach, is: Cy (AL) does not depend on Cy (Ag) if d > 4. This allows us to
restrict our analysis to a finite number of coefficients: the number of relevant operators
of our theory will be finite.

Now, we want to study the Renormalisation Group Equation of the Wilsonian Renor-
malisation Group. First of all, note the difference between the Wilsonian approach and
the standard approach to the renormalisation of a theory: usually we would introduce
an energy scale p similar to the energy scale of the considered physical phenomena,
while in the Wilsonian approach we introduce a cutoff A very distant from the studied
processes.

We start by considering a scalar theory with a cutoff A

A
Z[J, A :/ D¢ exp [i/d% (—%QS(D +m?) o + Z %Qﬁ" + ng)

The Renormalisation Group Equation would simply be A%Z [J,A] = 0. Doing so, we

would obtain the new couplings m/, {g},}, as functions of the original ones. Unfortu-
nately, the computation is very difficult, so we will exploit an idea by J. Polchinski [38].



330 CHAPTER 13

The idea is to introduce the cutoff in a smoother way by means of a suppressor exp (%)

Z[J, A] :/D¢exp i/d4x (—%¢(D+m2)eg¢+2%¢”+J¢>]

~ [ Do z/(;l% (%axp)(p e R o(- +Zg”¢“+J¢>

We can now perform the derivative

AdiAZ[J,A] :i/ng [/ (547”
=0

Note that the function f(p) = 26 A2 has support only near p?> ~ A2, thus the change
in L;,; will come from the same region in the momentum space. As a consequence,
A will be the only mass parameter capable of adjusting the mass dimension of every
coupling in our theory.

Let us focus on a specific example in order to explicitly show what has been said above.
We consider a theory with an operator with dimension 4 (coupling g4) and an operator
with dimension 6 (coupling ¢g). Building the Renormalisation Group Equation

d ([ dYp d .
A-~Z [JA_o_z/w /W<~~+Aﬁ£mt(¢)>]es+w

_ [ [ d'p d iS+¢J
_Z/D(Zﬁ_/W(H +AdA(4O4+g606)>]e

. [ d'p dgs dge IS+
=i oo f e (- aiion e agion) o

we immediately see that solving the Renormalisation Group Equation requires the so-

lution of the coupled set of equations

d
=2 = Ba(gs A%0) .
dge 1

Am = pﬁ6(94,/\296) )

where 3, and (¢ are some general functions. Note that the factors A? have been placed

in order to satisfy the correct mass dimension. Let us introduce the adimensional



THE WILSONIAN RENORMALISATION GROUP 331

parameters \y = g4 and \¢ = A%gs. The previous equations now read

d\
Ad_/{I = 54(A47 >\6) )
dA
Ad_A6 —2X6 = Bs(M\4, ) -

We want to solve these equations for 5, and fg small. We should be very careful: in
fact, if we just assume (g < 1, we would have the following solution

d)g AN
Ad—A — 26 ~ 0= Ag(A) = M(Ag) (E) :

and, for A < Ay, \g dies away. However, the correct coupling would be, in this case,

() = 452 = 2

which does not die away. We need to be more precise than the 0-th order, so we go to 1-
st order and represent (5, and g as linear combination of their arguments. Introducing

the small real numbers a, b, ¢, d

dXy

Am = CL/\4 + b/\@ R (131)
d\
Ad—/f = A+ (2+d))g . (13.2)

This is the linear approximation of the differential equations describing the renormal-
isation flow. The solution is easily achievable through diagonalisation. The diagonal

basis is
~ 24+d—a—A ~ 24+d— A
. c + a Ao | )\4:£A4+ + a—+

A 2A As

where A = \/4bc + (d — a +2)2. Thus, given the boundary conditions \y(Ag) and
5\6(A0), we can simply solve the system in the diagonal basis

A d+2+2a7A
Ru(A) = Au(Ao) (A—) ,

d+2+4a+A
2

3al) = Jat) (1)

Now we can recover the original basis, obtaining an exact solution for the equations
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(13.1) and (13.2)

. (Aﬁo) e {_ (%) Na(o) + %)\6(/&0)] . (13.3)

d+2+a—A
2 2+d—a—A c
[— (—QA ) A6(No) — Z)‘4(AO):|

d+2+a+A

N (Aﬁo) : K%) Aﬁ(AoHiM(AO)} . (13.4)

Let us investigate the behaviour of A\¢(A) as A changes. In order to simplify the compu-

tations, we set, as initial condition, Ag(Ag) = 0: the same conclusions could be obtained
with any other condition. Combining the equations (13.3) and (13.4) we obtain

2c [(ﬁ)A — 1}

2+d—a+A)—2+d—a—A)(2)°

As(A) =

If a,b,c,d < 2, then A ~ 2 and the above equation becomes
c A?
A(A)=—=[1—— | \(A) .
o) == (1- 4 ) M
Let us consider Ag at A = Ay < Ap: for a fixed A\y(Ay) we have

Ao(A) ~ —g/\4(A)

and

c1

We have explicitly shown that the irrelevant 6-dimensional operator Og, associated to
the coupling gg, at low energy is completely independent of the physical cutoff Ay of
the theory.

For completeness purposes, we can also study the behaviour of the marginal operator
coupling g4(A). If we had put A\¢(Ag) = 0, then we would have found

2 [1- ()]
2+d—a—-A)—2+d—a+A) (%)

M(A) = As(A)

A



THE WILSONIAN RENORMALISATION GROUP 333

which in the limit a, b, ¢, d < 2 becomes

b A%
M) = ( - F) As(A)
Now, for Ay — oo, A4 diverges, so the operator is extremely sensitive to the physical
cutoff and does not disappear from the low energy physics of our theory.

13.3 Magnetic moment of the electron

Now we can heuristically explore a simple application of the idea presented above.

We recall the result previously found for g, the Landé factor of the electron: the general
structure of the QED vertex is given by the Gordon decomposition

h

M+f1+f2
2m

(¢+p) v

aru(o) = o) io" (0~ 1)) ula).

and it has been shown that g = 2(f1 + f2). At 1-loop we have found f; = 1 and
Joa = 55,80 g1100p = 2 + 2. We could add to the QED lagrangian the 5-dimensional
(irrelevant) operator O5 = £yot i F,, with the coefficient ¢;. Given the structure of
the new operator and of the general QED vertex, we can verify that O5 modifies the
Landé factor, which becomes g = 2+ 5 +c¢5. We would like to explain why experimental

evidences totally rule out the presence of ¢5 (or: they set it extremely low).

In order to do this, we just exploit the example studied in the previous section: if
we assume that our theory stops being valid at the Planck energy scale, c5, as g,
is completely independent from the physical cutoff Ay ~ M, ~ 10 GeV at lower
energies. Moreover, as gg(A) depended on g4(A), ¢5 will depend on the value of the
other operators which contribute to the computation of g. This means that c¢; will be
a function of a, given that the other operators contribute to g with . If we lower
the cutoff to A; ~ 10 GeV < Ay, for example, c5 will obtain the following Ap-

independent structure
fla)
Ap

If we assume a condition of naturalness on f(«a), i.e. f(a) ~ «, and we recall that the

cs(Ap) ~

Wilsonian approach is correctly employed only if the lowered cutoff Ay is still much
bigger than the energy scale of the experiment, we verify that the Oy contribution to g
is negligible.
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13.4 Polchinski’s Renormalisation Equation

In the standard approach to renormalisation, we introduced previously the Callan-
Symanzik equation, which had its origin in the independence of the generic correlation
function from the scale parameter u. Our purpose is to introduce an analogous tool
for the Wilsonian approach, Polchinski’s Renormalisation Equation [38]. In particular,
imposing the independence of the generating functional Z[.J, A] from the cutoff A (the
low energy Physics of the system is not dependent on the cutoff A), we will be able to
find the effective action. For simplicity, we consider a theory with an interacting scalar
field in a d-dimensional Euclidean space-time; its action is

S[¢a A] = SO[¢a A] + S/[¢’ A] ’

where

Silond] =5 [ dedly (62)A (o - »)oly)

is the kinetic term and A’~'(z — y) is the inverse (in the functional sense) of the
exact propagator. Due to the presence of the cutoff A, A'(z — y) differs from the free
propagator only in a neighborhood of |z — y| = 0 of radius A™!. The system we are
studying is contained in a periodic d-cube of volume V = L%: the periodicity implies
the discreteness of the spectrum of the momentum operator. Thus, the field ¢(x) is

related to its Fourier transform ¢; by

pla) =V 2Ny e kg (13.5)

Substituting (13.5) into the expression for Sy|¢, A] and performing a change of the
integration variables we get

Sol6. A1 = 5 37 G (M)nd (13.6)

with
G};1<A> — /ddl' ez’k-xA/—l(x> ,

where the dependence on A is hidden in the complex structure of A’~1(z), as it has been
said above. We already know that in the Wilsonian renormalisation scheme we integrate
out high momentum modes, changing the form of the interacting action S’[¢, A]. We
want to describe this evolution through an explicit equation. The starting point is
to impose the independence of the generating functional Z, which contains all the
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information about the physics, from A

d
2L A = (13.7)

In [38] Polchinski showed that (13.7) is true if

as' 1 [, . N@—y) [ 88 55 85"
T e (5¢<x>5¢<y>‘5¢<x>5¢<y>) (138)

holds. This is Polchinski’s Renormalisation Equation in the coordinate space. In the

momentum space, the equation becomes

/ 2 Q! ! /
s’ 120@( %S oS 05) (13.9)

dA 2 00100_, Dy Dby

The information given by this equation is crucial: in fact, now we can study the evolu-

tion of the interacting action after an infinitesimal change of the cutoff

/ , as’
S'p, Ao + 0A] = S[gb,Ao]—l—(SA(dA)

We can simply substitute (13.8) in the last term. Now we verify that (13.9) solves
(13.7). In order to simplify the calculations, we set J = 0. We start by calculating
dZ/dA in the momentum space

—/Dgzﬁ e—Sﬁ
B —/D¢ (dSO dS)
oG 0G, 025’ 05" a5’
Do e — = —
/ pe [ Z¢k¢k Z (8¢k3¢_k 3¢k3¢_k)] ;
where we applied (13.6) and (13.9). Formally %}El = —%G;Q

iz 0Gk p 25 9 s’
ﬂ 5 /'qu e <¢k¢ kG —+ a¢k8¢_k 8¢k @¢_k) . (1310)

A side calculation

28 o 0 (as' _S) 0S8 S g
e 7 = — e + ——e
0prO0p_y, 0oy, Op_y, Oy,
0 05’ —s) 05’ 850 — 0s" 05 _g
= + + :
Do ( ‘ 00— 00k | Op_yOdi"
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hence
( »2s oS 88’) ) ( o’ 6_5> 08' 0% s
000p_,  Ody 0y, 0o \O0p_, 0p_ ka¢k '
Also
08' 05, s S-S 0S g
0¢_1, Oy, 0Py, 5¢k
05 Sy s _ 05 05y s
" 96 k8¢k do_ k8¢k
de=% _ _
= oo, Gk1¢—k — Gl prp_re™®
= -G 96 k(¢ re )+ G le ™ — Gl grp ke,
thus

( 95 95 08 ) e
0000_,  O¢y 0p_y,

o (05
Do <6¢_kes> Gy a¢_ o (pore ) + Gl = G2orde™® . (13.11)
Substituting (13.11) in (13.10) we eventually obtain
dz aG 08" .
m 2 k/ {&bk <a¢_ke S> k agb_ (Qb k€ )+G le=8

Note that the last term in the expression above is proportional to Z (Gl;1 does not
depend on the fields and it can be absorbed in the measure D¢). In order to neglect
it, we need to relax the condition (13.7), allowing it to hold modulo a normalisation.
Thus, we obtain

dz 8Gk S’
mea gy 7o L%bk (am S) i g (64" )}

aGk 05 e - 9 -Sy| _
{/ ¢a¢k< B >—Gk1/D¢a¢_k(¢ke )}_o_

The last expression is null because it is a difference of two integrated total derivatives:

the argument of the total derivatives contain a factor e, which in a reasonable physical
situation goes to zero at infinity. This verifies Polchinski’s equation (13.9).
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Computation of some integrals and

proof of some formulae’

A.1 Integration in arbitrary dimension

Consider the integral

Iy = / dNIF(L) , L? =1,0",

(A.1)

with N € Ni and F(L) an arbitrary function, depending only on the length of [,

(u=1,...,N). Introduce polar coordinates in N dimensions
(ll,...,lN) = (L,¢791,...,9N_2) .

Then
d¥l = LN"YdLd¢ sin 01d6; sin’ 02dbs . . . sin™ 20n_odbOn_o |

with the variables assuming values over the integrals

Lelo,0), o¢el02r), O.elon], k=1..N—2.

It is easy, starting from (A.1), to obtain

N-2 .n 00
Iy=2r]] / by, sin® 6, / ALLN'F(L) .
k=10

0

I Umberto Natale and Davide Dal Cin
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The use of the well-known formula

us

2 1T(z)l
/0 dt(sint)* *(cost)¥ ! = 5 F((Z)—i—(;/)) : Rex >0, Rey >0, (A.5)
with y = %, yields
- DEOTE) T
dt sin®t = 2/ dt sinft=—2"°-2° —\/g 2. (A.6)
/0 0 L(552 L(592)
Putting it back in (A.4), we obtain
: T(MrEIre)---res > 2
Iy — 282 3( ) (2)5( ) 3 )N / d_xJ;NTF(q;) 7 (A7)
FEHrELE) - rE)rg) Joo 2

where z = L2.

A.2 Dimensional regularisation revisited

We formulated the dimensional regularisation by starting with the integral

1
o 2w
[(W)/d l€2+m27

and then, by formally considering the integration as an operation defined for any w, we
showed that it is

(i) IR convergent for
2<w<3,

(ii) UV convergent for
w<1.

We then manipulated the integrand of I(w) to arrive to the integral (9.16) which is
both IR and UV convergent in the interval

O<w<3,

except for the pole at
w=2.

This is what we wanted, because we now know the precise form of the singularity in w:
a simple pole. We then showed that the integral (9.16) corresponds to (9.17). A less
pedagogical but faster way to get the same result, is to make the identification of I(w)
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with its expression in terms of the I'-functions. First we do such an identification in the
case when the integral is well-defined, and then simply consider the resulting expression
in terms of I'-functions as the values of such integrals for arbitrary values, both of the

space-time dimension and of the order of the singularities in the momenta.

Let us show such an alternative, by considering the integral (A.7) in the case

F(z) = (v +a®)™, A=23..., (A.8)
so that
o0 $¥ o2\ A4+ N o N-—2 A
d R —A+g dy vy z (1 -4 A.
| art =@ [y ) (A9)
Comparing with the expression for the Beta function
N Ny IEIrA-I) o N
B(5.A-7)=—12 2 =/ T4y Al
5 5 TA) oy oy (1+y) (A.10)

which is valid for Re § and Re (A — &) > 0, we get

v 1 pTA-N2) 1
[ Py = e (A

The outcome of the dimensional regularisation, is to use the right-hand side of (A.11)
to define the integral on the left-hand side even for complex values of N. In this way,
the analytic structure, including the singularities, is determined by the I'-function. By
letting [ = I’ + p, and relabeling b* = a® + p? , we can write (A.11) in the form

1 ['(A— N/2) 1
/alzvz(l2 ol T A — 7N/2 TA) (AN (A.12)

Next, by successive differentiation of (A.12) with respect to p,, we get

[ PA-5)  (=py)
/le(ZQ " 2p7+ e aN/2 F(A)2 o= pzﬁlAfN/Z 7 (A.13)

and

/ N Il B alV/2
Ex o+ aB7 ~ T(A)(a )i
X | pup (A — N/2) + %5W(a2 —p (A —-1-N/2)| .
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A.3 Some properties of the I' function

In the following we illustrate some useful properties of the I'-function. Let us start by

reporting its Euler representation

['(2) :/ dte't*71. (A.14)
0
One may check that it satisfies the recursion relation
F(z4+1)=T(2)z . (A.15)

Clearly the I" has simple poles when z is a negative integer, and an essential singularity
at complex infinity, because I (%) has a non-defined limit for z — 0.
Let us show that near a pole at —n, n € N, the I'-function has the expansion

(=n"

n!

(s —n) = (% P+ 1) +0() | (A.16)

that, up to terms proportional to positive powers of z, is the expansion reported in
(9.18). Note that

(s —n) = ZinF(z—nnLl), (A.17)
implies
Iz —n) = ! Mz4n+1)=2Gn),  (AIS)
GC-mG-—ntD (:1n) :
with
Glon) e — L+ +D D' a0ty (A19)

(22—=n?)---(z2—-1) (n!)?

where we recognised the factorisation of the difference between squares, factored all the
terms n?, (n — 1)2, ... 1, and used the geometric series.

By Taylor expanding G(z,n) around z = 0 in (A.18) we get?

(1 LUt (9(z)> . (A.20)

Iz = ) = 2610, + 26/ 0,m) + 07 = C (L T

n!
that is the claimed result.
We have seen that we can define the logarithmic derivative of the I'-function in the

following way: dlog(I'(2))
— &
o dz ’

¥(z) (A.21)

2T(n+1)=n!
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from the recursion relation of the I'-function follows that
1
Y(z+1) =9Y(2) + pl (A.22)

For a positive integer n, we can iterate the recursion (A.22) to obtain :

¢(n+1)=¢(1)+1+%+%+---+%, (A.23)

and the value of ¢(1) is
¢(1) = E

where v is the Euler-Mascheroni number.
There are some alternative definitions of the I'-function. One, due to Euler, is

I'(z) = ! ﬁ (1t : (A.24)

n=1 1+ﬁ

an useful result is to take the log of the above formula, namely:

= z
log(T'(2)) = — log(= nz [210g(1+ ) —tog(1+ Eﬂ (A.25)
in fact now we can prove that (1) = —vyg, we start with the definition of the Euler-
Mascheroni number
=1 1
YE = Z [E — 10g<1 + E>:| . (A26)
n=1
Let us consider (A.25) and take the derivative
1 1 1
S 1 (1 =) - } . A27
2 z+;[0g +n> n—+z ( )
This implies
- 1 1
1) = -1 og(14 ) - ——| . A28
w(1) =1+ ; og(1+-) -1 (A.28)

Redefining the variable in the last term and absorbing the first term, we get

— i [% — log<l + %)] ’ (A.29)

n=1
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in which we recognise the definition (A.26).
Considering (A.26) with (A.27) we get

> 1
! — A.30
Wz + +nZOn+Z , (A.30)
that for z = 0 reads
=1 w2
!
1) = — = —.
Y'(1) 2255 =

This is the well-known solution of the Basilea problem obtained by Euler in 1735.
We can rewrite (A.30) for integer z as

8

(n+1) (A.31)

k=1

Then, changing variable from k to ¥’ =k +n

n

= 1 1 1
Yin+1) Z—=Z—2—k2k— 2

k=14n k=14n

and combining the first and the third terms, we get
~ 1 2 1
1) — = — — —

ot kz:: 2 k2 6 B2

which is (9.20).

A.4 Derivation of Eq.(4.4.22) from Eq.(4.4.21) in
Ramond’s book

In the following we show the calculations that starting from Eq.(4.4.21) in Ramond’s

book
LN e [ A2 [ d¥g 0 0
2p) = =355 W) / (2n)% / (2n)2 {<l6_l * q‘%)

. ! }
(24 m?) (@ +m?) [(p+q— 1)+ m?] ’
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lead to Eq.(4.4.22), which is

N e / 2] / d*q 3m* +p" (p+q-1),
2w—36 (2m)2 ] (27)* (12 4 m2) (2 + m2) [(p+q—1)°+ m2]2
(A.32)

X(p) =

Let us start by setting

L(l,m)=10"+m?,
Q(g,m)=¢* +m*,
P(l,q,pm)=(p+q—17>+m*,

in Eq.(A.32). One has

1N o [ A2 [ d2q ( 204,0P
Xp)=-——+ (1“2) / 2w / 2w ) 72 u2 2
4w 6 (2m) (2m) L2Q*pP

2LQIM (p+q -1, 2¢"(¢+p-1),QL

LQQQPQ LQQZPQ
2g*q,L [(p+q—1)* +m?]
- [2Q2P? :

By separating the various addends and adding and subtracting m? or p* (as appropriate)
to reconstruct the form of one of the factors in the denominator, we have

1\ o [ A% d?q 2+ m? —m?
S0) =505 0 [ [ e |-
2w 6 (2m) (2m) LQr

P tmP-m? (q—l+p—p)“(p+q—l)“]

LQ?P LQP?

Let us separate the various terms further

1 )\2 2\ 4—2w d2wl d2”q L
Ep) = =555 W) /(27r)2“’ /(271')2‘*’ [_ 20P
m? m? m? Q

“ 0P T T02P T TOP? T LOP

pp+qg-1), (q—l+p)2+m2]

LQP? LQP?
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so that, simplifying and separating the terms with the mass from the other addends,

we obtain

— 1 /\2 4—2w del deq 3
X(p) = T 6 (1?) /(27T)2w /(QW)QW [_ LQP
m?2 (1 1 1 Ppta—1),
LQP(_+_+ )+ ror

+ ITo"P

Notice that the first term in the brace is proportional to (9.38). More precisely,

3N e [ A% [ d*g 1 3
2 ™ [ [ ror =55
2w 6 (2m) (2m)* LQP 2w

from which
X(p) = —LA_2 (M2)4_2w/ d*1 / d*q [pﬂ (p+q- l)u
2w 6 (2m)2 J (2m)% LQP?
m? 1 1 1 3
D —
T Top (L+Q+P)]+2w (v)
that is

3 1 N e [ A1 [ d%q P (p+q—1)
z(p)—_zw_3€<“2) /(27r)2w/(27r)2w[ LQP? .

A.33
n m? 1 + 1 n 1 } ( )
LQP\L @ P ‘
Consider the following sum of three double integrals
/ d?l / d?>q m? 1 1 1
—+=+=] .
(2m)% | 2m)*» LQP \L @ P
We carry out the substitutions
q—q, l=U'=p+q—1,
I =1, q—q¢=-p—q+1, (A.34)

in the first and second double integral, respectively. Since both transformations have
jacobian 1 and the integration domain, R x R, remains unchanged, it follows that the

three integrals are identical. Therefore, we have

d®] ¢ m* (1 1 1\ [ d*I d*>q 3m?
/ (2m)% / (2m) LQP (Z 0" F) - / (2m)% / (20 LQP? ’

from which (A.32) follows.
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Let us conclude this section by observing that Eq.(4.4.24) in Ramond’s book

[ A [ d*g 1
K(p) _/(277)2‘”/(271')2‘*’ (l2+m2)2 <q2_|_m2> [(p—kq—l)z—i—mﬂ )

can be obtained using again the substitution | - p+ ¢ —1[in

d2wl d?wq 1
K(p) = :
®) /(27)% /(QW)QUJ (+m?) (¢2+m?) [(p+q— 1)?+ m2]2

The point is just the observed invariance of the integration domain and the fact that the
Jacobian is the unity. As such, the effect of the substitution is only the one of moving
the square from the first round bracket in the denominator to the square bracket.

A.5 Scaling properties of the setting sun

In the following we will show that the expression (A.33) can be derived from (9.38) by
exploiting the scale properties

Z(p.m) = (m)* "5 (7.1 (A.35)
One has
2)3 (p> m) o o\ 2w—4 P 91 2w—3 150 (%, 1)
P = 2w =3) ()™ (£,1) + (m?) S

that by (A.35) is equivalent to

)3 (p7 m) o o\ —1 2\ 2w—3 0x (%’1)
W—(QW 3)(m*) X (p,m)+ (m?) “omz
Since .
o oy o0 __1pto 1,0
om2  Om? o T 2m?2 m oL = Tome? opt’
it follows that
% (p,m) gy —1 (m?)*° 9% (£,1)
T O em) as )
P =50 =3  am2 " 2@w-3)"  opr
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Using again the (A.35) to calculate the derivative in the second addend, we have

m?® JX (p,m) p' 9% (p,m)
2w—3 Om? 2(2w—3) op+

Y (p,m) =

that reproduces (A.33) since (9.38) implies

0% (p,m) A?(ﬁ)“‘“/(d%z /(d?wq< 1 1 1 )

om? 6 om2 | em2 \12QP | LQ?P | LQP?
and
opm) N [ [ o (p+a-1),
OpH 3 (2m)% ] (27)* (12 4 m2) (2 + m2) [(p+q—1)7*+ m2]2
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