Fisica Teorica B: Exercise Set N.6

6 Interacting field theory

1. Yukawa interactions:

(a) Show that the Yukawa interaction between a real scalar field ¢ and a fermion 1),

given by the Lagrangian density:

Ly = o (ys + iyyys) ¢

is renomrmalizable (i.e. [ys,] = M* with o > 0 );
(b) Show that Ly is hermitian (i.e. Ly = £1);

(c) Consider the Yukawa interaction between a complex scalar field ¢ and a fermion :

Ly = ¢ (ys +iyyvs) ¥ + h.c

where h.c. stands for hermitian conjugate. Write explicitly the hermitian conjugate;
2. Gauge interactions:

(a) Show that the QED Lagrangian density:

1 -
Loep = _ZFMVFMV + (Up - m) P
with D, = 0, — igA,, is invariant under the local U(1) gauge transformation:

A (z) = Au(z) + Ouo(z)
V(x) = e y(x)
(b) Show that the QED Lagrangian is invariant under a (proper) Lorentz transformation;

(c) Defining ¢, p = Pr g%, show that the QED Lagrangian density is invariant under a
L < R transformation (i.e. is a “vector” like theory);

(d) Applying the “minimal coupling” ansatz (9, — D,, derive the Lagrangian density for
the Scalar QED theory, i.e. the Lagrangian describing the gauge interaction between



a complex scalar field and the E.M field A,. Show that this Lagrangian density is

indeed gauge invariant under the local U(1) gauge transformation:

{ A(x) = Aux) + Ouala)
¢(z) = €@ p(s)

(e) Write explicitly the SQED Lagrangian density and identify all possible interactions
between the scalar and the E.M field;

3. Interaction Picture and S-matrix:

(a) Derive the equation of motion for the states and operators in the Interaction picture;

(b) Derive the equation of motion for the time evolution operator:
U[(t to) = eiHote_iH(t_tO)e—iHotO
)

(c) Show that the differential equation for the time evolution operator can be formally
solved as:

t
U](t, tg) =1- Z/dT HIINT(T) U[(T, to)

to
with the initial condition fixed in order to have Uj(to,tp) = 1;
(d) Convince yourselves that in general [H{y,(t), Hiyp(t')] # 0;
(e) Show that the previous integral equation has the following perturbative solution:

Tn—1

Ur (t Z50 dTl d7'2 dTn INT 7'1)HIINT(T2) e ‘HIINT(Tn))

in terms of T-products.
4. T-products, Wick’s theorem and propagators:

(a) Verify the following relations for real and complex scalar fields:

T (p(x)e(y)) = N(p@)p(y)) + O|T (p(x)p(y))[0)  (real scalar)
T (¢p(x)¢'(y)) = N (¢(x)'(y)) + (O[T (¢(x)9"(y)) [0) (complex scalar)
T (¢(z)o(y)) = N(o(x)o(y)) (complex scalar)

(b) Verify explicitly that for a charged scalar field Dp(z —y) # Dp(y — x);



(c) Verify the following relations for Dirac spinorial fields:

T (Y(x)d(y) = N (d(@)d(y) + 0T (¥(x)e(y)) 0)
T@W(@)e(y) = N(@@)Y(y))

(d) Prove that the fermionic Feynamn propagator satisfies the following relation:
Sr(x —y) = 0(zo — y0) Sy (x —y) — O(yo — x0)S—(x —y) = (i@ +m) Dp(z —y)
(e) Calculate the following T-product:
T () @2)ib(as (o))
(f) Given Hiyp(z) = N (A*A,9'¢) _, calculate the following T-product:
T<H§NT(‘T),H}NT(y)>
using Wick’s theorem and Wick’s theorem corollary;

(g) Verify the equivalence of the following propagator expressions:
Ak e—ik@—y) Ak e ik(-y)
Dp(x—y):/ ) 2:/ 172 2
cp 2m)PE2 —m (2m)* k2 —m? + e

(h) Verify that the scalar Feynman propagator Dp(z — y) is a Green function for the

(with € > 0)

Klein-Gordon equation, i.e.
(O+m?)Dr(x —y) = —id*(x — y)
(i) Verify that the fermionic Feynman propagator Sp(z —y) is a Green function for the
Dirac equation, i.e.
(i —m)Sp(z — y) = —i6*(z — y)

You can prove it in two ways: directly using the expression for the fermionic Feynman
propagator and indirectly by using the result in (h) and the relation that connect

scalar and fermionic Feynman propagator.

(j) Verify that the (massless) vector Feynman propagator in the generic  gauge is a

Green function for the vector massless theory (with the generic gauge fixing term):

<77“”D + %8“8“) DY (x —y) = in"*6*(z — y)

where the (massless) Feynman propagator in the generic £ gauge reads:

v 'k ey i , Kk
Dp (ﬂf—y):/(%)ﬁ ( y)m (77” -(1-9) 2 )




